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Statistics HW01 Solution

Chapter 2

Problem 67

(a)

𝑇ℎ𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑏𝑦 𝑑𝑖𝑟𝑒𝑐𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑜𝑛 ∶

𝑓(𝑥) = 𝑑
𝑑𝑥𝐹(𝑥) = 𝛽

𝛼(𝑥
𝛼)

𝛽−1
𝑒𝑥𝑝(−(𝑥𝛼)𝛽) = 𝛽

𝛼𝛽 𝑥𝛽−1𝑒𝑥𝑝(−(𝑥𝛼)𝛽), 𝑥 ≥ 0, 𝛼 > 0, 𝛽 > 0

(b)

𝐿𝑒𝑡 𝑋 = (𝑊
𝛼 )

𝛽
, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑜𝑓 𝑋 𝑖𝑠{𝑥 ∈ R ∣ 0 ≤ 𝑥 < ∞},𝑊 = 𝛼𝑋 1

𝛽 , 𝑎𝑛𝑑 𝑑𝑤
𝑑𝑥 = 𝛼

𝛽𝑥
1
𝛽−1

𝑇ℎ𝑢𝑠, 𝑤𝑒 ℎ𝑎𝑣𝑒

𝑓𝑋(𝑥) = 𝑓𝑊 (𝛼𝑥 1
𝛽 ) ∣𝑑𝑤𝑑𝑥 ∣ = 𝛽

𝛼( 1
𝛼 × 𝛼𝑥 1

𝛽)
𝛽−1

𝑒𝑥𝑝{ − ( 1
𝛼 × 𝛼𝑥 1

𝛽)
𝛽
}(𝛼

𝛽𝑥 1
𝛽−1) = 𝑒−𝑥, 0 ≤ 𝑥 < ∞

𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑋 ∼ 𝐸𝑥𝑝(1). 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑠 𝑎 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛.

(c)

𝑊𝑒 𝑚𝑎𝑦 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑐𝑑𝑓 𝑚𝑒𝑡ℎ𝑜𝑑 (𝑇𝐵 𝑝.63 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐷) 𝑡𝑜 𝑑𝑜 𝑠𝑜.

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 ∶ 𝐿𝑒𝑡 𝑈 ∼ 𝑈[0, 1], 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑋 = 𝐹−1(𝑈). 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝐹 .
∗𝑃𝑟𝑜𝑜𝑓 ∶ 𝑃𝑟(𝑋 ≤ 𝑥) = 𝑃𝑟(𝐹−1(𝑈) ≤ 𝑥) = 𝑃𝑟(𝑈 ≤ 𝐹(𝑥)) = 𝐹(𝑥)

∗𝐹𝑌 𝐼 ∶ (
𝑇ℎ𝑖𝑠 𝑝𝑟𝑜𝑜𝑓 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡ℎ𝑎𝑡 𝐹 𝑖𝑠 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔.
𝐼𝑓 𝐹 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔, 𝑤𝑒 𝑚𝑎𝑦 𝑟𝑒𝑑𝑒𝑓𝑖𝑛𝑒 𝐹−1(𝑢) ≔ 𝑖𝑛𝑓{𝑥 ∶ 𝐹(𝑥) ≥ 𝑢}. )

𝑆𝑒𝑡 𝐹𝑋(𝑠) = 𝑡 = 1 − 𝑒−( 𝑠
𝛼 )𝛽 ⟹ 𝑠 = 𝛼( − 𝑙𝑜𝑔(1 − 𝑡))

1
𝛽 ⟹ 𝐹−1

𝑋 (𝑡) = 𝛼( − 𝑙𝑜𝑔(1 − 𝑡))
1
𝛽

made by 林宸緯，馬翌翔 助教
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𝑆𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑟𝑎𝑛𝑑𝑜𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑡𝑜 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑈1,… , 𝑈𝑛
𝑖.𝑖.𝑑.∼ 𝑈(0, 1),

𝑡ℎ𝑒𝑛 𝐹−1
𝑋 (𝑈1),… , 𝐹−1

𝑋 (𝑈𝑛) 𝑎𝑟𝑒 𝐼.𝐼.𝐷. 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ 𝑐𝑑𝑓 𝐹𝑋 (Weibull(𝛼, 𝛽) − 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛).

𝑊𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑅 𝑡𝑜 𝑣𝑒𝑟𝑖𝑓𝑦 𝑡ℎ𝑖𝑠 𝑚𝑒𝑡ℎ𝑜𝑑 ∶

set.seed(77) # choose what you like
U <- runif(20102) # so big
S <- 1*(-log(1-U))^(1/4) # alpha = 1, beta = 4
hist(S,breaks = 15,probability = T,xlab="",

main = "Histograms of samples of size 20102 (with theoretical densities)",las=1,
col = rgb(1, 0, 0, 0.3),ylim = c(0,1.6),xlim=c(0,3))

curve(dweibull(x,shape = 4,scale = 1),col=2,lwd=3,add=T)
UU <- runif(20102)
SS <- 2*(-log(1-UU))^(1/5) # alpha = 2, beta = 5
hist(SS,breaks = 30,probability = T,main="",add=T, col = rgb(0, 1, 0, 0.3))
curve(dweibull(x,shape = 5,scale = 2),col=3,lwd=3,add=T)
UUU <- runif(20102)
SSS <- (0.7)*(-log(1-UU))^(1/2) # alpha = 0.7, beta = 2
hist(SSS,breaks = 30,probability = T,main="",add=T, col = rgb(0, 0, 1, 0.3))
curve(dweibull(x,shape = 2,scale = 0.7),col=4,lwd=3,add=T)

Histograms of samples of size 20102 (with theoretical densities)
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𝑊ℎ𝑎𝑡 ℎ𝑎𝑝𝑝𝑒𝑛𝑠 𝑖𝑓 𝑤𝑒 𝑐ℎ𝑜𝑜𝑠𝑒 𝑎 𝑠𝑚𝑎𝑙𝑙 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒?

made by 林宸緯，馬翌翔 助教



NTHU MATH 2820, 2025 Solution to Homework 1

(𝑇ℎ𝑒 𝑐𝑜𝑑𝑒 𝑖𝑠 𝑜𝑚𝑖𝑡𝑡𝑒𝑑.)

Histograms of samples of size 200 (with theoretical densities)
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𝑊ℎ𝑎𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑑𝑜 𝑦𝑜𝑢 𝑠𝑒𝑒? 𝐼𝑠 𝑡ℎ𝑖𝑠 𝑚𝑒𝑡ℎ𝑜𝑑 𝑔𝑜𝑜𝑑?

