NTHU MATH 2820, 2025 Lecture Notes

Ch1~6, p.2-77

Definition 4.14 (Chi-square distribution X2, TBp.177)

variance: 2n I T —

parameter: n =1,2,3,...

Notes: J

1. n is called degree of freedom (BEBE) 0

X_% =T(2, 1) «wp 23~ “5) '2?)

3. Let Xq,..., X} be independent and X; ~ X%w then Y =
X1+ ...+ Xp~ X?2h+'“+nk n mgf €=9) (EQ)

(D) By 3 and 4, let Z3,..., 7, be iid. ~ N(0,1), then ¥ =
T34+ 22~ 222 T2 B R

n

Ch1~6, p.2-78

Definition 4.15 (¢ distribution ¢,, TBp.178)

— n+1 _nTH
pdf: f(x) _ \/F%?(é) (1 + %2) . T € R.\ti (long dash), ¢, (short dash),

L3y (dot), N(0,1) (solid)

a4r

e mgf: not exist, except at t =0
e mean: 0, (n > 1)
=Z-

e variance: -2, (n > 2) éf—‘—)(bud-g(o.lhtl

n—27

1
e moments:

3F

Density

2 F

(5T(255) k ¥ - af
0, k< nand odd o e &L,NS.VQ,IN&;V?(EP

e parameter: n = 1,2,3,.. .(B&E)

Tor even K, K K x
2 S~ el § o ]

EX“=E
Notes: (%'%Fﬁ?j . Ja=T(2%) \ dﬁ%‘e@OEﬁ?ec\ON\-l_l

L-7© Let Z ~ N(0,1) and U ~ Xi[be independent, then i/n ~ 1.

itk opmal | () 1entify the pdf of- W= & @ $imd the pif of <= (tp33) (Ec)

2. f(z) = f(—x), i.e., t, distribution is symmetric about zero

3. as n — o0, t, tends to N(0,1). (by LLN, Chapter 5)

4. t,, has heavier tail than N(0,1)

E
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Ch1~6, p.2-79

Definition 4.16 (F distribution F,, ., TBp.179)

m m+n
5 m

g2 (1+22) 2, >0

= kit (2)
pdf: f(x) =< TEIE) n =
E(?@ 0, x <0

Let U ~ x2, and V ~ Xn be independent, then 4% ~ F, ..
R i _+

/

e mgf: not exist, except at t =0 \l’ a2
e mean: 5, (n > 2) < irrelevant tom - / |
e variance: ni?jﬂ”;;?ji), (n > 4) \\‘
L p(xky = DESEes) vkl G RS TTaT
e moments: F(X") = N (E) k<3 o
e parameter: m,n =1,2,3,...(BbE) | |
= (O \K K Ky, (L \K Vo~
E<XK)=E[(WW)]=E(U JET ) () U Note | &
& 5= T Ta=T(£,%) Fh, Ne E
Notes: =) LNp.74, Note F (Ec)

Connecti
with no\?n?a ®Find the pdfs of z= E; &W—%@&nd the pdf of = (LNP 33)
2. Let X ~ by, then Y = X? ~ Fy,, —+{ 278005 104 (Ee)
c-—~1|
3. X ~ Fm,n = X1~ Fn,m X=TU—'Z~U"=>-§7/#~I:""

Ch1~6, p.2-80

Let X1, Xs,..., X, be iid. ~ N(u,c?). Define

E
— ] — — 44— unknown . E(X"))_'i’(_ (Ec)
f'—’ah Xp = - Z X; (called sample mean)e— Var(Xa L2250 2
transfomation S |
Of—x\,---,xﬂ, c§ E(x.):u —1 N T, t-!_v_wo,zd to ww/m,s&m(/g‘ E(S?)=6ﬂ

(X, — X,)* ( alled sample variance)je——

Then, C"‘[_.deftmhovu of vanan, Vm(X. )=E[(x-EC)}]= 62

1. X, ~ N(u, 2) and y/n(X,, — p1)/o ~ N(0,1).< by Np.76,Notes3 &S .

*__Tu({) >0, n>m, X =M.
(TBp.195) The random variable X, and the random vector (X; —

e Xon, Xo— Xny ..o, Xy — X,,) are independent.d-]_)?‘ & (Y, Yn) indep.

