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Statistics HW04 Solution

Chapter 8

Problem 7

(a)

𝑊ℎ𝑒𝑛 𝑞 ≔ 1 − 𝑝 ∈ (0, 1), 𝑤𝑒 ℎ𝑎𝑣𝑒

𝜇1 = 𝐸(𝑋) =
∞

∑
𝑥=1

𝑥𝑝𝑞𝑥−1 = 𝑝
∞

∑
𝑥=1

( 𝑑
𝑑𝑞 𝑞𝑥) = 𝑝 𝑑

𝑑𝑞 ( 1
1 − 𝑞 ) = 1

𝑝 𝐶ℎ𝑒𝑐𝑘 𝐿𝑁, 𝑐ℎ𝑎𝑝𝑡𝑒𝑟1 ∼ 6, 𝑝𝑎𝑔𝑒 62.

𝑇 𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 𝑎𝑛 𝑚𝑜𝑚𝑒𝑛𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓 𝑝, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 ̂𝑝𝑀𝑀𝐸 ∶

1
𝑛

𝑛
∑
𝑖=1

𝑋𝑖 = 𝑋𝑛 = ̂𝜇1
𝑆𝐸𝑇= 1

̂𝑝𝑀𝑀𝐸

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑 𝑎𝑛 𝑀𝑀𝐸 𝑜𝑓 𝑝 ∶

̂𝑝𝑀𝑀𝐸 = 1
𝑋𝑛

𝐼𝑡 𝑖𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡
⎧{
⎨{⎩

̂𝑝𝑀𝑀𝐸 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 (𝑜𝑟 𝑚𝑒𝑎𝑛𝑖𝑛𝑔𝑙𝑒𝑠𝑠) 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑋𝑛 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 0 , 𝑖𝑓 𝑝 = 0

̂𝑝𝑀𝑀𝐸 = 1 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑋𝑛 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 1 , 𝑖𝑓 𝑝 = 1
.

𝑀𝑀𝐸 𝑖𝑠 𝑛𝑜𝑡 𝑢𝑛𝑖𝑞𝑢𝑒 𝑎𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 𝑚𝑎𝑦 𝑏𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑢𝑠𝑖𝑛𝑔 𝑜𝑡ℎ𝑒𝑟 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 (𝑠𝑢𝑐ℎ 𝑎𝑠 𝑡ℎ𝑒 2𝑛𝑑 𝑚𝑜𝑚𝑒𝑛𝑡).

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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(b)

𝑇 ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥
∼

= (𝑥1, … , 𝑥𝑛) 𝑖𝑠

L (𝑝∣𝑥
∼
) = 𝑓(𝑥

∼
∣𝑝) =

𝑛
∏
𝑖=1

𝑓(𝑥𝑖∣𝑝) = 𝑝𝑛(1 − 𝑝)∑𝑛
𝑖=1 𝑥𝑖−𝑛

𝑆𝑜 𝑡ℎ𝑒 𝑙𝑜𝑔 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 ℓ(𝑝) 𝑖𝑠

ℓ(𝑝) = 𝑙𝑜𝑔(L (𝑝∣𝑥
∼
)) = 𝑛 × 𝑙𝑜𝑔(𝑝) + (

𝑛
∑
𝑖=1

𝑥𝑖 − 𝑛) × 𝑙𝑜𝑔(1 − 𝑝)

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑜𝑓 𝑝, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 ̂𝑝𝑀𝐿𝐸 ∶

𝑑
𝑑𝑝 ℓ(𝑝)∣

𝑝=𝑝∗
= (𝑛

𝑝 − ∑𝑛
𝑖=1 𝑥𝑖 − 𝑛
1 − 𝑝 )∣

𝑝=𝑝∗

𝑆𝐸𝑇= 0 ⟹ 𝑝∗ = 𝑛
∑𝑛

𝑖=1 𝑥𝑖
= 1

𝑋𝑛

𝐶ℎ𝑒𝑐𝑘 𝑡ℎ𝑎𝑡 𝑝∗ 𝑖𝑠 𝑖𝑛𝑑𝑒𝑒𝑑 𝑎 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑟 𝑜𝑓 ℓ(𝑝) ∶

𝑑2

𝑑𝑝2 ℓ(𝑝) = ( − 𝑛
𝑝2 − ∑𝑛

𝑖=1 𝑥𝑖 − 𝑛
(1 − 𝑝)2 )∣

𝑝=𝑝∗

= − ( 𝑛
𝑝∗2 + ∑𝑛

𝑖=1 𝑥𝑖 − 𝑛
(1 − 𝑝∗)2 ) < 0 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡

𝑛
∑
𝑖=1

𝑥𝑖 − 𝑛 ≥ 0

𝑂𝑟 𝑛𝑜𝑡𝑖𝑐𝑒 𝑛
𝑝∗2 + ∑𝑛

𝑖=1 𝑥𝑖 − 𝑛
(1 − 𝑝∗)2 =

(𝑛((1 − 𝑝∗)2) + ( ∑𝑛
𝑖=1 𝑥𝑖 − 𝑛)𝑝∗2)

𝑝∗2(1 − 𝑝∗)2 = 𝑛 − (𝑛2/ ∑𝑛
𝑖=1 𝑥𝑖)

𝑝∗2(1 − 𝑝∗)2 ≥ 0.

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑

̂𝑝𝑀𝐿𝐸 = 1
𝑋𝑛

𝐹𝑌 𝐼 ∶

𝑊𝑒 𝑢𝑠𝑢𝑎𝑙𝑙𝑦 𝑝𝑢𝑡 𝑎 𝑡𝑖𝑙𝑑𝑒 𝑢𝑛𝑑𝑒𝑟 𝑎 { 𝑙𝑜𝑤𝑒𝑟𝑐𝑎𝑠𝑒
𝑢𝑝𝑝𝑒𝑟𝑐𝑎𝑠𝑒 𝑙𝑒𝑡𝑡𝑒𝑟 𝑡𝑜 𝑒𝑚𝑝ℎ𝑎𝑠𝑖𝑧𝑒

𝑡ℎ𝑎𝑡 𝑖𝑡 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 { 𝑟𝑒𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑒𝑐𝑡𝑜𝑟
𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑒𝑐𝑡𝑜𝑟 .

𝑌 𝑜𝑢 𝑚𝑎𝑦 𝑠𝑒𝑒 𝑏𝑜𝑙𝑑 𝑙𝑒𝑡𝑡𝑒𝑟 𝑙𝑖𝑘𝑒 x 𝑖𝑛 𝑡𝑒𝑥𝑡𝑏𝑜𝑜𝑘𝑠, 𝑤ℎ𝑖𝑐ℎ 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑡ℎ𝑖𝑛𝑔.
𝐵𝑢𝑡 𝑖𝑡 𝑖𝑠 𝑚𝑜𝑟𝑒 𝑐𝑜𝑛𝑣𝑒𝑛𝑖𝑒𝑛𝑡 𝑡𝑜 𝑎𝑑𝑑 𝑎 𝑡𝑖𝑙𝑑𝑒 𝑢𝑛𝑑𝑒𝑟𝑛𝑒𝑎𝑡ℎ 𝑤ℎ𝑒𝑛 𝑤𝑟𝑖𝑡𝑖𝑛𝑔.
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Problem 9

𝐿𝑒𝑡′𝑠 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡ℎ 𝑎 𝑚𝑜𝑟𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑟𝑒𝑡𝑢𝑟𝑛 𝑡𝑜 §8.4 𝐸𝑥𝑎𝑚𝑝𝑙𝑒 𝐴 𝑙𝑎𝑡𝑒𝑟.