𝐹𝑌 𝐼 ∶ 𝑇ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑚𝑒𝑡ℎ𝑜𝑑 𝑐𝑎𝑙𝑙𝑒𝑑 𝑟𝑒𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔 .

(𝐼𝑁𝑇𝐸𝑁𝑇𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)

made by 林宸緯，馬翌翔 助教
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Chapter 3

Problem 7

𝑊𝑒 𝑐𝑎𝑛 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑑𝑒𝑛𝑠𝑖𝑡𝑖𝑒𝑠 𝑏𝑦 𝑑𝑖𝑟𝑒𝑐𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑜𝑛 ∶

⎧{{{{
⎨{{{{⎩

𝑓𝑋,𝑌 (𝑥, 𝑦) =
𝜕2

𝜕𝑥𝜕𝑦𝐹𝑋,𝑌 (𝑥, 𝑦) = 𝛼𝛽𝑒−𝛼𝑥−𝛽𝑦 , 𝑥 ≥ 0, 𝑦 ≥ 0, 𝛼 > 0, 𝛽 > 0

𝑓𝑋(𝑥) = ∫
∞

0
𝑓𝑋,𝑌 (𝑥, 𝑦)𝑑𝑦 = 𝛼𝑒−𝛼𝑥(∫

∞

0
𝛽𝑒−𝛽𝑦𝑑𝑦) = 𝛼𝑒−𝛼𝑥 , 𝑥 ≥ 0, 𝛼 > 0

𝑓𝑌 (𝑦) = ∫
∞

0
𝑓𝑋,𝑌 (𝑥, 𝑦)𝑑𝑥 = 𝛽𝑒−𝛽𝑦(∫

∞

0
𝛼𝑒−𝛼𝑥𝑑𝑥) = 𝛽𝑒−𝛽𝑦 , 𝑦 ≥ 0, 𝛽 > 0

𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 ∶
⎧{
⎨{⎩

𝐹𝑋(𝑥) = 𝑙𝑖𝑚
𝑦→∞

𝐹𝑋,𝑌 (𝑥, 𝑦) = 1 − 𝑒−𝛼𝑥

𝐹𝑌 (𝑦) = 𝑙𝑖𝑚
𝑥→∞

𝐹𝑋,𝑌 (𝑥, 𝑦) = 1 − 𝑒−𝛽𝑦

⟹

⎧{{
⎨{{⎩

𝑓𝑋(𝑥) = 𝑑
𝑑𝑥𝐹𝑋(𝑥) = 𝛼𝑒−𝛼𝑥 , 𝑥 ≥ 0

𝑓𝑌 (𝑦) =
𝑑
𝑑𝑦𝐹𝑌 (𝑦) = 𝛽𝑒−𝛽𝑦 , 𝑦 ≥ 0

⟹ 𝑇ℎ𝑖𝑠 𝑦𝑖𝑒𝑙𝑑𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠!

(𝐼𝑁𝑇𝐸𝑁𝑇𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)

made by 林宸緯，馬翌翔 助教
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Problem 10

(a)

𝐹𝑖𝑟𝑠𝑡 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑑𝑒𝑛𝑠𝑖𝑡𝑖𝑒𝑠 ∶

𝑓𝑋(𝑥) (⋆)= ∫
∞

0
𝑥𝑒−𝑥(𝑦+1)𝑑𝑦

(⋆)= (− 𝑒−𝑥(𝑦+1))∣
∞

0
(⋆)= 𝑒−𝑥, 𝑥 ∈ [0,∞)

𝑓𝑌 (𝑦)
(⋆)= ∫

∞

0
𝑥𝑒−𝑥(𝑦+1)𝑑𝑥

(⋆)=
������������XXXXXXXXXXXX
((( −𝑥

𝑦 + 1)𝑒
−𝑥(𝑦+1))∣

∞

0
)+( 1

𝑦 + 1 ∫
∞

0
𝑒−𝑥(𝑦+1)𝑑𝑥)

(⋆)= (1
𝑦)(

−1
𝑦 + 1𝑒

−𝑥(𝑦+1))∣
∞

0
(⋆)= 1

(𝑦 + 1)2 , 𝑦 ∈ [0,∞)

(⋆) ∶
𝐷𝑜 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ⎛⎜

⎝

𝑢 = 𝑥 𝑑𝑢 = 𝑑𝑥
𝑣 = −1

𝑦 + 1𝑒
−𝑥(𝑦+1) 𝑑𝑣 = 𝑒−𝑥(𝑦+1)𝑑𝑥

⎞⎟
⎠

𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ 0 ≤ 𝑥 < ∞}

𝑎𝑛𝑑 𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 ∫
∞

0
𝑢𝑑𝑣 = 𝑢𝑣 ∣

∞

0
−∫

∞

0
𝑣𝑑𝑢

𝑆𝑖𝑛𝑐𝑒 𝑓𝑋,𝑌 (𝑥, 𝑦) ≠ 𝑓𝑋(𝑥)𝑓𝑌 (𝑦), 𝑤𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎ𝑎𝑡 𝑋 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.

(b)

𝑊𝑖𝑡ℎ 𝑡ℎ𝑒 ℎ𝑒𝑙𝑝 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑑𝑒𝑛𝑠𝑖𝑡𝑖𝑒𝑠, 𝑤𝑒 𝑐𝑎𝑛 𝑓𝑖𝑛𝑑 ∶

⎧{{
⎨{{⎩

𝑓𝑋|𝑌 (𝑥|𝑦) =
𝑓(𝑥, 𝑦)
𝑓𝑌 (𝑦)

= (𝑦 + 1)2𝑥𝑒−𝑥(𝑦+1) , 𝑥 ∈ [0,∞) 𝑎𝑛𝑑 𝑦 ∈ [0,∞)

𝑓𝑌 |𝑋(𝑦|𝑥) = 𝑓(𝑥, 𝑦)
𝑓𝑋(𝑥) = 𝑥𝑒−𝑥𝑦 , 𝑥 ∈ [0,∞) 𝑎𝑛𝑑 𝑦 ∈ [0,∞)

made by 林宸緯，馬翌翔 助教
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Problem 21

𝐷𝑒𝑓𝑖𝑛𝑒 I ≔ { 1 , 𝑖𝑓 𝑋 𝑖𝑠 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑.
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. ⟹ 𝑃𝑟(I = 1∣𝑋 = 𝑥) = 𝑅(𝑥)

(⋆) ∶
𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑙𝑎𝑤, 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (𝑋, I) 𝑤ℎ𝑒𝑛 I = 1 𝑖𝑠 ∶

