NTHU MATH 2820, 2025 Solution to Homework 8
1. Suppose that Y have the pdf:

209 0<y<6
- 92 Y
fr(y) { 0, otherwise

(a) Show that % is a pivotal quantity.
(b) Find the cdf of ¥.
(c) Use (a) to find a 90% confidence interval for 6.

A) Lt Q=% = Y-9Q = ZY- 3 =0 070

+ 2-(
fs) =y o] 7] = 220 o= 20 4= DL (-8, gelo)
= Q~ Beta(l,2)

The distribution of X does not Ae?er\cl on 0.
. &-Yg $ ap&v«;ﬁxl zf(/w.t}ty.

(b) F@® 5 foe du j 2(1-w) du = 2u-u| = 2f-97, ge(al)

OF o +=Qis Fgh={ |, 2|
-4, gelol)
o , Oferwise

l

() 03=F(as@<b)=Plas L cb)=PC{-<0 <L)

Y o
(T,'\gf) s a ‘(o/, cofidence inerwa| for O, where ovb saﬁsf\/

03= Fa(b) - F&(u) = 2b=p ol = a-ba ()

Fiy\A n set o solutions for o and b,

LgtF&(O\) 0.05 o0 (0.1)
D20 - A= 0.05 D p = 9.035F o 1974 ({/‘ 1746 & (o l))

Then Fatb= 04+F4ey = 094005 | | (o,1)
S5b-b"=095 b=0.776lF ov (2230 (pg L] &(a,l))

Y Y
< 0.7764 ,U~0254'> I ‘{o% confidence ;herV&‘ for ©
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2. Suppose that the random variable Y has a Gamma distribution with parameters
a = 2 and an unknown .

(a) Show that 2\Y" has a x? distribution with 4 degrees of freedom.
(b) Use (a) to derive a 95% confidence interval for A.

[Hint: Lecture Notes, Ch1-6, p.74, item 6 and p.77, item 2.]

) X=x2AY gY—K 9 I =35, A>0
fyw=f, @l = Aéﬂe‘“ I et R
X J T 2N T F T2 s K€(0,00)

S XAy ~ Ted) =2

(5) 045 = P(L s @)é K& L oais4))

2P( Lo ) £ 20 £ Lo (4)
_ F(%o o () £\ 0‘775 (‘/') )

Lo o (4) Xoams (4) .
( z)’g , >Y ) s o %/) confidence inférval for A

made by ¥R - SEZX BI#



NTHU MATH 2820, 2025 Solution to Homework 8

3. Let X1,..., X, beani.i.d. sample from the Beta distribution with parameters § = 1
and an unknown «.

(a) Show that Y; = —2alog X; follows exponential distribution E(1).
(b) Show that —2a Y, log X; is a pivotal quantity.

(c) Use (b) to derive a 95% confidence interval for o.

@S‘

‘-
) = ax ', o< x¢ 1

=) DQ:?’MG zdz—znx,", VE$O’
P(222)= P(x¢e?®) = S: ax* ' da

-t
s

24 ~N E ( d) - g‘(hCQ \[) = M Zv ) O Cé’lgf&-ﬂt M‘h"”k
of on exronen‘[‘-’u\ variahle with

T~ E(sx)= E()

©) Se T, %, ... DEE)

Crz 2V =-2aZhti ~T(n.F) = X
Cnee  The dist. o S does nof confain X
= (. P byl gonnti 9_

@ let

W=l >0 Gz 2w
S]‘ncc gn Vv 2(:,‘

2
P( X?n,o.o'ls‘ £ g’» < x;n,o.ws) = 0.95 .

we ha®
Xamuas < o Xom10.975
23X = =27 b, with prob 0,15

-D‘K«f?{"’e ; The CL £ o ‘S

2

xzn, 0.025 X;ﬂ, 0%
R2EX, aF g

S

made by ¥R - SEZX BI#



NTHU MATH 2820, 2025 Solution to Homework 8

60. Let Xy, ..., X, be an i.i.d. sample from an exponential distribution with the
density function

1
f(x|T)=—€_x/T, 0<x<o0
T

a. Find the mle of 7.

b. What is the exact sampling distribution of the mle?

c. Use the central limit theorem to find a normal approximation to the sampling
distribution.

d. Show that the mle is unbiased, and find its exact variance. (Hint: The sum of
the X; follows a gamma distribution.)

e. Is there any other unbiased estimate with smaller variance?

f. Find the form of an approximate confidence interval for 7.

g. Find the form of an exact confidence interval for 7.
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T(D= - 2227 - ( E0x] =1T)

Hence ve )\a.«e fOo ('—d) % U\P’)f‘*)(, CI

X1 2g = (T:X)
& (7—25% £ + ?%!T)%)

@) Lt s-= 2% . Sine Exp(7) =T( ',—t'-

D‘— ~ ?(371 _’(Vl, 1 t)_?é'h Qa ffvcfn‘ ‘l(lmtif/

D P(’X:M-% < s < x:n,é) T -

D a @O-DKL T o T (;-1*77 ;jt%)
3‘,'—? / n, T

Cexact (-t CITD
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