𝑊ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑖𝑠 𝑓𝑟𝑜𝑚 𝑎 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 (𝑢𝑛𝑘𝑛𝑜𝑤𝑛), 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑓(⋅∣𝜃
∼
),

𝑡ℎ𝑒 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑜𝑓 𝜃
∼

(𝑢𝑛𝑘𝑛𝑜𝑤𝑛) 𝑦𝑖𝑒𝑙𝑑𝑠 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑛𝑡𝑖𝑟𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛.

𝑊𝑒 𝑤𝑜𝑢𝑙𝑑 𝑙𝑖𝑘𝑒 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎 𝑔𝑜𝑜𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑓𝑜𝑟 𝜃
∼

𝑠𝑜 𝑡ℎ𝑎𝑡 𝑤𝑒 𝑐𝑎𝑛 𝑟𝑜𝑢𝑔ℎ𝑙𝑦 𝑔𝑢𝑒𝑠𝑠 𝑡ℎ𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛.

𝐴𝑛 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 , 𝑤ℎ𝑖𝑙𝑒 𝑎𝑛 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑛 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑜𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑖𝑠 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑑𝑟𝑎𝑤𝑛.

𝑇 ℎ𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑖𝑠 𝑟𝑎𝑛𝑑𝑜𝑚 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 𝑎𝑟𝑒 𝑑𝑟𝑎𝑤𝑛 𝑟𝑎𝑛𝑑𝑜𝑚𝑙𝑦.

⟹ 𝐴𝑛 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑖𝑠 𝑎 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒, 𝑤ℎ𝑖𝑙𝑒 𝑎𝑛 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑖𝑠 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟.

𝐼𝑛 §8.4 𝐸𝑥𝑎𝑚𝑝𝑙𝑒 𝐴, 𝑋 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑎𝑛𝑑 𝑖𝑡𝑠 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒, 𝑥, 𝑖𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑡𝑜 𝑏𝑒 24.9, 𝑡ℎ𝑒 𝑎𝑢𝑡ℎ𝑜𝑟 𝑖𝑠 𝑛𝑜𝑡 𝑤𝑟𝑜𝑛𝑔.

(𝐼𝑓 𝑤𝑒 𝑑𝑜 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 𝑎𝑔𝑎𝑖𝑛 𝑎𝑛𝑑 𝑎𝑔𝑎𝑖𝑛, 𝑤𝑒 𝑚𝑎𝑦 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑥 𝑡𝑜 𝑏𝑒 25.1, 24.5, 25.3, … 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛.)

Problem 16

(a)

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑓( ⋅ ∣𝜎) 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑏𝑜𝑢𝑡 0, 𝑠𝑜 𝐸(𝑋) = 0, ℎ𝑒𝑛𝑐𝑒 𝑤𝑒 𝑐𝑎𝑛𝑛𝑜𝑡 𝑢𝑠𝑒 𝑋𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎𝑛𝑦 𝑀𝑀𝐸.

𝑆𝑜 𝑤𝑒 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 (IBP) 𝑡𝑒𝑐ℎ𝑛𝑖𝑞𝑢𝑒 ( ∫𝑏
𝑎 𝑢𝑑𝑣 = 𝑢𝑣∣𝑏𝑎 − ∫𝑏

𝑎 𝑣𝑑𝑢) 𝑡𝑜 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝐸(𝑋2) ∶

𝜇2 = 𝐸(𝑋2) = ∫
∞

−∞

𝑥2

2𝜎 𝑒𝑥𝑝(−∣𝑥∣
𝜎 )𝑑𝑥

= ∫
0

−∞

𝑥2

2𝜎 𝑒𝑥𝑝(𝑥
𝜎 )𝑑𝑥

⏟⏟⏟⏟⏟⏟⏟⏟⏟
(⋆)

+ ∫
∞

0

𝑥2

2𝜎 𝑒𝑥𝑝(−𝑥
𝜎 )𝑑𝑥

⏟⏟⏟⏟⏟⏟⏟⏟⏟
(⋆⋆)

(1)= (
���������
( 𝑥2

2𝜎 𝜎𝑒𝑥𝑝(𝑥
𝜎 ))∣

0

−∞
− ∫

0

−∞
𝑥𝑒𝑥𝑝(𝑥

𝜎 )𝑑𝑥
⏟⏟⏟⏟⏟⏟⏟⏟⏟

(⋄)

) + (
�����������
(−𝑥2

2𝜎 𝜎𝑒𝑥𝑝( − 𝑥
𝜎 ))∣

∞

0
+ ∫

∞

0
𝑥𝑒𝑥𝑝( − 𝑥

𝜎 )𝑑𝑥
⏟⏟⏟⏟⏟⏟⏟⏟⏟

(⋄⋄)

)

(2)= (
���������
(−𝑥𝜎𝑒𝑥𝑝(𝑥

𝜎 ))∣
0

−∞
+ ∫

0

−∞
𝜎𝑒𝑥𝑝(𝑥

𝜎 )𝑑𝑥) + (
�����������
( − 𝑥 𝜎𝑒𝑥𝑝( − 𝑥

𝜎 ))∣
∞

0
− ∫

∞

0
𝜎𝑒𝑥𝑝( − 𝑥

𝜎 )𝑑𝑥)

= (𝜎2𝑒𝑥𝑝(𝑥
𝜎 ))∣

0

−∞
+ ( − 𝜎2𝑒𝑥𝑝( − 𝑥

𝜎 ))∣
∞

0

= 2𝜎2

made by 林宸緯，馬翌翔 助教
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(1)

⎧{{{{
⎨{{{{⎩

(⋆) ∶ 𝑑𝑜 IBP 𝑤𝑖𝑡ℎ ⎛⎜⎜
⎝

𝑢 = 𝑥2

2𝜎 𝑑𝑢 = 𝑥
𝜎 𝑑𝑥

𝑣 = 𝜎𝑒𝑥𝑝(𝑥
𝜎 ) 𝑑𝑣 = 𝑒𝑥𝑝(𝑥

𝜎 )𝑑𝑥
⎞⎟⎟
⎠

𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ − ∞ < 𝑥 < 0}

(⋆⋆) ∶ 𝑑𝑜 IBP 𝑤𝑖𝑡ℎ ⎛⎜⎜
⎝

𝑢 = 𝑥2

2𝜎 𝑑𝑢 = 𝑥
𝜎 𝑑𝑥

𝑣 = −𝜎𝑒𝑥𝑝(−𝑥
𝜎 ) 𝑑𝑣 = −𝑒𝑥𝑝(−𝑥

𝜎 )𝑑𝑥
⎞⎟⎟
⎠

𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ 0 ≤ 𝑥 < ∞}

(2)