𝑓𝑋,I(𝑥, 1) = 𝑓𝑋(𝑥) × 𝑃𝑟(I = 1∣𝑋 = 𝑥) = 𝑓(𝑥)𝑅(𝑥)

⟹ 𝐺𝑌 (𝑦) = 𝑃𝑟(𝑌 ≤ 𝑦) = 𝑃𝑟(𝑋 ≤ 𝑦 ∣ I = 1) = 𝑃𝑟(𝑋 ≤ 𝑦, I = 1)
𝑃𝑟(I = 1) =

∫𝑦
0 𝑓𝑋,I(𝑥, 1)𝑑𝑥

∫∞
−∞ 𝑓𝑋,I𝑑𝑥(𝑥, 1)

(⋆)=
∫𝑦

0 𝑅(𝑥)𝑓(𝑥)𝑑𝑥
∫∞

0 𝑅(𝑥)𝑓(𝑥)𝑑𝑥

⟹ 𝑔𝑌 (𝑦) =
𝑑
𝑑𝑦𝐺𝑌 (𝑦) =

𝑅(𝑦)𝑓(𝑦)
∫∞

0 𝑅(𝑥)𝑓(𝑥)𝑑𝑥
𝐻𝑜𝑙𝑑𝑠 𝑏𝑦 𝑡ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜𝑓 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠.

Problem 64

𝑆𝑖𝑛𝑐𝑒 𝑋 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶

𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝑓𝑋(𝑥)𝑓𝑌 (𝑦) = 𝜆2𝑒−𝜆(𝑥+𝑦), 𝑥 > 0, 𝑦 > 0

𝑁𝑜𝑤, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 ∶

𝐷𝑒𝑓𝑖𝑛𝑒{
𝑉 = 𝑋 + 𝑌
𝑊 = 𝑋/𝑌 ⟹ { 𝑋 = 𝑉𝑊/(𝑊 + 1)

𝑌 = 𝑉 /(𝑊 + 1)

𝑇ℎ𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑠 𝑡𝑜 𝑎 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 J, 𝑤ℎ𝑖𝑐ℎ 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 ∶

𝑑𝑒𝑡(J) = ∣
𝜕𝑥
𝜕𝑣

𝜕𝑥
𝜕𝑤

𝜕𝑦
𝜕𝑣

𝜕𝑦
𝜕𝑤

∣ = −𝑣
(𝑤 + 1)2

𝑆𝑜 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑝𝑑𝑓 𝑜𝑓 𝑉 𝑎𝑛𝑑 𝑊 𝑖𝑠 ∶

𝑓𝑉 ,𝑊 (𝑣, 𝑤) = 𝑓𝑋,𝑌 (
𝑣𝑤

𝑤 + 1,
𝑣

𝑤 + 1) × ∣J ∣ = (𝑣𝑒−𝜆𝑣I(0,∞)(𝑣))
⏟⏟⏟⏟⏟⏟⏟⏟⏟

≔ 𝑔1(𝑣)

× ( 𝜆2

(𝑤 + 1)2 I(0,∞)(𝑤))
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

≔ 𝑔2(𝑤)

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑝𝑑𝑓 𝑜𝑓 (𝑉 ,𝑊) 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 𝑎 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑝𝑑𝑓 𝑜𝑓 𝑉 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑝𝑑𝑓 𝑜𝑓 𝑊
𝑎𝑛𝑑 𝑡ℎ𝑒𝑖𝑟 𝑠𝑢𝑝𝑝𝑜𝑟𝑡𝑠 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑟𝑒𝑙𝑎𝑡𝑒𝑑, (𝑋 + 𝑌 ) 𝑎𝑛𝑑 (𝑋/𝑌 ) 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.
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Problem 66

𝐹𝑖𝑟𝑠𝑡 𝑙𝑎𝑏𝑒𝑙 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑔𝑟𝑎𝑝ℎ ∶

1 2

3 4

5 6

𝐿𝑒𝑡 {𝑇1, 𝑇2}, {𝑇3, 𝑇4} 𝑎𝑛𝑑 {𝑇5, 𝑇6} 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑖𝑓𝑒𝑡𝑖𝑚𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑜𝑝 2, 𝑚𝑖𝑑𝑑𝑙𝑒 2, 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑏𝑜𝑡𝑡𝑜𝑚 2 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.

𝐿𝑒𝑡 𝑇 ∗ 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑖𝑓𝑒𝑡𝑖𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚.

𝐹𝑜𝑙𝑙𝑜𝑤 𝑡ℎ𝑒 ℎ𝑖𝑛𝑡, 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 ∶

𝑇 ∗ = 𝑚𝑎𝑥{𝑊1,𝑊2,𝑊3}, 𝑤ℎ𝑒𝑟𝑒 𝑊1 = 𝑚𝑖𝑛{𝑇1, 𝑇2}, 𝑊2 = 𝑚𝑖𝑛{𝑇3, 𝑇4}, 𝑊3 = 𝑚𝑖𝑛{𝑇5, 𝑇6}.

𝑆𝑖𝑛𝑐𝑒 𝑇1,… , 𝑇6 𝑎𝑟𝑒 𝐼𝐼𝐷, 𝑊1,𝑊2,𝑊3 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝐼𝐼𝐷, ℎ𝑒𝑛𝑐𝑒 𝑖𝑡 𝑠𝑢𝑓𝑓𝑖𝑐𝑒𝑠 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑊1 ∶

𝑃 𝑟(𝑊1 ≤ 𝑤1)=𝑃𝑟(𝑚𝑖𝑛{𝑇1, 𝑇2} ≤ 𝑤)

=1 − 𝑃𝑟(𝑚𝑖𝑛{𝑇1, 𝑇2} > 𝑤)

=1 − 𝑃𝑟(𝑇1 > 𝑤1, 𝑇2 > 𝑤1)

=1 − 𝑃𝑟(𝑇1 > 𝑤1)𝑃𝑟(𝑇2 > 𝑤1) 𝐵𝑦 𝑡ℎ𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑇1 𝑎𝑛𝑑 𝑇2

=1 − 𝑒−2𝜆𝑤1 , 𝑤1 > 0

𝑇ℎ𝑢𝑠, 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶

(□)

⎧{{
⎨{{⎩

𝑃𝑟(𝑊1 ≤ 𝑤1) = 1 − 𝑒−2𝜆𝑤1 , 𝑤1 > 0.

𝑃𝑟(𝑊2 ≤ 𝑤2) = 1 − 𝑒−2𝜆𝑤2 , 𝑤2 > 0.

𝑃𝑟(𝑊3 ≤ 𝑤3) = 1 − 𝑒−2𝜆𝑤3 , 𝑤3 > 0.