atee slides

©

—

(TBp.197) The dlstrlbutlon of (n—1)S2/o? is the ch1-bquare dlbtrlbumon
- nsﬂ with n — 1 degrees of freedom.» 7ar(s:) = Tarf 223 -5SF _gay_ < )_(n 2 T r((h-l)Sn

)

Y ~N(o, %62 (50) Ury, used to understand o3

[ 3. (TBp.196) X,, and 32 are independently. [- = ,_3: 78 g L 2y

= bl-Lf XYe=0 4 S
5. (TBp 198 J—()Gv M 4(5 \/ﬁ( )‘?Sﬁndafdtza'bofl, g:sl)z 2(n-|)= —:’—i-

~500,
J(ﬂl Sn? o S ~ t”_—1'<“by INp. 78, Note " f,
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@ L L L Ch1~6, p.2-81
Proof of 2. The joint mgf of X,, and (X; — X,,, Xo— X,,,..., X — X,) is
ZMg(DxMy, .y, b rtn) v = v
M (s, t1,t9,...,t,) = F {e[SX—”% M}} =F {6[2?:1 (%Hi_t))ﬁ]} :
Qi

Note: X1, X 24 N, s2)
> A, - QuXn ~2de.

Let a; =2+t —t,i=1,2,...,n. Then

Now we have L n l n
M (s, ty,ta, .. tn) = | [ Mx,(a:) =

=1 1=

= exp (;uzn:ai + %erl:aZ?) = exp
i=1 i=1

2 2
o 2 o 2
= exp us+—8>exp - ) _ti—1)
( 2n ’ 2 Zz:; B Junction of (T, tn) ow,(y,
ga STuncion, of S omlyk . —
Thus, the joint mgf factorizes into product of th}ngf of X, and th&ngf of
(Xl _XTHXQ_Xna"'aXn_Xn>rM(oatl,°";tn) :M(S,O,"‘.O)

=

Ch1~6, p.2-82

<:I n
_ Are (X1—7n, . ¢ —Yn) independent? [Hint: (Xi—Yn) = 0]
XX, S,

YI e o o \(w 4_]_ n . = v
Proof of 4. First note that LYi=0.—
LNPSO 1 L ) n XZ . ILL 2 ,
?Z(Xi—ﬂ) :Z< - ) ~ X
. i=1
B mﬂjﬂ.};&é x:z)
Also, 7 #"_W/ M) ~T; o :
! 1 s X —
= (X-p? = 5 (XG-X) + ( ( )) |
S g% A o -
W Ux (n-i)sn Ve 12 ‘
o=
Since V and U are independent, (Why ?) L S —
Mw(t) = My(t)My(t) | o2 ;<Xi ~ X)X —p) =
and then

n n
M t ]_ - 2t T2 n—1 - 2 = '2
= Mol 0= [avsteR R
My(t)  (1—2t)2 Z
which is the mgf of a x2_; distribution. Thus ~xa_, (v -»~,\(n)e/Pn
|—hunigue.ness Thm (Wp 46) —2 bul its possible

_ Why degree of freedom = n — 1, rather than ﬁ?-J Valaes on a

(N-N-dim subspace

(n—1)S2
o2
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Ch1~6, p.2-83

Deﬁnition 4.17 (Cauchy distribution C(U, @), TBp.95)
1
pdf: f( ) 7702+(x u)z,QSE]R‘—J

I S ——light
EEN
e cdf: 1+ Ltan'(pu+ ox), x € R %

' ) N 8 ~Uniform (-, T)
e mgf: not exist, except at t =0 [ Z7 7"

Normal

e mean: not exist

e variance: not exist

?o parameter: p € R,o > 0« (useful for modelmg data with
t Im”"”mrrT [——lﬁfnmrlf extieme values, e, black swan

Notes: |(median)
events in risk QIZQ/(/5/3

a heavy tail distribution

=1 1Yl
1000.1) = 1, e— Yz =¥
Let X,Y be i.i.d. ~ N(0,1). Then, X/Y ~ C(0,1).<{LNp-33|(Ec)
X ~C(p,0) = fora,b €R, aX + b~ Clap+ b, |alo)s yse chf (Ec)
Let Xq,..., X} be mdependent and X; ~ C(u;,0;). Then Y = X +

+X]<7 ~ C(Ez 1”’“ 1= 10-Z ___gi(to)
6. by 4 and 5, let X;,...,X; beiid ~ C(u,0), then X, ~ C(u,0).