⎧{{
⎨{{⎩

(⋄) ∶ 𝑑𝑜 IBP 𝑤𝑖𝑡ℎ (
𝑢 = 𝑥 𝑑𝑢 = 𝑑𝑥
𝑣 = 𝜎𝑒𝑥𝑝(𝑥

𝜎 ) 𝑑𝑣 = 𝑒𝑥𝑝(𝑥
𝜎 )𝑑𝑥 ) 𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ − ∞ < 𝑥 < 0}

(⋄⋄) ∶ 𝑑𝑜 IBP 𝑤𝑖𝑡ℎ (
𝑢 = 𝑥 𝑑𝑢 = 𝑑𝑥
𝑣 = −𝜎𝑒𝑥𝑝(−𝑥

𝜎 ) 𝑑𝑣 = 𝑒𝑥𝑝(−𝑥
𝜎 )𝑑𝑥 ) 𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ 0 ≤ 𝑥 < ∞}

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑎𝑛 𝑀𝑀𝐸 𝑜𝑓 𝜎, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 �̂�𝑀𝑀𝐸 ∶

1
𝑛

𝑛
∑
𝑖=1

𝑋2
𝑖 = ̂𝜇2

𝑆𝐸𝑇= 2�̂�2
𝑀𝑀𝐸 ⟹ �̂�𝑀𝑀𝐸 = √ 1

2𝑛
𝑛

∑
𝑖=1

𝑋2
𝑖

𝑀𝑀𝐸 𝑖𝑠 𝑛𝑜𝑡 𝑢𝑛𝑖𝑞𝑢𝑒 𝑎𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 𝑚𝑎𝑦 𝑏𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑢𝑠𝑖𝑛𝑔 𝑜𝑡ℎ𝑒𝑟 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 (𝑠𝑢𝑐ℎ 𝑎𝑠 𝑡ℎ𝑒 4𝑡ℎ 𝑚𝑜𝑚𝑒𝑛𝑡).

(b)

𝑇 ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥
∼

= (𝑥1, … , 𝑥𝑛) 𝑖𝑠

L (𝜎∣𝑥
∼
) = 𝑓(𝑥

∼
∣𝜎) =

𝑛
∏
𝑖=1

𝑓(𝑥𝑖∣𝜎) =
𝑛

∏
𝑖=1

1
2𝜎 𝑒𝑥𝑝( − ∣𝑥𝑖∣

𝜎 )

𝑆𝑜 𝑡ℎ𝑒 𝑙𝑜𝑔 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑, 𝑠𝑎𝑦 ℓ(𝜎), 𝑖𝑠

ℓ(𝜎) = 𝑙𝑜𝑔(L (𝜎∣𝑥
∼
)) =

𝑛
∑
𝑖=1

( − (𝑙𝑜𝑔(2) + 𝑙𝑜𝑔(𝜎) − ∣𝑥𝑖∣
𝜎 ))

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑜𝑓 𝜎, 𝑠𝑎𝑦 �̂�𝑀𝐿𝐸 ∶

𝑑
𝑑𝜎 ℓ(𝜎)∣

𝜎=𝜎∗
= ( − 𝑛

𝜎 + ∑𝑛
𝑖=1 ∣𝑥𝑖∣
𝜎2 )∣

𝜎=𝜎∗

𝑆𝐸𝑇= 0 ⟹ 𝜎∗ = ∑𝑛
𝑖=1 ∣𝑥𝑖∣

𝑛

𝐶ℎ𝑒𝑐𝑘 𝑡ℎ𝑎𝑡 𝜎∗ 𝑖𝑠 𝑖𝑛𝑑𝑒𝑒𝑑 𝑎 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑟 𝑜𝑓 ℓ(𝜎) ∶

𝑑2

𝑑𝜎2 ℓ(𝜎) = ( 𝑛
𝜎2 − 2 ∑𝑛

𝑖=1 ∣𝑥𝑖∣
𝜎3 )∣

𝜎=𝜎∗

= 1
𝜎∗3 (𝑛𝜎∗ − 2

𝑛
∑
𝑖=1

∣𝑥𝑖∣) = −∑𝑛
𝑖=1 ∣𝑥𝑖∣
𝜎∗3 < 0

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑

�̂�𝑀𝐿𝐸 = ∑𝑛
𝑖=1 ∣𝑋𝑖∣

𝑛

made by 林宸緯，馬翌翔 助教
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Problem 18

(a)

𝑆𝑖𝑛𝑐𝑒 𝐸(𝑋) = 1
3 ℎ𝑎𝑠 𝑛𝑜𝑡ℎ𝑖𝑛𝑔 𝑡𝑜 𝑑𝑜 𝑤𝑖𝑡ℎ 𝛼, 𝑤𝑒 𝑐𝑎𝑛𝑛𝑜𝑡 𝑢𝑠𝑒 1

𝑛 ∑𝑛
𝑖=1 𝑋𝑖 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝛼.

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑡𝑟𝑦 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝛼 𝑏𝑦 𝑡ℎ𝑒 2𝑛𝑑 𝑠𝑎𝑚𝑝𝑙𝑒 𝑚𝑜𝑚𝑒𝑛𝑡, 1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖 . 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡

𝜇2 = 𝐸(𝑋2) = 𝑉 𝑎𝑟(𝑋) + (𝐸(𝑋))
2

= 2
9(3𝛼 + 1) + 1

9

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑜𝑓 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝛼, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 ̂𝛼𝑀𝑀𝐸, 𝑤𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒

1
𝑛

𝑛
∑
𝑖=1

𝑋2
𝑖 = ̂𝜇2

𝑆𝐸𝑇= 2
9(3 ̂𝛼𝑀𝑀𝐸 + 1) + 1

9

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑 𝑎𝑛 𝑀𝑀𝐸 𝑜𝑓 𝛼 ∶

̂𝛼𝑀𝑀𝐸 = 2
3( 9

𝑛
𝑛

∑
𝑖=1

𝑋2
𝑖 − 1)

−1
− 1

3

(b)

𝑇 ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥
∼

= (𝑥1, … , 𝑥𝑛) 𝑖𝑠

L (𝛼∣𝑥
∼
) = 𝑓(𝑥

∼
∣𝛼) =

𝑛
∏
𝑖=1

𝑓(𝑥𝑖∣𝛼) =
𝑛

∏
𝑖=1

Γ(3𝛼)
Γ(𝛼)Γ(2𝛼)𝑥𝛼−1(1 − 𝑥)2𝛼−1

𝑆𝑜 𝑡ℎ𝑒 𝑙𝑜𝑔 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 ℓ(𝛼) 𝑖𝑠

ℓ(𝛼) = 𝑙𝑜𝑔(L (𝛼∣𝑥
∼
)) =

𝑛
∑
𝑖=1

(𝑙𝑜𝑔(Γ(3𝛼)) − 𝑙𝑜𝑔(Γ(𝛼)) − 𝑙𝑜𝑔(Γ(2𝛼)) + (𝛼 − 1)𝑙𝑜𝑔(𝑥𝑖) + (2𝛼 − 1)𝑙𝑜𝑔(1 − 𝑥𝑖))

