

































































































 

Hw 5

Asymptotic Variance of MLE

Fine information of X and asymptotic sampling dist

oiiěgiiiiiiiiiii
Oet f x p 1 pY

Icp E 2 I E 2 ii P I

E f iiipi I it citpcips
⼆ iiiiiij P picnp using EEXI 古

we have fisher information be nICP ⼆ prirp

By Thm 6.6 CH8 P39 we have

JnIcps p'ˋ p N o 1

p Nlp P the asymttic variance

of M E is pntp 四

NTHU MATH 2820, 2025 Solution to Homework 5

made by 孫利東、高童玄 助教




































































































Asymptotic Variance of MLE

Fine information of X and asymptotic sampling dist

S
Eiiihgèt 6gihérinfiinatieofgbeò

⼆ Ʃii

I 6 E 𩇫 Y I

E i ii I
È ÉEEIXII

EEIXII ⼆ x Ii exptt dx

⼆ 65 學 explt dt

2ES dexplt
2 texpellifexptttdt
xexp 合 6exp合 1
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Z

dxexp 合
⼆

dexpl 共

以

igdxil ⼆ 0

we have I 6 iti6 ⼆
T

Fisher information be n I 6 ⼆ 622L

By Thm 6.6 we have

FIG 8 6 N N O i

o N 6 i 四

asym var of MCE

Asymptotic Variance of MLE

Fine information of X and asymptotic sampling dist
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5 iii getHiiiiiiiitintere ⽂ mine in t

I X E ǎi Onf x1α

ǎinflxlx ǎn OnP 2α OnT α InT 2α α 1 Onx

12α11On ix

using digamma function 4C with 4 x ǎOn x

⼆ ǎ 3 4 3α 4 x 24 2α Dnx 2On ix

⼆ 3 4 3α 4 x 24 2α

Ěnǎiut in 4㷺主⽂4 埮㗊 no
by thm 6.6 we have

Fa ix rco i

⽗ N α n 3432 14 x 24 2α 四

Variance of MCE
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( a )U ,
= E (X )=②⇒µ 1

=X ⇒③=π∴θMME =2 π=±×i

E ( )�MME = 2E (π ) = 2 . D =θ

Var (θuME ) = Var4 (x ) = 4 n㎡ Var (Xi ) = 4. n, = 3n

( b ) L ( θ x ) =其 fxi (xii θ ) = 0n ≥ xcn ) ,∞ )
( 0 )

:

: L (O 1 x ) s decreasing function of θ

-
.

OMLE = Xcn )

nx( d ) fxn ,<λ= (n- ↑
,
:
( ǒ )
^

0 =

0
%

,

0≤ xz 0

E ( X(n 1 ) ={ % x^ 台dx = 品 S 8 x ^dx
=

" 品 n
+θ
n

= 品 ,
0

⇒ E ( nn+| X ( n ) =θ

Therefore 0= nnt1Xin )isanunbiasedestimateff 0
.
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( a ) Let n , be the number of people with AA genotype .

Let nz be the number of people with Aa genotype .

[ n , Hz ) ~ Trinomial n = 190, P . = [θ]= , P2
= 2θ [ (- θ )

n ! In Mz 2 M - M- Hz

L ( θ x ) = n . ! uz ! n - n.- nz
1( - θ )[Z ( 1 - θ

,

⻔ ! 之
ㄗ之 IM , +Mz 2 H - M- Ha + HZ

= 1- θ ] θ
MI !Mz ! H -M

- Hz
,

= 3 l ( θ 1à ) = ln
M ! 2

Mz

+ Rn , thz ) ln ( 1- 0 ) + (( n -n - n 2)lutn2) ( θ )
MI !Hz ! H -H

- Hz
,

录ol ( o 1 x ) =
- 2 MI - Hz

+
2 (n - H 1 - Mz) + M 2

= o
1 - θ o

- 2 M ( θ - H 2θ+ 2 (M - M 1 - Mz) + n 2 - 2 (M
- Λ 1 - Hz)θ- n 2θ

⇒ = 0
θ C 1 - θ )

-Ʃ H θ+2 { n- n , - Mz } +Λ2
⇒ = 0

θ [ ( - θ )

2n - 3M 1 - Λ
⇒ θMLE

=

这 n

: n= n , + hz + h3
,

n3 The number of people with aa genotype .

,

θ MLEcanbeexpressedinother forms.
n- H 1+ H3

eg .

, subsifuting n2 = n
-h , - h 3 into the MLE formula ) DMLE =

之⻔

subsituting n
, =nn3 into the MLE formula )OKE

= 2t2

2 [M - n 1 ( -Hz ) + M

当liola 1 =ti
-

op- θ 2
0
,

θε [ 0, 1 )

MLEof θ is OME=38=5 ≈ 0 .7684
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( b) Bytrinomialdistribution ,
E (ni ) = n (1- 0) E (n2) =2n θ( 1 - θ)

,
E(n 3) = nθ

2

Ix ( 0 ) = El ( o 1 x )

上 H 1 +及 2 [n - 11- Hz) + n 2
= E

( 1 - θ )
x
+

θ 2

=

2n ( 1 - θ)=+ 2n θ( 1 -θ)
+

2 +hθ
2
zn θ ( 1 - θ)

2
( 1 - θ ) 2

2n θ( 1 - θ ) +θ
2
+ (1 - θP+θ ( 1 - θ )

⼆

θ ( 1 - θ)
zn

=

θ ( 1 - θ )

θ [ 1 - θ )
- symptotic variance f OncE is Var ( OMuE)= Ixio ) = zh ,

and estimated value of Var ( OMcE ) is

O .6784 × ( 1 - 0
.7684 )

=
≈ 000047ar(OMcE ) = Ix( )0.7684 2 × 190

By 1 Ch 8 1P .39 Theorem 6
.

6
,
we have

IX ( 0) OMLE - θ N(0 1 ) OME> N( θ . Ix ( 0)
=

θ ( 1 - 0 )

2n
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