𝑇ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚′𝑠 𝑙𝑖𝑓𝑒𝑡𝑖𝑚𝑒 𝑖𝑠 ∶

𝐹𝑇 ∗(𝑡)(□)=𝑃𝑟(𝑇 ∗ ≤ 𝑡)
(□)=𝑃𝑟(𝑚𝑎𝑥{𝑊1,𝑊2,𝑊3} ≤ 𝑡)
(□)=𝑃𝑟(𝑊1 ≤ 𝑡,𝑊2 ≤ 𝑡,𝑊3 ≤ 𝑡)
(△)= 𝑃𝑟(𝑊1 ≤ 𝑡)𝑃𝑟(𝑊2 ≤ 𝑡)𝑃𝑟(𝑊3 ≤ 𝑡) (△) ∶ 𝐵𝑦 𝑡ℎ𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑐𝑒 𝑜𝑓 𝑊1, 𝑊2 𝑎𝑛𝑑 𝑊3

(□)=(1 − 𝑒−2𝜆𝑡)
3
, 𝑡 ≥ 0
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𝑇ℎ𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚′𝑠 𝑙𝑖𝑓𝑒𝑡𝑖𝑚𝑒 𝑖𝑠 ∶

𝑓𝑇 ∗(𝑡) = 𝑑
𝑑𝑡𝐹𝑇 ∗(𝑡) = 6𝜆𝑒−2𝜆𝑡(1 − 𝑒−2𝜆𝑡)

2
, 𝑡 ≥ 0

Problem 70

𝐹(𝑥, 𝑦)=𝑃𝑟(𝑋(1) ≤ 𝑥,𝑋(𝑛) ≤ 𝑦)

=𝑃𝑟(𝑋(𝑛) ≤ 𝑦) − 𝑃𝑟(𝑋(1) > 𝑥,𝑋(𝑛) ≤ 𝑦)

=𝑃𝑟(𝑋1 ≤ 𝑦,… ,𝑋𝑛 ≤ 𝑦) − 𝑃𝑟(𝑋1 ∈ (𝑥, 𝑦],… ,𝑋𝑛 ∈ (𝑥, 𝑦])

=
𝑛
∏
𝑖=1

𝐹𝑋𝑖
(𝑦) −

𝑛
∏
𝑖=1

(𝐹𝑋𝑖
(𝑦) − 𝐹𝑋𝑖

(𝑥)) 𝐵𝑦 𝑡ℎ𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑒𝑎𝑐ℎ 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑋1,… ,𝑋𝑛

=(𝐹(𝑦))
𝑛
−(𝐹(𝑦) − 𝐹(𝑥))

𝑛
, 𝑥 ≤ 𝑦 𝐵𝑦 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝑋1,… ,𝑋𝑛

(𝐼𝑁𝑇𝐸𝑁𝑇𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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Chapter 4

Problem 54

𝑆𝑖𝑛𝑐𝑒 𝑋, 𝑌 , 𝑍 𝑎𝑟𝑒 𝑢𝑛𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑒𝑑, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝐶𝑜𝑣(𝑋, 𝑌 ) = 𝐶𝑜𝑣(𝑌 , 𝑍) = 𝐶𝑜𝑣(𝑍,𝑋) = 0, 𝑠𝑜

𝐶𝑜𝑣(𝑈, 𝑉 )
= 𝐶𝑜𝑣(𝑍 +𝑋,𝑍 + 𝑌 )
= 𝐶𝑜𝑣(𝑍, 𝑍) +�����𝐶𝑜𝑣(𝑍, 𝑌 ) +�����𝐶𝑜𝑣(𝑋,𝑍) +�����𝐶𝑜𝑣(𝑋, 𝑌 )
= 𝐶𝑜𝑣(𝑍, 𝑍) = 𝑉 𝑎𝑟(𝑍) = 𝜎2

𝑍

{ 𝑉 𝑎𝑟(𝑈) = 𝑉 𝑎𝑟(𝑍 +𝑋) = 𝑉 𝑎𝑟(𝑍) + 𝑉 𝑎𝑟(𝑋) + 2�����𝐶𝑜𝑣(𝑍,𝑋) = 𝜎2
𝑍 + 𝜎2

𝑋
𝑉 𝑎𝑟(𝑉 ) = 𝑉 𝑎𝑟(𝑍 + 𝑌 ) = 𝑉 𝑎𝑟(𝑍) + 𝑉 𝑎𝑟(𝑌 ) + 2�����𝐶𝑜𝑣(𝑍, 𝑌 ) = 𝜎2

𝑍 + 𝜎2
𝑌

⟹ 𝜌𝑈𝑉 = 𝐶𝑜𝑣(𝑈, 𝑉 )
√𝑉 𝑎𝑟(𝑈)𝑉 𝑎𝑟(𝑉 )

= 𝜎2
𝑍

√(𝜎2
𝑍 + 𝜎2

𝑋)(𝜎2
𝑍 + 𝜎2

𝑌 )

Problem 60

𝐹𝑖𝑟𝑠𝑡 𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐸(𝑆) = 1 × 𝑃𝑟(𝑆 = 1) + (−1) × 𝑃𝑟(𝑆 = −1) = 1 × 1
2 − 1 × 1

2 = 0, 𝑠𝑜

𝐶𝑜𝑣(𝑋, 𝑌 ) = 𝐸(𝑋𝑌 ) − 𝐸(𝑋)𝐸(𝑌 )
= 𝐸(𝑆𝑌 2) − 𝐸(𝑆𝑌 )𝐸(𝑌 )

= 𝐸(𝑆)𝐸(𝑌 2) − 𝐸(𝑆)𝐸(𝑌 )𝐸(𝑌 )

= 0 𝑆𝑖𝑛𝑐𝑒 𝑆 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.