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑜𝑓 𝛼, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 ̂𝛼𝑀𝐿𝐸 ∶

𝑑
𝑑𝛼ℓ(𝛼)∣

𝛼=𝛼∗
= (𝑛3Γ′(3𝛼)

Γ(3𝛼) − 𝑛Γ′(𝛼)
Γ(𝛼) − 𝑛2Γ′(2𝛼)

Γ(2𝛼) +
𝑛

∑
𝑖=1

(𝑙𝑜𝑔(𝑥𝑖) + 2𝑙𝑜𝑔(1 − 𝑥𝑖)))∣
𝛼=𝛼∗

𝑆𝐸𝑇= 0

𝑆𝑜 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑜𝑓 𝛼 𝑚𝑢𝑠𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦

(3Γ′(3𝛼)
Γ(3𝛼) − Γ′(𝛼)

Γ(𝛼) − 2Γ′(2𝛼)
Γ(2𝛼) )∣

𝛼=𝛼𝑀𝐿𝐸

= − 1
𝑛

𝑛
∑
𝑖=1

(𝑙𝑜𝑔(𝑥𝑖) + 2𝑙𝑜𝑔(1 − 𝑥𝑖))

𝑤ℎ𝑒𝑟𝑒 ̂𝛼𝑀𝐿𝐸 𝑖𝑠 𝑡ℎ𝑒 𝑀𝐿 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑜𝑓 𝛼, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑤ℎ𝑒𝑛 𝑥
∼

𝑖𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑎𝑛 𝑀𝐿𝐸 𝑚𝑢𝑠𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑑𝑜𝑒𝑠 𝑁𝑂𝑇 𝑖𝑚𝑝𝑙𝑦 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑣𝑎𝑙𝑢𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛
𝑤𝑖𝑙𝑙 𝑏𝑒 𝑎𝑛 𝑀𝐿𝐸, 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑎𝑣𝑖𝑡𝑦 𝑜𝑓 ℓ(𝛼) 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑓𝑢𝑟𝑡ℎ𝑒𝑟 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑!

made by 林宸緯，馬翌翔 助教
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Problem 21

(a)

𝐿𝑒𝑡 𝑌 = 𝑋 − 𝜃, 𝑡ℎ𝑒𝑛 𝑓𝑌 (𝑦) = 𝑒−𝑦I [0,∞)(𝑦), 𝑖.𝑒., 𝑌 ∼ 𝐸𝑥𝑝(1).

𝑆𝑜 𝐸(𝑌 ) = 𝐸(𝑋 − 𝜃) = 𝐸(𝑋) − 𝜃 = 1, ℎ𝑒𝑛𝑐𝑒 𝜇1 = 𝐸(𝑋) = 1 + 𝜃.

𝑇 𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 𝑎𝑛 𝑚𝑜𝑚𝑒𝑛𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒𝑡𝑎, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 ̂𝜃𝑀𝑀𝐸 ∶

1
𝑛

𝑛
∑
𝑖=1

𝑋𝑖 = 𝑋𝑛 = ̂𝜇1
𝑆𝐸𝑇= 1 + ̂𝜃𝑀𝑀𝐸

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑 𝑎𝑛 𝑀𝑀𝐸 𝑜𝑓 𝜃 ∶

̂𝜃𝑀𝑀𝐸 = 𝑋𝑛 − 1

(b)

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑜𝑓 𝑋 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝜃, 𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛𝑛𝑜𝑡 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑏𝑦 𝑑𝑖𝑟𝑒𝑐𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑜𝑛.

𝑇 ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥
∼

= (𝑥1, … , 𝑥𝑛) 𝑖𝑠

L (𝜃∣𝑥
∼
) = 𝑓(𝑥

∼
∣𝜃) =

𝑛
∏
𝑖=1

𝑓(𝑥𝑖∣𝜃) =
𝑛

∏
𝑖=1

(𝑒𝑥𝑝( − (𝑥𝑖 − 𝜃)))I [𝜃,∞)(𝑥𝑖) = (𝑒𝑥𝑝(𝑛𝜃 −
𝑛

∑
𝑖=1

𝑥𝑖))I [𝜃,∞)(𝑥(1)),

𝑤ℎ𝑒𝑟𝑒 I 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑥(1) = 𝑚𝑖𝑛(𝑥1, … , 𝑥𝑛), 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑙𝑎𝑠𝑡 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑏𝑒𝑐𝑎𝑢𝑠𝑒

{𝑥
∼

∣ 𝜃 ≤ 𝑥𝑖 ∀𝑖 = 1, … , 𝑛} = {𝑥
∼

∣ 𝜃 ≤ 𝑥(1)}.

𝑆𝑜 𝑡ℎ𝑒 𝑙𝑜𝑔 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 ℓ(𝜃) 𝑖𝑠

ℓ(𝜃) = 𝑙𝑜𝑔(L (𝜃∣𝑥
∼
)) = (𝑛𝜃 −

𝑛
∑
𝑖=1

𝑥𝑖)I [𝜃,∞)(𝑥(1))

𝑆𝑖𝑛𝑐𝑒 𝑑
𝑑𝜃 ℓ(𝜃) = 𝑛 > 0, 𝑤ℎ𝑒𝑛 𝜃 ≤ 𝑥(1), 𝑖.𝑒., ℓ(𝜃) 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤ℎ𝑒𝑛 𝜃 ≤ 𝑥(1), 𝑤𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎ𝑎𝑡

̂𝜃𝑀𝐿𝐸 = 𝑋(1)

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)

made by 林宸緯，馬翌翔 助教
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Problem 26

𝐿𝑒𝑡

⎧{{
⎨{{⎩

𝑁 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑧𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑤ℎ𝑜𝑙𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 (𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑏𝑢𝑡 𝑓𝑖𝑥𝑒𝑑)
𝑟 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑧𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑐𝑎𝑝𝑡𝑢𝑟𝑒𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 (𝑘𝑛𝑜𝑤𝑛)
𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑧𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑔𝑔𝑒𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 (𝑘𝑛𝑜𝑤𝑛)
𝑁 − 𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑧𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑢𝑛𝑡𝑎𝑔𝑔𝑒𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 (𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑏𝑢𝑡 𝑓𝑖𝑥𝑒𝑑)

.

