NTHU MATH 2820, 2025 Solution to Homework 6

Chapter 8

16(d)

Density:

Likelihood:

1 |$l| 1 n 1 n
L(o;wy,...,2n) = H%GXP <—0) = (20> exXp <_0;|$i

i=1

Using the Neyman-Fisher factorization theorem:
L(o;x) = h(x) - g (T(x),0)

where:

T(x) =30, 2] s h(x) =15 g(T,0) = ()" exp (- L)

Hence, Y ., |X;| is a sufficient statistic for .

Show that the pdfs form an exponential family and find a sufficient and complete statistic.

We rewrite the density function as:

fzlo) = %exp <|j|> — exp <log(20) - |§>

Let n = f%, then:
f(x|n) = exp (n|z| + log(—n) — log 2)

This is the canonical form of a one-parameter exponential family with:
o Sufficient statistic T'(x) = ||
e Natural parameter n = —1/0 <0

Since this is a one-parameter exponential family with open natural parameter space, the sufficient statistic

St | X;| is also complete.

18(d)

Density:
fala) = m—==2 = (1 —x)** 7!, 2 e0,1]

Likelihood:

madeby U QOO O 04U



NTHU MATH 2820, 2025 Solution to Homework 6

I'(3a) - ae o
L(a;x):< F(oz) sz A — gy)?e!

i=1

Q

n

(
()
§3a)a))nexp{ (a—1) Zlnﬂfz (20 =1) 3 In(1 - 2:)}
(
)

’1

i=1

- ( T(a)T(2
%) exp{a( Zlnxz—l—QZln (1 —x) _(glnxi+;ln(l_xi))}

_ ( r
(e
Using the Neyman-Fisher factorization theorem:
L(o;x) = h(x) - g (T(x),0)
where:
n n
= Iz +2) In(l—a))
i=1 i=1

Hence, (37 InX; +23 " In(1 — X;)) is a sufficient statistic for o.

Show that the pdfs form an exponential family and find a sufficient and complete statistic

We can write the density function as:

f(z|a) = exp (ln F(l;gic(g@ +aln(z(l —2)?) —In(z(1 — :U)))

This confirms that the family forms an exponential family with:
e Natural parameter: «
e Sufficient statistics: > -, Ina; + 2> In(1 — z)

Since this is a one-parameter exponential family with natural parameter « € (0,00) (an open interval),
the sufficient statistic > ., InX; + 2> "  In(1 — X;) is also complete by standard results on exponential

families.

21(c)
Density:
f(z|0) = e~ @ D1(z > 0)

Likelihood:
L(6;x) = e~ =700 < X (1))

This can be written as:
L(0:%) = h(x) - (T(x),0)

where T'(x) = X(1) = min{ Xy, ..., X,,}. Thus,

X(1) is a sufficient statistic for 6.
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Show that X(;) is complete by definition and examine whether the pdfs form an exponential

family
The density function is:
f(x|0) =e =9 I(z > 0) = exp(—z + 0) - I(z > 6)

The support depends on the parameter 8, which violates a key condition of exponential families.
Therefore,

f(x]0) does not form an exponential family

Then, prove X ;) is complete, consider its distribution:
fX(1)(‘T) =ne "0 ]I(x > 0)

Suppose:
E [g(X(l))} = 0 VG

Then:
/ g(u) -ne ™=y =0
0

Differentiate both sides with respect to 6:

d o0

d
el —n(u—Q)d ——0=0
i |, g(u)ne u= -

By chain rule:

—g(@)ne’ =0=g(B) =0 V6

Therefore:

X(1) is a complete statistic of 6.

Furthermore, the original density is:

f@)f)=e =0 >0

Since the range of X depends on the parameter 6, we conclude:

. f(z|0) does not belong to an exponential family.

49.

Consider a muon decay setting where the original record is x = cosf € [—1, 1], with density:
1
fzla) = 5(1 +ax), |a/ <1

Instead of observing z, we only record whether x > 0 (forward) or < 0 (backward).
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(a)

Define an indicator variable:

Then we observe i.i.d. binary data: Y; ~ Bernoulli(p).

p=Y =13V, Because

T n

Let the derivative be 0:

Calculate p= P(z > 0):

Using the sample mean:

1, ifx; >0 (forward)
Y7‘; =
0, ifz; <0 (backward)

I(p) = Zy logp + (1 —y;)log(1 — p)
0 _ E?:l Yi n (n— Z?ﬂ Yi)
dp P (1-p)

i ¥ _ (n—= 3 i)

P (1-p)
oo 1 0?
:p:Y:gZYi,a—pzl(p)<0

is the moment estimator based on Y;’s.

Solution to Homework 6

The maximum likelihood estimator (MLE) of p is

Since MLE of p is p = Y ,then this is the maximum likelihood estimator (MLE) based on Y;’s by invariance

property of MLE.