𝐹𝑋(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥)
= 𝑃𝑟(𝑋 ≤, 𝑆 = 1) + 𝑃𝑟(𝑋 ≤ 𝑥, 𝑆 = −1)
= 𝑃𝑟(𝑋 ≤ 𝑥∣𝑆 = 1)𝑃𝑟(𝑆 = 1) + 𝑃𝑟(𝑋 ≤ 𝑥∣𝑆 = −1)𝑃𝑟(𝑆 = −1)

= 𝑃𝑟(𝑌 ≤ 𝑥) × 1
2 + 𝑃𝑟( − 𝑌 ≤ 𝑥) × 1

2
= 𝑃𝑟(𝑌 ≤ 𝑥) × 1

2 + 𝑃𝑟(𝑌 ≤ 𝑥) × 1
2

= 𝑃𝑟(𝑌 ≤ 𝑥)
= 𝐹𝑌 (𝑥)

⟹ 𝑓𝑋(𝑥) = 𝑓𝑌 (𝑥), 𝑖.𝑒.∗ 𝑋 𝑎𝑛𝑑 𝑌 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑝𝑑𝑓.
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𝑇𝑜 𝑠ℎ𝑜𝑤 𝑃𝑟( − 𝑌 ≤ 𝑥) = 𝑃𝑟(𝑌 ≤ 𝑥) ∶

𝑃𝑟( − 𝑌 ≤ 𝑥) = 𝑃𝑟(𝑌 ≥ −𝑥)

= ∫
∞

−𝑥
𝑓𝑌 (𝑦)𝑑𝑦

= −∫
−∞

𝑥
𝑓𝑌 ( − 𝑤)𝑑𝑤 (𝐿𝑒𝑡 𝑤 = −𝑦)

= ∫
𝑥

−∞
𝑓𝑌 (𝑤)𝑑𝑤 ( 𝑆𝑖𝑛𝑐𝑒 𝑓𝑌 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑏𝑜𝑢𝑡 0,

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑓𝑌 (𝑤) = 𝑓𝑌 ( − 𝑤) ∀ 𝑤 ∈ R. )

= 𝑃𝑟(𝑌 ≤ 𝑥)

𝐹𝑋,𝑌 (𝑥, 𝑥)=𝑃𝑟(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑥)
=𝑃𝑟(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑥, 𝑆 = 1)𝑃𝑟(𝑆 = 1) + 𝑃𝑟(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑥, 𝑆 = −1)𝑃𝑟(𝑆 = −1)

=1
2𝑃𝑟(𝑌 ≤ 𝑥,𝑋 ≤ 𝑥) + 1

2𝑃𝑟( − 𝑌 ≤ 𝑥,𝑋 ≤ 𝑥)

=1
2𝑃𝑟(𝑌 ≤ 𝑥) + 1

2𝑃𝑟( − 𝑥 ≤ 𝑌 ≤ 𝑥)

=1
2𝑃𝑟(𝑌 ≤ 𝑥) + 1

2(𝑃𝑟(𝑌 ≤ 𝑥) − 𝑃𝑟(𝑌 ≤ −𝑥))

=𝑃𝑟(𝑌 ≤ 𝑥) − 1
2𝑃𝑟(𝑌 ≤ −𝑥)

≠𝐹𝑋(𝑥)𝐹𝑌 (𝑦), 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 ⟹ 𝑋 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡!

∗𝐴𝑛𝑜𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑝𝑙𝑒𝑟 𝑚𝑒𝑡ℎ𝑜𝑑 ∶
𝑇ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (𝑋 ∣ 𝑌 ) 𝑖𝑠

𝑓𝑋|𝑌 (𝑥∣𝑦) =

⎧{{{
⎨{{{⎩

𝑃𝑟(𝑆 = 1) = 1
2 , 𝑖𝑓 𝑥 = 𝑦

𝑃𝑟(𝑆 = −1) = 1
2 , 𝑖𝑓 𝑥 = −𝑦

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (𝑋 ∣ 𝑌 ) 𝑖𝑠 𝑛𝑜𝑡 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋

(𝑖.𝑒., 𝑓𝑋|𝑌 (𝑥∣𝑦) ≠ 𝑓𝑋(𝑥)), 𝑋 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡!

𝐴𝑛𝑜𝑡ℎ𝑒𝑟 𝑒𝑣𝑒𝑛 𝑠𝑖𝑚𝑝𝑙𝑒𝑟 𝑚𝑒𝑡ℎ𝑜𝑑 ∶
𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑃𝑟(𝑋 ∈ [ − 𝛿, 𝛿] ∣ 𝑌 = 𝛿) = 1 ≠ 𝑃𝑟(𝑋 ∈ [ − 𝛿, 𝛿])
, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠𝑢𝑖𝑡𝑎𝑏𝑙𝑦 𝑐ℎ𝑜𝑠𝑒𝑛 𝛿 > 0.
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Problem 61

(a)

𝐿𝑒𝑡 𝑈1, 𝑈2
𝑖.𝑖.𝑑.∼ 𝑈[0, 1] 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑋 = 𝑚𝑖𝑛(𝑈1, 𝑈2), 𝑌 = 𝑚𝑎𝑥(𝑈1, 𝑈2), 𝑡ℎ𝑒𝑛 𝑓𝑋,𝑌 (𝑥, 𝑦) = 2, 0 ≤ 𝑥 ≤ 𝑦 ≤ 1

⟹

⎧{{
⎨{{⎩

𝑓𝑋(𝑥) = ∫
1

𝑥
2𝑑𝑦 = 2(1 − 𝑥) , 0 ≤ 𝑥 ≤ 1

𝑓𝑌 (𝑦) = ∫
𝑦

0
2𝑑𝑥 = 2𝑦 , 0 ≤ 𝑦 ≤ 1

⟹

⎧{{{{{{{
⎨{{{{{{{⎩

𝐸(𝑋) = ∫
1

0
𝑥𝑓𝑋(𝑥)𝑑𝑥 = ∫

1

0
(2𝑥 − 2𝑥2)𝑑𝑥 = (𝑥2 − 2

3𝑥
3)∣

1

0
= 1

3
𝐸(𝑌 ) = ∫

1

0
𝑦𝑓𝑌 (𝑦)𝑑𝑦 = ∫

1

0
2𝑦2𝑑𝑦 = (2

3𝑦
3)∣

1

0
= 2

3
𝐸(𝑋2) = ∫

1

0
𝑥2𝑓𝑋(𝑥)𝑑𝑥 = ∫

1

0
(2𝑥2 − 2𝑥3)𝑑𝑥 = (2

3𝑥
3 − 1

2𝑥
4)∣

1

0
= 1

6
𝐸(𝑌 2) = ∫

1

0
𝑦2𝑓𝑌 (𝑦)𝑑𝑦 = ∫

1

0
2𝑦3𝑑𝑦 = (1

2𝑦
4)∣

1

0
= 1

2
𝐸(𝑋𝑌 ) = ∫

1

0
∫

𝑦

0
2𝑥𝑦𝑑𝑥𝑑𝑦 = ∫

1

0
𝑦3𝑑𝑦 = (1

4𝑦
4)∣

1

0
= 1

4

⟹
⎧{{
⎨{{⎩

𝑉 𝑎𝑟(𝑋) = 𝐸(𝑋2) − (𝐸(𝑋)2) = 1
6 − (1

3)
2

= 1
18

𝑉 𝑎𝑟(𝑌 ) = 𝐸(𝑌 2) − (𝐸(𝑌 )2) = 1
2 − (2

3)
2

= 1
18

⟹

⎧{{{
⎨{{{⎩

𝐶𝑜𝑣(𝑋, 𝑌 ) = 𝐸(𝑋𝑌 ) − 𝐸(𝑋)𝐸(𝑌 ) = 1
4 − 1

3 × 2
3 = 1

36

𝐶𝑜𝑟(𝑋, 𝑌 ) = 𝐶𝑜𝑣(𝑋, 𝑌 )
√𝑉 𝑎𝑟(𝑋)𝑉 𝑎𝑟(𝑌 )

