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Notes

Ch1~6, p.2-

Theorem 3.3 (Chebyshev’s inequality, TBp. 133)
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Let X be a random variable with mean y and variance o. Then
for any ¢ > 0, T discrete or continuous
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roof. Let f(x) be the pdf of X. Let R = {7 : [z — | > t}%M>1
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No other restriction

P(|X —ul = t) = /}Q.Mdg; < /R(x;—fyf(x) dr | on the functional

form of pdf/pmf
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2. (TBp. 134) LXiar(X) =0=PX =px) g L J’H 36 4>
P(1x-ul>t)=0. Vt>o-r 46

Ch1~6, p.2-

Definition 3.6 (characteristic function, TBp. 161)

Py The cl:gacterlstlc function (chf) of a random variable X is

LNp 2-4b) v Tu—

"3 I = oS TSIUw) ( ¥ §,000
Foufierl__ ox(t) £ ™) £ Bleos(X)] - Bpin(tX)={ J iy
Trangformation J———-T x e X7

where ¢ = v/—1, and the joint characteristic function of X 1, Xo, ..., X,
is it X1+ it X, Fp joint mgf

mgf mi x5 X (E1s 02, - 8n) = Ee DA A ) 3(L”p‘2 -43)

not ewist

(—:E(e"") 1) §¢ properties o aracte O
=0

Ctx
- 1) The characteristic function always exists J E‘ % , =£(/)
2. If Mx(t) exists, then ¢x(t) = Mx(it). =<0
% 3. uniqueness theorem
4. (FYI) inversion theorem:

F
e discrete case: px(x) = Tlim f_TT e "hx(t) dt
px\t) = ;i J_pe  Ox\b)

. 1 oo b
e continuous case: fx(r) = 5= [ e "Tox(t) dt

5. The properties of characteristic function are similar to those of
moment generating function.
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e & method Recall Chebyshev's ineguality (LNp43)
Y Let Y = ¢g(X). Suppose we only know the mean px

and variance o3 of X, but not the entire distribution
\ (i.e., do not know cdf, pdf/pmf of X). Can we derive the
x| distribution of Y7 If not, can we “roughly” describe the
mean and variance of Y7 (Note. E[g(X)] # g|E(X)].)

—
What if Tar(X)
very small ?

Theorem 3.9 (0 method for univariate case, TBp. 162)
it old?_J = 9(X) @ g(ux) + (X — px)g' (px) (by Taylor expansion)

~ g(ux) o g cf.

]
Varlg(X)] ~ Var(X)[g'(ux))’
)

“Thm3.| (LNp.q-l)j

or Y =g(X) [ g(ux)+ (X = px)g' (ux) + %(X — px)*g" (px)
1 2 N gj
= Elg(X)] ~ glux) +50x9" (1x)

Note. How good these approximations are depends on whether g can be
reasonably well approximated by the 1st or 2nd order polynomials in a neigh-

borhood of Hx and on the size of ox. — check Chebyshev's inequah‘éy (LNp.¢3)

Ch1~6, p.2-57

Theorem 3.10 (& method for multivariate case, TBp. 165)

<, ? Function of two univariate random variables Z = ¢g(X,Y):
et | Leta= ().
that _ - 9g(p) 9g(p) '
only knpw Z = 9(X,Y) 29w + (X —px) =5+ (V= py) =5 = <]
Ux My | = E@)~g
e & 09" , 2 [9900)]° 99()] [99(n)
Y 2w o2 |09 2 [09W]” ., 9(1)] [99(k
6"1’ bl Var(2) U—X!8x] +U—Y[ dy A oy
not; the 9() 9()
do ity st | 9(X,Y) = g(p) + (X — px) =5 =+ (¥ —py) By
of- X4 Y 1 0%g(p) 0%g()
+§(X_—“X) 2 + (X = ) (Y = py) 90y
1 20°g(1)
+§(—Y_“Y) B2 JE
N 1, Pg(w) Pg(p) 1 50%g(p)
=  Elg(X,Y)] =~ g(u) + 90X 52 T OXY 80y 27 gy
Note. The general case of a function of n random variables can be worked
out similarly.

% Reading: textbook, Chapter 4 < stuifed
¢ Further Reading: Roussas, 5.1, 5.3,5.4,5.5,6.1,6.2,6.4,6.5 <~ op‘b’ono.’
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Ch1~6, p.2-76

Definition 4.13 (Normal distribution N(l, 0?), sec. 2.2.3)

x—,uQ =0
©pdf: f(z) = e 5 ser ‘
e—'-\"—us@ polar coordinates . =25
o mgf T2t € Re—yse STO =D)

Show ﬁmbft its pdf is Symmetric.
bo
variance: o2 mamg’c “ (Ec)

< &) using maf- (&
e parameter: u € R o >0 End ' gf( ) "é)‘
meaning oS ponameters) —T a)d

mean:

Notes:

1. bell-shaped pdf (symmetric about p, where it has maximum, and falls

off in the rate determined by o)
2. play a central role in probability and statistics (e.g., CLT, Chapter 5)
3. X ~ N(u,0%) = fora,b e R, aX +b~ N(ap+b,a*c?). In particular,
song- | 5~ N(0,1). <—prove using mg§ (&)
4. Let Xq,..., X} be mdependent and X; ~ N(u;,0?). Then Y = X; +

‘|‘Xk NN<21 1;“%21 103)@})5’0% (,(slng mgf.(gc>/x|+ -+ X \‘ao‘?
5. by 3 and 4, let Xy,..., X} be i.i.d ~ N(u,o?), thenXkNN(lu’%)
L1~ NI ),

—
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