NTHU MATH 2820, 2025 Solution to Homework 2

Ch

21. If X is a geometric random variable, show that
PX>n+k—-1X>n—-1)=P(X > k)

In light of the construction of a geometric distribution from a sequence of inde-
pendent Bernoulli trials, how can this be interpreted so that it is “obvious™?

I-i: X{\’Geoq’)

> P (r)= 2 POGH)
= p(opfle PP —(-p)"
& e

k- )
F(X?Y\Jrk—‘ ‘ X>ﬂ-l) = P((X7NF(>2)>(;_(’>§>" ))) v kzo

P (onike)
P(X>m1)
frik -1
___U-p) _
(I-P)n |
= (1-p)"
- P(6H
1 yavt hﬂVQ ft‘/\'llecl n-1 times and succeeded ntk—Ith fimes, -H]Q)'\ you are
now in The same situation as it you had stwted the efFerleéﬂt ot the

beﬁinn'lvg md cucceeded ot tme k. Mo motfor how many Times o il , the

next, exyew'ment is ke sfwﬁrﬂ from  scrtch.

madeby U OO0 OO



NTHU MATH 2820, 2025 Solution to Homework 2

31. Phone calls are received at a certain residence as a Poisson process with parameter
A = 2 per hour.
a. If Diane takes a 10-min. shower, what is the probability that the phone rings
during that time?
b. How long can her shower be if she wishes the probability of receiving no
phone calls to be at most .57

O Define X = The number of calls feceived per [0 mins o o vesidence.
X~ Poi(A=2xf= 1) .
P(X>o) Pl €55 e
b) Define ACE) = Manber of culls veceived every t hats af o vesdence.
N(e) ~ Pai(N=2t)
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The. waximum “Shouer fime is 3466 hours.
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#4& T is an exponential random variable, and P(T < 1) =.05. What is A?
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61. Find the density of cX when X follows a gamma distribution. Show that only A
is affected by such a transformation, which justifies calling A a scale parameter.
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C \r\ % 22. Consider a Poisson process on the real line, and denote by N(1, t;) the number
of events in the interval (1,, 1,). If ty < t; < t,, find the conditional distribution of
N(ty, 1;) given that N(ty, t;) = n. (Hint: Use the fact that the numbers of events

in disjoint subsets are independent.)
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ZH: Ze Let P have a uniform distribution on [0, 1], and, conditional on P = p, let X

have a Bernoulli distribution with parameter p. Find the conditional distribution
of P given X.
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% Find E[1/(X + 1)], where X is a Poisson random variable.
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42. Let X be an exponential random variable with standard deviation o. Find

P(|X — E(X)| > ko) for k = 2, 3, 4, and compare the results to the bounds
from Chebyshev’s inequality.
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76. Let the point (X, Y) be uniformly distributed over the half disk x* 4+ y* < 1,
where y > 0. If you observe X, whatis the best prediction for Y ? If you observe
Y, what is the best prediction for X ? For both questions, “best” means having
the minimum mean squared error.
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80. Let X be a continuous random variable with density function f(x) = 2x,

0 < x < 1. Find the moment-generating function of X, M (), and verify that
E(X) = M’'(0) and that E(X?) = M"(0).
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92. Suppose that ® is a random variable that follows a gamma distribution with pa-
rameters A and o, where « is an integer, and suppose that, conditional on
®, X follows a Poisson distribution with parameter ®. Find the uncondi-
tional distribution of & + X. (Hint: Find the mgf by using iterated conditional

expectations.)
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100. If X is uniform on [10, 20], find the approximate and exact mean and variance
of Y = 1/X, and compare them.
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