𝐿𝑒𝑡 𝑋 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑎𝑔𝑔𝑒𝑑 𝑎𝑛𝑖𝑚𝑎𝑙𝑠 𝑎𝑚𝑜𝑛𝑔 𝑡ℎ𝑒 𝑟 𝑟𝑒𝑐𝑎𝑝𝑡𝑢𝑟𝑒𝑑 𝑎𝑛𝑖𝑚𝑎𝑙𝑠.
𝑊𝑒 𝑚𝑎𝑦 𝑣𝑖𝑒𝑤 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑎𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑖𝑛𝑔 (𝑑𝑜𝑖𝑛𝑔 𝑎𝑛 𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡) 𝑋 ∼ 𝐻𝑦𝑝𝑒𝑟𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐(𝑟, 𝑛, 𝑁 − 𝑛),
𝑤ℎ𝑒𝑟𝑒 𝑟 = 50, 𝑛 = 100 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑚𝑓 𝑜𝑓 𝑋 𝑖𝑠

𝑝𝑋(𝑥∣𝑟, 𝑛) =
⎧{
⎨{⎩

(𝑛
𝑥)(𝑁−𝑛

𝑟−𝑥 )
(𝑁

𝑟 )
, 𝑖𝑓 𝑥 ∈ {0, … , 𝑚𝑖𝑛(𝑟, 𝑛)} 𝑎𝑛𝑑 𝑟 − 𝑥 ≤ 𝑁 − 𝑛

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑤𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑡ℎ𝑎𝑡 𝑥 = 20 (𝑎𝑓𝑡𝑒𝑟 𝑡ℎ𝑒 𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡).

𝐵𝑎𝑠𝑒𝑑 𝑜𝑛 𝑡ℎ𝑖𝑠 𝑟𝑒𝑠𝑢𝑙𝑡 (𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑡ℎ𝑎𝑡 𝑥 = 20), 𝑤𝑒 𝑡𝑟𝑦 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑁 𝑏𝑦 𝑖𝑡𝑠 𝑀𝐿𝐸, 𝑁 ∶

𝑁 = 𝑎𝑟𝑔𝑚𝑎𝑥
𝑁∈ℤ+

L (𝑁 ∣ 𝑥), 𝑤ℎ𝑒𝑟𝑒 L (𝑁 ∣ 𝑥) = 𝑝𝑋(𝑥∣𝑁) =
(𝑛

𝑥)(𝑁−𝑛
𝑟−𝑥 )

(𝑁
𝑟 )

𝑆𝑖𝑛𝑐𝑒 𝑁 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑠 L ( ⋅ ∣ 𝑥), 𝑤𝑒 ℎ𝑎𝑣𝑒

⎧{{{{{
⎨{{{{{⎩

L (𝑁 + 1 ∣ 𝑥)
L (𝑁 ∣ 𝑥)

= [
(𝑛

𝑥)(𝑁+1−𝑛
𝑟−𝑥 )

(𝑁+1
𝑟 )

]/[
(𝑛

𝑥)(𝑁−𝑛
𝑟−𝑥 )

(𝑁
𝑟 )

] =
(𝑁 + 1 − 𝑟)(𝑁 + 1 − 𝑛)

(𝑁 + 1)(𝑁 + 1 − 𝑛 − 𝑟 + 𝑥)
≤ 1 (1)

L (𝑁 − 1 ∣ 𝑥)
L (𝑁 ∣ 𝑥)

= [
(𝑛

𝑥)(𝑁−1−𝑛
𝑟−𝑥 )

(𝑁−1
𝑟 )

]/[
(𝑛

𝑥)(𝑁−𝑛
𝑟−𝑥 )

(𝑁
𝑟 )

] =
(𝑁 − 1 − 𝑟)(𝑁 − 1 − 𝑛)

(𝑁 − 1)(𝑁 − 1 − 𝑛 − 𝑟 + 𝑥)
≤ 1 (2)

(1)
⟹ 𝑁𝑀𝐿𝐸 ≥ 𝑛𝑟

𝑥 − 1
(2)
⟹ 𝑁𝑀𝐿𝐸 ≤ 𝑛𝑟

𝑥

⎫}
⎬}⎭

⟹
⎧{{
⎨{{⎩

𝑛𝑟
𝑥 − 1 𝑜𝑟 𝑛𝑟

𝑥 , 𝑖𝑓 𝑛𝑟
𝑥 ∈ ℤ+ ∪ {0}

⌊𝑛𝑟
𝑥 ⌋ , 𝑖𝑓 𝑛𝑟

𝑥 ∉ ℤ+ ∪ {0}
,

𝑤ℎ𝑒𝑟𝑒 ⌊𝑘⌋ ≔ { 𝑘 , 𝑖𝑓 𝑘 ∈ ℤ
𝑚𝑎𝑥{𝑠 ∈ ℤ ∶ 𝑠 < 𝑘} , 𝑖𝑓 𝑘 ∉ ℤ 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑙𝑜𝑜𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.

𝑃 𝑙𝑢𝑔𝑔𝑖𝑛𝑔 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑘𝑛𝑜𝑤𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒𝑠𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑎𝑛𝑑 𝑠𝑒𝑡𝑡𝑖𝑛𝑔 𝑥 = 20, 𝑤𝑒 𝑓𝑖𝑛𝑑
𝑛𝑟
𝑥 = 100 × 50

20 = 250 ∈ ℤ+, 𝑠𝑜 𝑁𝑀𝐿𝐸 = 250 𝑜𝑟 249.
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𝑊𝑒 𝑐𝑎𝑛 𝑣𝑒𝑟𝑖𝑓𝑦 𝑜𝑢𝑟 𝑎𝑛𝑠𝑤𝑒𝑟 𝑏𝑦 R ∶

# Define the likelihood function
likelihood <- function(N){

m <- 100 # size of tagged population
n <- N # size of the whole population
k <- 50 # size of the captured population
x <- 20 # number of the tagged population among the captured ones
return(dhyper(x, m, n-m, k))

}
N <- 130 # N should fall in a suitable range, which is determined by the support of the pmf
# Use the above inequalities to find the MLE of N
while(likelihood(N+1)/likelihood(N) > 1 | likelihood(N-1)/likelihood(N) > 1){

N <- N+1
}
if(likelihood(N+1) == likelihood(N)) print(paste("The MLE we found are:", N, "and", N+1))

## [1] "The MLE we found are: 249 and 250"

if(likelihood(N+1) != likelihood(N)) print(paste("The MLE we found is:", N))

𝐿𝑒𝑡′𝑠 𝑙𝑜𝑜𝑘 𝑎𝑡 𝑡ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠ℎ𝑎𝑑𝑒𝑠 𝑜𝑓 𝑐𝑜𝑙𝑜𝑟 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠𝑝𝑒𝑒𝑑𝑠 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒.
(𝑡ℎ𝑒 𝑐𝑜𝑑𝑒 𝑖𝑠 𝑜𝑚𝑖𝑡𝑡𝑒𝑑)

0.00

0.05
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The likelihood when N varying from 130 to 500 with other parameters fixed