Var( Xk) = V% , when G exists

Ch1~6, p.2-84

ANl BT

Some other distributions
Log-normal (TBp. 69)

Weibull (TBp. 69)

Double exponential (TBp. 111)
Logistic

Pareto (TBp. 323)

Maxwell (TBp. 121)

In this chapter, you should learn
1. random phenomenon behind each distribution
2. statistical modeling (assigning a distribution) of data
3. relationship among distributions
4. meaning of parameters in each distribution
S‘\@ HOW to derive cdf/mgf/chf/mean/variance from pdf/pmf

(optional)
but you are not necessary to

1. memorize their pdf/pmf/cdf/mgf/chf/mean/variance/...

+ Reading: textbook, 2.1.1~2.1.5, 2.2.1~2.2.4, chapter 6
Roussas, 3.2,3.3,3.4,52,6.3,7.3
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Geometric Discrete | « Adapted from Berger and Casella M™% P2
.| unif .
XX L 2X; | unitorm (2002), Statistical Inference, 2" Ed., p.2-
1> k> .
Xt iX,) mnx =X a=p=1"\Betabinomial] 627
binomial (n,a,B) . .
. . I
(nl\;lr;ll;:noml;l ) X, (r,p) - L+B Hypergometric d‘ts,?;f' ng’”:eaés
9! Y1 I Pm.
A=r(p) IX, |l atpose (., B)
T = 0 - A
A= - N
X XolEX=n) Poisson n— oo Binomial] _---~ p=R/N G[eomdinc ] a 5<Fuwn‘naf
DS @, p) N~ oo Neaaki
‘ X e
ST e pamint <> Fema

/@ =npi=p) n 2} ®
o " Bimomial «<—> Joisson

Continuous
distribution
with cdf F

)

Weibull Double
N exponential

Relationships among common distributions. Solid lines represent transformations and
special cases, dashed lines represent limits. Adapted from Leemis (1986).

Chapter 5 Ch1~6, p.2-86

Outline ~xgcxal
» 3 types of convergence » law of large number

> central limit theorem

*a.s., in prob., in dist.
L?%i%&%.@.

value - proo,
o Y8
s 38

% -:}’8 repeat flipping a fair coin 2 or 3 times. Can you accurately

» 18 predict the average appearance of heads? = Sa.y‘l, 0000 Hines
mpare the .. . . . .

gﬂ of repeat flipping a fair coin many many times. What will

uncertaint

you predict the average appearance of heads?

Note. @Havemﬁez 0.§ < tion of-mean (LNp.4/) |FEM€
1. Some deterministic patterns  emerge f from random phenom-

ena when more and more data are CoHected i.e., more and

more information is gathered. f &3 n= ioo': ,:rlz 2

2. In the following, 7 — oo can be interpreted as sample size
of data is large enough. =5 “asymptotic” (K134

« three types of convergence am,0n = Q<> lim|an-a| =0 N

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2820, 2025

Lecture Notes

@

Definition 5.1 (converge almost surely, TBp. 178)

Ch1~6, p.2-87

almost surely to a random variable Z :

A sequence of random variables {Z,, : 2 — R} is said to converge

a.s.
Ly, —

- R

Z, if for any € > 0, |Z542%8, 7 a5 n-»00

T ({ge Q: lim |Zy(w) - Z(w)| <

‘_n

and denoted as

P(A)=1

P(A%)=0
lim | Zw)-2)
=0 :

Definition 5.2 (converge in probability, TBp. 178)

A sequence of random variables {Z,, : 2 — R} is said to converge
in probability to a random variable Z : 2 = R, and denoted as

= 2

Z, if for any € > 0,

lim P ({w € Q: |Zu(w) — Z(w)| < e}) = L.

n—oo

P()

Jim Zow) = 2(w)

AltAaloob'An,n;:’l

U & - Wy --
w W W w W

cont. rv., P({wy)=o0

N

a.s.

00 02 04 06 08 10

00 02 04 06 08 10

Z, — «, o :a constant.
Zigg O(

»r— Zn 852 ¢>Yaz2h-2%250

o

Zin

,—2,.&2@ YazZn-2 250
«,

o : a constant.

Zm A

00 02 04 06 08 10
00 02 04 06 08 10
00 02 04 06 08 10

~ -~
~~
~

Ly

Q

0 02 04 06 08 10
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