=
1
36
1
18

= 1
2

𝑇ℎ𝑒 𝑠𝑖𝑔𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑘𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑣𝑒𝑙𝑦, 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑌 > 𝑋. 𝑆𝑜 ∶

{ 𝑖𝑓 𝑋 𝑖𝑠 𝑙𝑎𝑟𝑔𝑒 , 𝑡ℎ𝑒𝑛 𝑠𝑜 𝑖𝑠 𝑌 .
𝑖𝑓 𝑌 𝑖𝑠 𝑠𝑚𝑎𝑙𝑙 , 𝑡ℎ𝑒𝑛 𝑠𝑜 𝑖𝑠 𝑋.

(𝐼𝑁𝑇𝐸𝑁𝑇𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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(b)

⎧{{{
⎨{{{⎩

𝑓𝑋|𝑌 (𝑥∣𝑦) =
𝑓𝑋,𝑌 (𝑥, 𝑦)

𝑓𝑌 (𝑦)
= 1

𝑦 , 0 ≤ 𝑥 ≤ 𝑦 ≤ 1

𝑓𝑌 |𝑋(𝑦∣𝑥) = 𝑓𝑋,𝑌 (𝑥, 𝑦)
𝑓𝑋(𝑥) = 1

1 − 𝑥 , 0 ≤ 𝑥 ≤ 𝑦 ≤ 1

⟹

⎧{{{
⎨{{{⎩

𝐸(𝑋∣𝑌 = 𝑦) = ∫
𝑦

0

𝑥
𝑦 𝑑𝑥 = (𝑥2

2𝑦)∣
𝑦

0
= 𝑦

2 , 0 ≤ 𝑦 ≤ 1

𝐸(𝑌 ∣𝑋 = 𝑥) = ∫
1

𝑥

𝑦
1 − 𝑥𝑑𝑥 = ( 𝑦2

2(1 − 𝑥))∣
1

𝑥
= 1 + 𝑥

2 , 0 ≤ 𝑥 ≤ 1

⟹ 𝑇ℎ𝑒𝑠𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑚𝑎𝑘𝑒 𝑠𝑒𝑛𝑠𝑒, 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑤𝑒 ℎ𝑎𝑣𝑒
⎧{
⎨{⎩

(𝑋 ∣ 𝑌 = 𝑦) ∼ 𝑈[0, 𝑦]

(𝑌 ∣ 𝑋 = 𝑥) ∼ 𝑈[𝑥, 1]

𝐷𝑜𝑒𝑠 𝑡ℎ𝑖𝑠 𝑚𝑎𝑡𝑐ℎ 𝑦𝑜𝑢𝑟 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛?

(c)

𝐹𝑖𝑠𝑟𝑡 𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝐸(𝑋∣𝑌 ) 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑌 , 𝐸(𝑌 ∣𝑋) 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋!

𝐷𝑒𝑓𝑖𝑛𝑒

⎧{{{
⎨{{{⎩

𝑍 ≔ 𝐸(𝑋∣𝑌 ) = 𝑌
2 𝐵𝑦 𝑝𝑎𝑟𝑡 (𝑏)

𝑊 ≔ 𝐸(𝑌 ∣𝑋) = 1 +𝑋
2 𝐵𝑦 𝑝𝑎𝑟𝑡 (𝑏)

⟹

⎧{{{{{{
⎨{{{{{{⎩

𝐹𝑍(𝑧) = 𝑃𝑟(𝑍 ≤ 𝑧) = 𝑃𝑟(𝑌 ≤ 2𝑧) =

⎧{{
⎨{{⎩

∫
2𝑥

0
2𝑦𝑑𝑦 = 4𝑧2 , 0 ≤ 𝑧 < 1

2

1 , 1
2 ≤ 𝑧

𝐹𝑊 (𝑤) = 𝑃𝑟(𝑊 ≤ 𝑤) = 𝑃𝑟(𝑋 ≤ 2𝑤 − 1) =
⎧{{
⎨{{⎩

∫
2𝑤−1

0
2(1 − 𝑥)𝑑𝑥 = −4𝑤2 + 8𝑤 − 3 , 1

2 ≤ 𝑤 < 1

1 , 1 ≤ 𝑤

⟹

⎧{{
⎨{{⎩

𝑓𝑍(𝑧) =
𝑑𝐹𝑍(𝑧)

𝑑𝑧 = (8𝑧) × (I(0, 12 )(𝑧))

𝑓𝑊 (𝑤) = 𝑑𝐹𝑊 (𝑤)
𝑑𝑤 = (8(1 − 𝑤)) × (I( 1

2 ,1)(𝑤))
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(d)

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑎𝑟𝑔𝑚𝑖𝑛
(𝑎,𝑏)

𝐸((𝑌−(𝑎+𝑏𝑋))
2
) = 𝑎𝑟𝑔𝑚𝑖𝑛

(𝑎,𝑏)
G (𝑎, 𝑏), 𝑤ℎ𝑒𝑟𝑒

G (𝑎, 𝑏) ≔ 𝐸((𝑌 − ̂𝑌 )2) = 𝐸((𝑌 − (𝑎 + 𝑏𝑋))
2
) = 𝐸(𝑌 2 − 2𝑎𝑌 − 2𝑏𝑋𝑌 + 𝑎2 + 𝑏2𝑋2 + 2𝑎𝑏𝑋)

𝑆𝑒𝑡
⎧{
⎨{⎩

𝜕
𝜕𝑎G (𝑎, 𝑏) = 0
𝜕
𝜕𝑏G (𝑎, 𝑏) = 0

⟹
⎧{
⎨{⎩

𝑎 = 𝐸(𝑌 ) − 𝑏𝐸(𝑋) = 1
2

𝑏 = −2𝐸(𝑋𝑌 ) + 2𝑏𝐸(𝑋2) + 2𝐸(𝑌 )𝐸(𝑋) − 2𝑏(𝐸(𝑋))
2
= 0

⟹ 𝑏(𝐸(𝑋2) − (𝐸(𝑋))
2
) = 𝐸(𝑋𝑌 ) − 𝐸(𝑋)𝐸(𝑌 ) ⟹ 𝑏 = 𝐶𝑜𝑣(𝑋, 𝑌 )