130 180 230 280 330 380 430 480249

250
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𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑏𝑒ℎ𝑎𝑣𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 2 𝑟𝑎𝑡𝑖𝑜𝑠, 𝑡ℎ𝑒𝑦 𝑐𝑟𝑜𝑠𝑠 𝑛𝑒𝑎𝑟 1 𝑤ℎ𝑒𝑛 𝑁𝑀𝐿𝐸 𝑖𝑠 𝑝𝑙𝑢𝑔𝑔𝑒𝑑 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒𝑠𝑒 𝑟𝑎𝑡𝑖𝑜𝑠 ∶

par(mar = c(4, 3, 3, 3))

plot(likelihood((130:380)+1)/likelihood(130:380), type = "l", xlim = c(0,160), ylim = c(0.1,2)
, las = 1, col = 2, main = "", xlab = expression(hat(N)), ylab = "", xaxt = "n")

xticks <- c(seq(0, 150, by = 50))
axis(1, at = xticks, col.axis = 1, labels = xticks + 130)
axis(1, at = 119, labels = expression(bold(249)), col.ticks = "deeppink", col.axis = "deeppink")
axis(3, at = 120, labels = expression(bold(250)), col.ticks = "deeppink", col.axis = "deeppink")

lines(likelihood((130:380)-1)/likelihood(130:380), col = 4)
abline(h = 1, lwd = 1, lty = 1, col = 1)

points(c(119, 120), c(1, 1), col = "deeppink", pch = 19, cex = 0.5)

segments(119, 0.1, 119, 1, col = "deeppink", lwd = 1, lty = 2)
segments(120, 1, 120, 2.2, col = "deeppink", lwd = 1, lty = 2)

legend("topright",
legend = c(expression(L(hat(N)+1)/L(hat(N))), expression(L(hat(N)-1)/L(hat(N)))

, expression(hat(N)[MLE])), lty = c(1, 1, 2), lwd = c(1, 1, 1)
, col = c(2, 4, "deeppink"), cex = 0.75, text.col = c(1, 1, "deeppink"))

0.5

1.0

1.5

2.0

N̂

130 180 230 280249

250

L(N̂ + 1) L(N̂)
L(N̂ − 1) L(N̂)
N̂MLE
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𝑉 𝑖𝑒𝑤 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑝𝑙𝑜𝑡 𝑜𝑛 𝑎 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑠𝑐𝑎𝑙𝑒 ∶ (𝑡ℎ𝑒 𝑐𝑜𝑑𝑒 𝑖𝑠 𝑜𝑚𝑖𝑡𝑡𝑒𝑑)

0.96

0.98

1.00

1.02

1.04

N̂

130 630 1130 1630 2130249

250

L(N̂ + 1) L(N̂)
L(N̂ − 1) L(N̂)
N̂MLE

𝐼𝑛 𝑓𝑎𝑐𝑡, 𝑤𝑒 𝑐𝑎𝑛 𝑓𝑖𝑛𝑑 𝑡ℎ𝑎𝑡

⎧{{
⎨{{⎩

𝑡ℎ𝑒 𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 (L (𝑁 + 1 ∣ 𝑥)
L (𝑁 ∣ 𝑥)

) = 1 𝑎𝑡 𝑁 = 249.

𝑡ℎ𝑒 𝑏𝑙𝑢𝑒 𝑙𝑖𝑛𝑒 (L (𝑁 − 1 ∣ 𝑥)
L (𝑁 ∣ 𝑥)

) = 1 𝑎𝑡 𝑁 = 250.

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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Problem 51

𝑇 ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥
∼

= (𝑥1, … , 𝑥𝑛) 𝑖𝑠

L (𝜃∣𝑥
∼
) = 𝑓(𝑥

∼
∣𝜃) =

𝑛
∏
𝑖=1

𝑓(𝑥𝑖∣𝜃) =
𝑛

∏
𝑖=1

1
2𝑛 𝑒𝑥𝑝( −

𝑛
∑
𝑖=1

∣𝑥𝑖 − 𝜃∣)

𝑆𝑜 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑖𝑛𝑔 L (𝜃∣𝑥
∼
) 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔 ℎ(𝜃) ≔ ∑𝑛

𝑖=1 ∣𝑥𝑖 − 𝜃∣, ℎ𝑒𝑛𝑐𝑒 ̂𝜃𝑀𝐿𝐸 = 𝑎𝑟𝑔𝑚𝑖𝑛𝜃 ℎ(𝜃).

𝑊𝑒 𝑐𝑎𝑛 𝑓𝑖𝑛𝑑 (𝑡𝑟𝑒𝑎𝑡𝑖𝑛𝑔 𝑥
∼

𝑎𝑠 𝑓𝑖𝑥𝑒𝑑 𝑖𝑛 ℎ(⋅)) 𝑡ℎ𝑎𝑡 ℎ(𝜃) 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝜃 𝑎𝑛𝑑

ℎ(𝜃) =
𝑛

∑
𝑖=1

∣𝑥𝑖 − 𝜃∣ =

⎧{{{{{{{{{{{{
⎨{{{{{{{{{{{{⎩

−(2𝑚 + 1)(𝜃) + ∗𝐶1 , 𝑖𝑓 𝜃 ∈ (−∞, 𝑥(1))

−(2𝑚)(𝜃) + ∗𝐶2 , 𝑖𝑓 𝜃 ∈ [𝑥(1), 𝑥(2))
⋮

−(1)(𝜃) + ∗𝐶𝑚 , 𝑖𝑓 𝜃 ∈ [𝑥(𝑚), 𝑥(𝑚+1))

𝐶𝑚+1 , 𝑖𝑓 𝜃 = 𝑥𝑚+1

(1)(𝜃) + ∗𝐶𝑚+2 , 𝑖𝑓 𝜃 ∈ (𝑥(𝑚+1), 𝑥(𝑚+2)]
⋮

(2𝑚)(𝜃) + ∗𝐶2𝑚 , 𝑖𝑓 𝜃 ∈ (𝑥(2𝑚), 𝑥(2𝑚+1)]

(2𝑚 + 1)(𝜃) + ∗𝐶2𝑚+1 , 𝑖𝑓 𝜃 ∈ (𝑥2𝑚+1, ∞)

,

𝑤ℎ𝑒𝑟𝑒

⎧{{{{{
⎨{{{{{⎩

∗𝐶𝑖 =
2𝑚+1
∑
𝑗=𝑖

𝑥(𝑗) −
𝑖−1
∑
𝑗=1

𝑥(𝑗) , 𝑓𝑜𝑟 𝑖 = 1, … , 𝑚

𝐶𝑚+1 =
2𝑚+1
∑

𝑗=𝑚+2
𝑥(𝑗) −

𝑚
∑
𝑗=1

𝑥(𝑗)

∗𝐶𝑖 =
2𝑚+1
∑

𝑗=𝑖+1
𝑥(𝑗) −

𝑖
∑
𝑗=1

𝑥(𝑗) , 𝑓𝑜𝑟 𝑖 = 𝑚 + 1, … , 2𝑚 + 1

𝑎𝑟𝑒 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑓𝑟𝑒𝑒 𝑜𝑓 𝜃.

