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Definition 5.1 (converge almost surely, TBp. 178)

A sequence of random variables {Z,, : 2 — R} is said to converge
almost surely to a random variable Z : 2 — R, and denoted as
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Definition 5.2 (converge in probability, TBp. 178)

A sequence of random variables {Z,, : 2 — R} is said to converge
in probability to a random variable Z : 2 = R, and denoted as
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Z, — a, «:a constant. Z, — «, o :a constant.
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¢ Q: (07 1] 1e., 0<a<b«l,

e P: uniform probability measure on 2e{P(ta.b])=b-a
e For k =1,2,..., divide (0,1] into 2* subintervals
of equal length. These intervals are given by
ﬂ = (92;1«17 Lk] —> P(Ik,f’)=-2,'_x'
for j =1,2,...,2%
o Let Z1,75,---: Q2 — R be a sequence of r.v.’s

7,  defined as follows:
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7, where n =2F +j — 2.

I e Z:Q — R such that Z(w) =0 for w € O

T — o 7, - Z, because for 0 < e < 1,

i 1 PlweQ:|Zy(w) - Z(w)| <e€})=1-

5050 07 100

e 7, not converge to Z a.s. because

Wz0.0011- : _ —
T(.b:mmdecimlvahe) Plue@: Zpw) 2 ZW)}) =PO)=0. |/

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2820, 2025

Lecture Notes
@

Ch1~6, p.2-89
2 Definition 5.3 (converge in distribution, TBp. 181) a LT T N QN INELIF /Sy &8
k| Let Z1, Z5, ... be a sequence of random variables with cdf’s
taser | F1, 5, ... and let Z be a random variable with cdf F. Then
df»dointl| e e o . d :

cz :ac:f Z, converges in distribution to Z, denoted as Z,, — Z, if J

.b: cont. pts of F d no information about th
[: ‘._;-/’ QP(Z:e(a Zne (o, H]) ;je— lim F,(z) = F(Z)Jmm& how r.v's )

x| —>P(Zela. b]) 700 map to R
b . . Recall
Forgs)| at every point z where F' is continuous.
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2. 7, 57 = 7 % Ze{iokaition] |meon E(zo- 0 lfz C
- P (Roussas, 19917, CHS)

: —13. Z, —> c, c: a constant = Z, — C ¢ intuttion

(convergence of transformation) Let g : R* — R be a

f,(’.f;tg continuous function. 3&_ {— exdunge of g & lim;
Tﬁ (a) Zz0) 255 z0) mo-v%m g(zM, ...,z a5 (Z(l) ., Z k),
cobnjous| (b) Z$ —>Z(J),j:1,...,k = (ZS),...,ZS”)jg(Z@),...,Z(k)).
’_’r‘ﬁ (c) (ZS),...,Z,S’“))Td>(Z<1>,...,Z<’<’>);»g(z7§”,...,fo))i>g(z<1>,...,z<k>)
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P
—J@ (Slutsky’s theorem) If X, %5 X, Y, -5 a, where ais a
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6. (limit theorem for § method) Suppose
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" For a given function g, suppose that g'(0) # 0 exists. Then
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