𝑉 𝑎𝑟(𝑋) = 1
2

𝑆𝑜 ̂𝑌 = 1+𝑋
2 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑜𝑟 𝑜𝑓 𝑌 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑋 𝑡ℎ𝑎𝑡 ℎ𝑎𝑠 𝑚𝑖𝑛𝑖𝑚𝑎𝑙 𝑀𝑆𝐸,

𝑎𝑛𝑑 𝑖𝑡𝑠 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑚𝑒𝑎𝑛 𝑠𝑞𝑢𝑎𝑟𝑒 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟 𝑖𝑠

𝐸((𝑌 − 1 +𝑋
2 )

2
) = 𝑉 𝑎𝑟(𝑌 − 1 +𝑋

2 ) + (𝐸(𝑌 − 1 +𝑋
2 ))

2

= 𝑉 𝑎𝑟(𝑌 ) + 𝑉 𝑎𝑟(1 +𝑋
2 ) − 2𝐶𝑜𝑣(𝑌 , 1 + 𝑋

2 ) +
�������HHHHHHH
(2
3 − 1 + 1

3
2 )

2

= 𝑉 𝑎𝑟(𝑌 ) + 𝑉 𝑎𝑟(𝑋
2 ) − 2𝐶𝑜𝑣(𝑌 , 𝑋2 )

= 𝑉 𝑎𝑟(𝑌 ) + (1
2)

2
𝑉 𝑎𝑟(𝑋) − 2𝐶𝑜𝑣(𝑌 ,𝑋) × 1

2
= 1

18 + 1
4 × 1

18 − 2 × 1
36 × 1

2
= 1

24

(d*)

𝑊𝑒 𝑐𝑎𝑛 𝑎𝑙𝑠𝑜 𝑢𝑠𝑒 𝐸𝑥𝑎𝑚𝑝𝑙𝑒 3.4 𝑎𝑡 𝐿𝑁 𝑝.2 − 54 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.

𝐵𝐸𝑆𝑇 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑌 𝑢𝑠𝑖𝑛𝑔 𝑋 ∶

𝐸𝑋,𝑌 [𝑌 − (𝑎 + 𝑏𝑋)]
2
≥ 𝐸𝑋,𝑌{𝑌 − [𝜇𝑌 + 𝜌𝜎𝑌

𝜎𝑋
(𝑋 − 𝜇𝑋)]}

2

= 𝜎2
𝑌 (1 − 𝜌2)

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑎 = 𝜇𝑌 − 𝑏𝜇𝑋 𝑎𝑛𝑑 𝑏 = 𝜌𝜎𝑌
𝜎𝑋

.

𝑃 𝑙𝑢𝑔 𝜇𝑋 = 1
3, 𝜇𝑌 = 2

3, 𝜎𝑋 = √ 1
18, 𝜎𝑌 = √ 1

18, 𝜌 = 1
2 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦.

𝑇ℎ𝑒𝑛 𝑤𝑒 𝑎𝑙𝑠𝑜 𝑔𝑒𝑡 ̂𝑌 = 1 +𝑋
2 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑃𝑀𝑆𝐸 = 1

24 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑤𝑎𝑦.
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(e)

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑎𝑟𝑔𝑚𝑖𝑛
ℎ(𝑋)

𝐸((𝑌 − ℎ(𝑋))
2
), 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 ∶

𝐸{(𝑌 − ℎ(𝑋))
2
}

= 𝐸{𝐸((𝑌 − ℎ(𝑋))
2
∣𝑋)}

= 𝐸{𝐸((𝑌 − 𝐸(𝑌 ∣𝑋) + 𝐸(𝑌 ∣𝑋) − ℎ(𝑋))
2
∣𝑋)}

= 𝐸{𝐸((𝑌 − 𝐸(𝑌 ∣𝑋))
2
+ (𝐸(𝑌 ∣𝑋) − ℎ(𝑋))

2
+ 2(𝑌 − 𝐸(𝑌 ∣𝑋))(𝐸(𝑌 ∣𝑋) − ℎ(𝑋))∣𝑋)}

= 𝐸{𝐸((𝑌 − 𝐸(𝑌 ∣𝑋))
2
∣𝑋)}+𝐸{𝐸((𝐸(𝑌 ∣𝑋) − ℎ(𝑋))

2
∣𝑋)}

+2𝐸{(𝐸(𝑌 ∣𝑋) − ℎ(𝑋)) ×
�������������XXXXXXXXXXXXX
(𝐸((𝑌 − 𝐸(𝑌 ∣𝑋))∣𝑋))} = 0

= 𝐸{𝑉 𝑎𝑟(𝑌 ∣ 𝑋)}+ 𝐸{𝐸((𝐸(𝑌 ∣𝑋) − ℎ(𝑋))
2
∣𝑋)} ≥ 0, 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 ⟺ ℎ(𝑋) = 𝐸(𝑌 ∣𝑋).

⟹ ℎ(𝑋) = 𝐸(𝑌 ∣𝑋) = 1 +𝑋
2 = 𝑎𝑟𝑔𝑚𝑖𝑛

ℎ(𝑋)
𝐸((𝑌 − ℎ(𝑋))

2
), 𝑃𝑀𝑆𝐸 𝑜𝑓 1 + 𝑋

2 𝑖𝑠 1
24 .

(e*)

𝑊𝑒 𝑐𝑎𝑛 𝑎𝑙𝑠𝑜 𝑢𝑠𝑒 𝐸𝑥𝑎𝑚𝑝𝑙𝑒 3.3 𝑎𝑡 𝐿𝑁 𝑝.2 − 54 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.

𝐵𝐸𝑆𝑇 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑌 𝑢𝑠𝑖𝑛𝑔 𝑋 ∶

𝐸𝑋,𝑌 [𝑌 − ℎ(𝑋)]
2
≥ 𝐸𝑋,𝑌 [𝑌 − 𝐸𝑋,𝑌 (𝑌 ∣𝑋)]

2
= 𝐸𝑋[𝑉 𝑎𝑟𝑌 |𝑋(𝑌 ∣𝑋)]

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 ℎ(𝑥) = 𝐸𝑌 |𝑋(𝑌 ∣𝑥).

𝐵𝑦 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑜𝑓 𝑝𝑎𝑟𝑡 (𝑏), 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 ℎ(𝑥) = 1 + 𝑥
2 .