𝑊𝑒 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 𝑑
𝑑𝜃ℎ(𝜃)

⎧{
⎨{⎩

< 0 , 𝑖𝑓 𝜃 < 𝑥(𝑚+1)
= 0 , 𝑖𝑓 𝜃 = 𝑥(𝑚+1)
> 0 , 𝑖𝑓 𝜃 > 𝑥(𝑚+1)

, 𝑠𝑜 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑜𝑓 ℎ 𝑖𝑠 𝑎𝑡𝑡𝑎𝑖𝑛𝑒𝑑 𝑤ℎ𝑒𝑛 𝜃 = 𝑥(𝑚+1).

𝑊𝑒 𝑠ℎ𝑜𝑢𝑙𝑑 𝑎𝑣𝑜𝑖𝑑 𝑡ℎ𝑜𝑠𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑡ℎ𝑎𝑡 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 (ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑎𝑡 𝑥1, … , 𝑥2𝑚+1).

𝑇 ℎ𝑎𝑡 𝑖𝑠, 𝑥(𝑚+1) = 𝑎𝑟𝑔𝑚𝑖𝑛𝜃 ℎ(𝜃), 𝑠𝑜

̂𝜃𝑀𝐿𝐸 = 𝑋(𝑚+1)

made by 林宸緯，馬翌翔 助教
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𝑊𝑒 𝑐𝑎𝑛 𝑣𝑒𝑟𝑖𝑓𝑦 𝑜𝑢𝑟 𝑎𝑛𝑠𝑤𝑒𝑟 𝑏𝑦 R, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑚 = 100, 𝜃 = 3, 𝜎 = 1.

𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑎 𝑠𝑎𝑚𝑝𝑙𝑒 𝑜𝑓 𝑠𝑖𝑧𝑒 201 𝑎𝑛𝑑 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 ∶

# Generate samples from the given distribution
rdouble_exp <- function(n, theta, sigma){

U <- runif(n, -1, 1)
X <- rexp(n, rate = 1/sigma)
return(theta + sigma * sign(U) * X)

}
set.seed(0); n <- 100*2 + 1 # m = 100
x <- rdouble_exp(n, 3, 1) # theta = 3, sigma = 1
hist(x, breaks = 31, col = rgb(1, 0, 0, 0.3), prob = T, ylim = c(0, 0.5), las = 1,

main = "Histogram (density-type) of our sample of size 201 (m=100)", xlab = "")
curve((exp(-abs(x-3)/1))/2, add = T, col = 2, lwd = 2, from = -3, to = 7, xlim = median(x)+c(-5,5))
axis(1, at = median(x), labels = expression(bold(median))

, col.ticks = "deeppink", col.axis = "deeppink", lwd.ticks = 2)
abline(v = median(x), col = "deeppink", lwd = 2, lty = 2)
legend("topright", legend = "the pdf", lty = 1, lwd = 2, col = 2, bty = "n")

Histogram (density−type) of our sample of size 201 (m=100)

D
en

si
ty

−2 0 2 4 6

0.0

0.1

0.2

0.3

0.4

0.5

median

the pdf

𝑆𝑜𝑚𝑒 𝑑𝑒𝑠𝑐𝑟𝑖𝑝𝑡𝑖𝑣𝑒 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐𝑠 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 ∶ (𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑚𝑒𝑑𝑖𝑎𝑛 𝑖𝑠 3.02)

summary(x)

## Min. 1st Qu. Median Mean 3rd Qu. Max.
## -3.331 2.249 3.020 2.958 3.722 6.441
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𝑊𝑒 𝑐𝑎𝑛 𝑎𝑙𝑠𝑜 𝑐ℎ𝑒𝑐𝑘 𝑥(𝑚+1) = 𝑎𝑟𝑔𝑚𝑖𝑛𝜃 ℎ(𝜃) ∶

h <- function(theta){
return(sapply(theta, function(t) sum(abs(x - t))))

}
curve(h, from = min(x), to = max(x), col = 2, las = 1, lwd = 2, xlab = expression(theta))
axis(1, at = 3.020, labels = expression(bold(median)), col.ticks = "deeppink", col.axis = "deeppink")
abline(v = median(x), col = "deeppink", lwd = 1, lty = 2)

−2 0 2 4 6
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1000

1200

θ

h(
x)

median

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑎𝑡 𝑥𝑖 ∀𝑖 = 1, … , 𝑛.

𝑇 ℎ𝑖𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑒𝑒𝑛 𝑖𝑛 𝑎 𝑠𝑚𝑎𝑙𝑙 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒 𝑐𝑎𝑠𝑒, 𝑤𝑒 𝑑𝑜 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ 𝑚 = 5 ∶

1 2 3 4

10

12

14

16

18

20

22

θ

h(
x)

median

h at the sample points

𝑊𝑒 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 ℎ 𝑖𝑠 𝑢𝑛𝑒𝑣𝑒𝑛 (ℎ𝑒𝑛𝑐𝑒 𝑛𝑜𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒) 𝑎𝑡 𝑒𝑎𝑐ℎ 𝑠𝑎𝑚𝑝𝑙𝑒 𝑝𝑜𝑖𝑛𝑡.

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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Problem 60

(a)

𝑇 ℎ𝑒 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥
∼

= (𝑥1, … , 𝑥𝑛) 𝑖𝑠

L (𝜏∣𝑥
∼
) = 𝑓(𝑥

∼
∣𝜏) =

𝑛
∏
𝑖=1

𝑓(𝑥𝑖∣𝜏) =
𝑛

∏
𝑖=1

1
𝜏 𝑒−𝑥𝑖/𝜏 = 1

𝜏𝑛 𝑒𝑥𝑝( −
𝑛

∑
𝑖=1

𝑥𝑖/𝜏)

𝑆𝑜 𝑡ℎ𝑒 𝑙𝑜𝑔 − 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 ℓ(𝜏) 𝑖𝑠

ℓ(𝜏) = 𝑙𝑜𝑔(L (𝜏∣𝑥
∼
)) = −𝑛𝑙𝑜𝑔(𝜏) − 1

𝜏
𝑛

∑
𝑖=1

𝑥𝑖

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑀𝐿𝐸 𝑜𝑓 𝜏, 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 ̂𝜏𝑀𝐿𝐸 ∶

𝑑
𝑑𝜏 ℓ(𝜏)∣

𝜏=𝜏∗
= ( − 𝑛

𝜏 + ∑𝑛
𝑖=1 𝑥𝑖
𝜏 )∣

𝜏=𝜏∗

𝑆𝐸𝑇= 0 ⟹ 𝜏∗ = 1
𝑛

𝑛
∑
𝑖=1

𝑥𝑖 = 𝑥𝑛

𝐶ℎ𝑒𝑐𝑘 𝑡ℎ𝑎𝑡 𝜏∗ 𝑖𝑠 𝑖𝑛𝑑𝑒𝑒𝑑 𝑎 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑟 𝑜𝑓 ℓ(𝜏) ∶

𝑑2

𝑑𝜏2 ℓ(𝜏) = ( 𝑛
𝜏2 − 2 ∑𝑛

𝑖=1 𝑥𝑖
𝜏3 )∣

𝜏=𝜏∗

= 1
𝜏∗2 (𝑛 − 2 ∑𝑛

𝑖=1 𝑥𝑖
𝜏∗ ) = 1

𝜏∗2 (𝑛 − 2𝑛) = − 𝑛
𝜏∗2 < 0

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑

̂𝜏𝑀𝐿𝐸 = 𝑋𝑛

(b)

𝑊𝑒 𝑚𝑎𝑦 𝑢𝑠𝑒 𝑀𝐺𝐹 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.