(b)

Since Y; ~ Bernoulli (% + %) Hence,

Then

Thus,

1 « 1 « 1 a?
Yo=(-+2)(1-2-%)=--%
Var(Y;) (2+4>( 2 4> 1716
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Next, Method of Moments Estimator based on X;’s: Based on E[X]| = ¢, we define:

a=23X
Therefore

P
E[Xz]:/ :z:2~§(1+ax)dx:

-1

Var(X) = E[X?] — (E[X])* =

Var(a) =9 - Var(X) = -

Then, Maximum Likelihood Estimator based on X;’s:we define &, although « exist, it does not admit a
closed-form expression.

Log-likelihood:

CC2

log f(rla) = log(1 + az) ~log2 = ¢"(a) = = 3" o

Fisher Information:

ro) == [rt5am] = [ e 30 o [ o

This has a closed form:

L a=20
Io)={"
ﬁ[ln(fj—i)—Qa}, a#0
MLE asymptotic Variance:
@=L =" ol
Var(a) = = ]
nl() 205 a0

n[ln(if—g)—Qa] ’
Efficiency Comparison

. Var(daom) 3 —a?
eff(&, Gnvonm) = Var(a) i

203
V A —a? n a)=In(l—a)—2al? (07 # 0
eff(&, amLg) = W _ ) G=a?)Im{+a)—n(I—a)—24d]
4—3a27 a=0
Estimator 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Eff(&, 6mom) 0.75  0.7494  0.7475 0.7442 0.7396 0.7333 0.7253 0.7151 0.7024 0.6865
Eff(&,6yLe)  0.75  0.7474  0.7393  0.7254 0.7048 0.6760 0.6371 0.5841 0.5103 0.3994

Conclusion: The estimators based on Y;s perform worse than the estimators based on X/s.
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53(c)

Variance :

|
L(0) = H R I1x(,y.001(0)
=1

éMLE = ArgmamL(@) = X(n)

Ix i @) = n[Fx (@)™ fx (@)

Ty L
=) g
nap!
. O nxf 0
(n) n
E(0 = = —
N nf?
E(912\4LE) = m

Var(byre) = E(03pr) — [EOuwe)) =

-0
n+1

MSE(éMLE) = Var(éMLE) + [Bias(éMLE)]Q =

Bias(Oyre) = E(Oprp) —0 =

0 . _
H1 :E(X):§:>9MME:2X

Eymp) =0
. 02
V(J/I’(QJWME) = an

BZaS(éMME) =0
2

A 0
MSE(QM]V[E) = 37’11

Var(éMME) > Va?”(éMLE), n

Bias :

- MME @& MmfhEt
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- MLE Bz

MSE :

B n = 1,2 i > MME 1 MLE #J MSE J& —&M » {H& n R KEF > MLE /) MSE &/Ni® MME #9
MSE » [Ft > FAM AT USE1E SR AES KR > MLEfFHH& EMMEbFHEA K -

57

. o2 ~ Xn-1
e ;21)82) — -1, var(PEDE) oy
954
= E(s%) =02, Var(s?) = ni 1
G2 =" 152
. -1 2(n —1)o!
= B(6%) = nn o?, Var(6%) = (n 3 Jo

B AR #5350 5% R filiat o

b
204
MSE(s*) = Var(s*) + [Bias(s*)]* = —
MSE(6%) = Var(6®) + [Bias(6%))* = w

(2n—1)(n—1) < 2n?
-1 2
n2 n—1

. MSE(6%) < MSE(s%)

LetY = pzn:(Xi ~X)% E(Y) =p(n—1)0?, Var(Y) =2p*(n —1)o*
i=1

= MSE(Y) =2p*(n — 1)o* + (pn — p — 1)%0*

Let f(p) = a*[2p*(n — 1) + (pn — p — 1)?]
= f'(p) =2(n — o' (pn+p—1)
and f"(p) =2(n —1)(n+1)o* >0

1

Set f/(p) =0= p= —
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60(e)

7—n

1 n
I(r) = —nlogr — = =z
(1) nlogt 3 T
Let I'(1) =0, 7 = @, I"(7)|;=# < 0. Therefore, the MLE of 7 is X (FJZEHW.4f%Solution ).

X ~T(n, %)(EJEHWAE@SolutionEP?ﬁz@J)

E(X) = 7(AI[{fEHW.4f"Solution 1 # 2)

2

Var()_():;

0% log f(x;7) 1 -2z -1 2 1
CRLB(X) = - T

nl(t) n

K% X 2 MufhEt B Var(X) = CRLB(X) » FrLAE A H A unbiased estimator & A 5 /NI variance ©

72

z@le—z/B 1 T
f(xvaaﬁ) = F(Oé)ﬁa = F(Oé)ﬂa BIp((O[ - l)lOgl' - B)
cl(oﬁﬂ):a*la 62(aaﬂ): %a tl(x):logx, tQ(x):I

It o f(z) B 2-2HAITEEUE - T (X, log X3, > 1 Xi) =& («, B) HIFES
HoEmat8 -

Bk TI0, X = eap(X, log X,) R UEHAGEHE » ALl ([T, Xo X0, X))
& (o, B) BIFED BEsRAT R -
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