𝑆𝑜 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑜𝑟 𝑖𝑠 ̂𝑌 = 1 +𝑋
2 , 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑃𝑀𝑆𝐸 𝑖𝑠 𝑎𝑙𝑠𝑜 1

24 .
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(supplementary information)

𝐹𝑌 𝐼 ∶

𝑇ℎ𝑒 ̂𝑌 𝑖𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 61 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑝𝑟𝑜𝑛𝑜𝑢𝑛𝑐𝑒𝑑 𝑎𝑠 "𝑌 ℎ𝑎𝑡".
𝐼𝑛 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐𝑠, 𝑤𝑒 𝑢𝑠𝑢𝑎𝑙𝑙𝑦 𝑝𝑢𝑡 𝑎 ℎ𝑎𝑡 𝑜𝑛 𝑎 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑡𝑜 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑎 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐, 𝑤ℎ𝑖𝑐ℎ
𝑖𝑠 𝑢𝑠𝑒𝑑 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑡ℎ𝑎𝑡 (𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑏𝑢𝑡 𝑓𝑖𝑥𝑒𝑑) 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟.

̂𝑌 𝑖𝑛 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑖𝑠 𝑢𝑠𝑒𝑑 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝜇𝑌 .

Problem 67

𝑊𝑒 𝑚𝑎𝑦 𝑢𝑠𝑒 𝑡ℎ𝑒
(⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑙𝑎𝑤 𝑜𝑓 𝑡𝑜𝑡𝑎𝑙 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑
(⋆⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑖𝑒𝑠.

𝑇 𝑜 𝑠ℎ𝑜𝑤
(⋆⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝐸(𝑋𝑌 ) = 𝐸(𝑋𝐸(𝑌 ∣𝑋)) = 𝐸(𝐸(𝑋𝑌 ∣𝑋)) ∶

𝐸(𝑋𝑌 ) = ∫∫𝑥𝑦𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

= ∫∫𝑥𝑦𝑓𝑋(𝑥)𝑓𝑌 |𝑋(𝑦∣𝑥)𝑑𝑥𝑑𝑦

= ∫𝑥(∫𝑦𝑓𝑌 |𝑋(𝑦∣𝑥)𝑑𝑦)𝑓𝑋(𝑥)𝑑𝑥 𝐸(𝑋𝐸(𝑌 ∣𝑋))

= ∫(∫𝑥𝑦𝑓𝑌 |𝑋(𝑦∣𝑥)𝑑𝑦)𝑓𝑋(𝑥)𝑑𝑥 𝐸(𝐸(𝑋𝑌 ∣𝑋))

𝐴𝑙𝑠𝑜 𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡

⎧{{
⎨{{⎩

𝑋 ∼ 𝑈(0, 1) ⟹ 𝐸(𝑋) = ∫
1

0
𝑥𝑑𝑥 = (𝑥2

2 )∣
1

0
= 1

2

(𝑌 ∣𝑋) ∼ 𝑈(0,𝑋) ⟹ 𝐸(𝑌 ∣𝑋 = 𝑥) = ∫
𝑥

0

𝑦
𝑥𝑑𝑦 = ( 𝑦2

2𝑥)∣
𝑥

0
= 𝑥

2

𝑇ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑐𝑖𝑟𝑐𝑢𝑚𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑖𝑠

𝐸(2𝑋 + 2𝑌 ) = 2𝐸(𝑋) + 2𝐸(𝑌 ) (⋆)= 1 + 2𝐸(𝐸(𝑌 ∣𝑋)) = 1 + 2 𝐸(𝑋
2 ) = 1 + 𝐸(𝑋) = 3

2

𝑇ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑎𝑟𝑒𝑎 𝑖𝑠

𝐸(𝑋𝑌 )(⋆⋆)= 𝐸(𝐸(𝑋𝑌 ∣𝑋))(⋆⋆)= 𝐸(𝑋𝐸(𝑌 ∣𝑋)) = 𝐸(𝑋2

2 ) = ∫
1

0

𝑥2

2 𝑑𝑥 = (𝑥3

6 )∣
1

0
= 1

6

made by 林宸緯，馬翌翔 助教



NTHU MATH 2820, 2025 Solution to Homework 1

Problem 75

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑇 ∼ 𝐸𝑥𝑝(𝜆) 𝑎𝑛𝑑 𝐸(𝑇 ) = 1
𝜆.

𝑊𝑒 𝑚𝑎𝑦 𝑢𝑠𝑒 𝑡ℎ𝑒
(⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑙𝑎𝑤 𝑜𝑓 𝑡𝑜𝑡𝑎𝑙 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒
(⋆⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑙𝑎𝑤 𝑜𝑓 𝑡𝑜𝑡𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑡𝑜 𝑓𝑖𝑛𝑑 𝐸(𝑈) 𝑎𝑛𝑑 𝑉 𝑎𝑟(𝑈),
𝑡𝑜 𝑡ℎ𝑖𝑠 𝑒𝑛𝑑, 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑓𝑖𝑛𝑑 𝐸(𝑈∣𝑇 ) 𝑎𝑛𝑑 𝑉 𝑎𝑟(𝑈∣𝑇 ) ∶

(𝑈∣𝑇) ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0, 𝑇) ⟹

⎧{{{
⎨{{{⎩

𝐸(𝑈∣𝑇 = 𝑡) = ∫
𝑡

0

𝑢
𝑡 𝑑𝑢 = (𝑢2

2𝑡 )∣
𝑡

0
= 𝑡

2

𝐸(𝑈2∣𝑇 = 𝑡) = ∫
𝑡

0

𝑢2

𝑡 𝑑𝑢 = (𝑢3

3𝑡 )∣
𝑡

0
= 𝑡2

3

⎫}}}
⎬}}}⎭

⟹ 𝑉 𝑎𝑟(𝑈∣𝑇 ) = 𝐸(𝑈2∣𝑇 = 𝑡) − (𝐸(𝑈∣𝑇 = 𝑡))
2
= 𝑇 2

3 − 𝑇 2

4 = 𝑇 2

12

𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶

⎧{
⎨{⎩

𝐸(𝑈) (⋆)= 𝐸(𝐸(𝑈∣𝑇 )) = 𝐸(𝑇
2 ) = 1

2𝜆
𝑉 𝑎𝑟(𝑈) (⋆⋆)= 𝐸(𝑉 𝑎𝑟(𝑈∣𝑇 )) + 𝑉 𝑎𝑟(𝐸(𝑈∣𝑇 )) = 𝐸(𝑇 2

12 ) + 𝑉 𝑎𝑟(𝑇
2 ) = 5

12𝜆2
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