𝑆𝑖𝑛𝑐𝑒 𝑋1, … , 𝑋𝑛
𝑖.𝑖.𝑑.∼ 𝐸𝑥𝑝( 1

𝜏 ), 𝑡ℎ𝑒 𝑚𝑔𝑓 𝑜𝑓 𝑋𝑖 𝑖𝑠

𝑀𝑋𝑖
(𝑡) = 1

1 − 𝜏𝑡 , 𝑤ℎ𝑒𝑟𝑒 𝑡 < 1
𝜏 , ∀𝑖 ∈ {1, … , 𝑛} (⋆)

𝑆𝑜 𝑡ℎ𝑒 𝑚𝑔𝑓 𝑜𝑓 ̂𝜏𝑀𝐿𝐸 𝑖𝑠

𝑀 ̂𝜏𝑀𝐿𝐸
(𝑠) = 𝐸(𝑒𝑋𝑛 𝑠) = 𝐸(𝑒𝑥𝑝( 𝑠

𝑛
𝑛

∑
𝑖=1

𝑋𝑖)) =
𝑛

∏
𝑖=1

(𝐸(𝑒𝑥𝑝(𝑋𝑖
𝑠
𝑛))) =

𝑛
∏
𝑖=1

𝑀𝑋𝑖
( 𝑠
𝑛)

(⋆)= ( 1
1 − (𝜏 × 𝑠

𝑛 ))
𝑛

= (
𝑛
𝜏

𝑛
𝜏 − 𝑠)

𝑛

, 𝑤ℎ𝑒𝑟𝑒 𝑠 < 𝑛
𝜏

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑙𝑎𝑠𝑡 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑤ℎ𝑒𝑛 𝑠
𝑛 < 1

𝜏 , 𝑎𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑖𝑛 (⋆).
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𝐵𝑦 𝑡ℎ𝑒 𝑢𝑛𝑖𝑞𝑢𝑒𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑀𝐺𝐹, 𝑤𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎ𝑎𝑡

̂𝜏𝑀𝐿𝐸 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑛, 𝑛
𝜏 ) 𝑤𝑖𝑡ℎ 𝐸( ̂𝜏𝑀𝐿𝐸) = 𝜏

𝑅𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑖𝑓 𝑊 ∼ 𝐺𝑎𝑚𝑚𝑎(𝛼, 𝛽) 𝑤𝑖𝑡ℎ 𝐸(𝑊) = 𝛼
𝛽 , 𝑡ℎ𝑒𝑛 𝑖𝑡𝑠 𝑚𝑔𝑓 𝑖𝑠 𝑀𝑊 (𝑠) = ( 𝛽

𝛽 − 𝑠)
𝛼

, 𝑤ℎ𝑒𝑟𝑒 𝑠 < 𝛽.

𝑊𝑒 𝑐𝑎𝑛 𝑟𝑒𝑎𝑐ℎ 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 𝑢𝑠𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 4 𝑎𝑛𝑑 6 𝑎𝑡 𝐿𝑒𝑐𝑡𝑢𝑟𝑒 𝑁𝑜𝑡𝑒𝑠, 𝐶ℎ𝑎𝑝𝑡𝑒𝑟1 ∼ 6, 𝑝𝑎𝑔𝑒 74.

(c)

𝑊𝑒 ℎ𝑎𝑣𝑒

(⋆⋆)

⎧{{
⎨{{⎩

𝐸( ̂𝜏𝑀𝐿𝐸) = 𝐸(𝑋𝑛) = 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑋𝑖) = 1
𝑛 × 𝑛 × 𝜏 = 𝜏

𝑉 𝑎𝑟( ̂𝜏𝑀𝐿𝐸) = 𝑉 𝑎𝑟(𝑋𝑛) = 1
𝑛2

𝑛
∑
𝑖=1

𝑉 𝑎𝑟(𝑋𝑖) = 1
𝑛2 × 𝑛 × 𝜏2 = 𝜏2

𝑛

𝑆𝑜 𝑡ℎ𝑒 𝐶𝑒𝑛𝑡𝑟𝑎𝑙 𝐿𝑖𝑚𝑖𝑡 𝑇 ℎ𝑒𝑜𝑟𝑒𝑚 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡

𝑋𝑛 − 𝜏
𝜏/√𝑛

𝑑⟶ 𝑍 ∼ 𝑁(0, 1)

𝑇 ℎ𝑢𝑠, 𝑤𝑒 𝑓𝑖𝑛𝑑 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 ∶

𝑋𝑛
𝑑⟶ 𝑍∗ ∼ 𝑁(𝜏, 𝜏2

𝑛 )

𝐹𝑌 𝐼 ∶

𝐴𝑙𝑡ℎ𝑜𝑢𝑔ℎ 𝑖𝑡 𝑤𝑜𝑢𝑙𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑐𝑜𝑛𝑓𝑢𝑠𝑖𝑛𝑔 𝑡𝑜 𝑤𝑟𝑖𝑡𝑒 𝑋𝑛 − 𝜏
𝜏/√𝑛

𝑑⟶ 𝑁(0, 1), 𝑖𝑡 𝑖𝑠

𝑚𝑜𝑟𝑒 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑎𝑛𝑑 𝑎𝑐𝑐𝑢𝑟𝑎𝑡𝑒 𝑡𝑜 𝑤𝑟𝑖𝑡𝑒 𝑋𝑛 − 𝜏
𝜏/√𝑛

𝑑⟶ 𝑍 ∼ 𝑁(0, 1).

(d)

𝐵𝑦 (⋆⋆) 𝑖𝑛 𝑝𝑎𝑟𝑡 (𝑐), 𝑤𝑒 ℎ𝑎𝑣𝑒

⎧{{
⎨{{⎩

𝐸( ̂𝜏𝑀𝐿𝐸) = 𝐸(𝑋𝑛) = 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑋𝑖) = 1
𝑛 × 𝑛 × 𝜏 = 𝜏

𝑉 𝑎𝑟( ̂𝜏𝑀𝐿𝐸) = 𝑉 𝑎𝑟(𝑋𝑛) = 1
𝑛2

𝑛
∑
𝑖=1

𝑉 𝑎𝑟(𝑋𝑖) = 1
𝑛2 × 𝑛 × 𝜏2 = 𝜏2

𝑛

,

𝑤ℎ𝑖𝑐ℎ 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 ̂𝜏𝑀𝐿𝐸 𝑖𝑠 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑.
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