NTHU MATH 2820, 2025 Solution to Homework 1
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Chapter 2

Problem 67

(a)

The density function can be obtained by direct dif ferentiation :

f(z) = dd:vF< ) = ﬁ(g)ﬁilex]%—(g)ﬁ) = %xﬁ_lexp(—(g)ﬁ), x>0, a>0, >0

«

(b)

B
Let X = (%) , then the support of X is{x EX | 0<z < oo},W = aX%, and ‘fi—;’ =agp!
Thus, we have

1ate) = futaad) 2] = £ (3 x o) e = (G xaad )} (54) = 050 <

This shows X ~ Exp(1). ’Not(z that the pdf specifies a distribution. ‘

(c)

We may use the | inverse cdf method (T B p.63 Proposition D) |to do so.

Theorem : Let U ~ U|0,1], and let X = F~Y(U). Then the cdf of X is F.
*Proof: Pr(X <z)=Pr(F(U)<z)=Pr(U<F(z))=F(x)

This proof required that F is strictly increasing.
YT If F is not strictly increasing, we may redefine F~1 = mf{x F(z }

/=

Set Fy(s) =t=1-e®@° = s:a(—log(l—t)) = F)}l(t):a(—log(l—t))%
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So we can use the random number generator to generate Uy, ..., U, gt U(0,1),

then Fx'(U,), ..., Fx'(U,) are I.I.D. from the distribution with cdf Fx (Weibull(oz7 B) — distribution).

We can use R to verify this method :

set.seed(77) # choose what you like

U <- runif(20102) # so big

S <- 1*(-log(1-U))"(1/4) # alpha = 1, beta = 4

hist(S,breaks = 15,probability = T,xlab="",
main = "Histograms of samples of size 20102 (with theoretical densities)",las=1,
col = rgb(1, 0, 0, 0.3),ylim = c(0,1.6),x1im=c(0,3))

curve (dweibull (x,shape = 4,scale = 1),col=2,1wd=3,add=T)

UU <- runif(20102)

SS <- 2*(-log(1-UU))~(1/5) # alpha = 2, beta = 5

hist(8S,breaks = 30,probability = T,main="",add=T, col = rgb(0, 1, 0, 0.3))

curve(dweibull(x,shape = 5,scale = 2),col=3,1wd=3,add=T)

UUU <- runif(20102)

885 <- (0.7)*(-1og(1-UU))~(1/2) # alpha = 0.7, beta = 2

hist(8SS,breaks = 30,probability = T,main="",add=T, col = rgb(0, 0, 1, 0.3))

curve (dweibull(x,shape = 2,scale = 0.7),col=4,1lwd=3,add=T)

Histograms of samples of size 20102 (with theoretical densities)
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What happens if we choose a small sample size?
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(The code is 0mitted.>

Histograms of samples of size 200 (with theoretical densities)
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What dif ference do you see? Is this method good?

FYTI: There is another method called | rejection sampling |.

(INTENTIONALLY LEFT BLANK)
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Chapter 3

Problem 7

We can find the desired densities by direct dif ferentiation :

82
fxy(@,y) = MFX,Y(%Z/) = afe =AY

fx(z) = /0OO fxy(@y)dy = ae—am(/ooo ﬁe_Bydy) — e

fy(y) = /0°° fX,y(I,y)dI = /36@(/0 ae*‘“’dx) = 567@

, x>0, y>0, a>0, >0
, >0, a>0

,y=20, 8>0

Alternative method :
Fx(z) = lim Fx y(z,y) =1—e™**

Y—00

Fy(y) = lim Fxy(z,y) =1—e

Fx(@) = & Fy(z) = ae

—Qax

d po
fY(y) — @Fy(y> — ‘Beady

= This yields the same results!

,y=>0

(INTENTIONALLY LEFT BLANK)
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Problem 10

(a)

First find the marginal densities :

B = [ aes
0

u=x du = dz
Do integration by parts with v =il oW+ dy — e—o+D g over {J‘ eEZ|0<z< oc}
(x) y+1
and recall that / udv = uv ‘ — / vdu
Jo 0 Jo
Since fxy(z,y) # fx(x)fy(y), we conclude that X and Y are not independent.
(b)
With the help of both of the joint density and the marginal densities, we can find :
o f(:c,y) _ 2., —x(y+1)
Fxpy (zly) = = (y+1)%ze , ¢ € [0,00) and y € [0,00)
fy(y)
frix(ylz) = f@y) = ge %Y , € [0,00) and y € [0,00)
fx(@)
|
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Problem 21
1 , if X is detected.
Define I := PriI=1X=z)=
cfine { 0 , otherwise. r( | x) E(z)

By the multiplicative law, the joint distribution of (X, I) when I =1 1is:

Fra(@1) = fx(z) Pr(I =1x = ,) = f(2)R()

’ I— 1) _ Pr(X<ylI=1) fgfx,l(%l)dx %) ng(:c)f(m)da:

PrI=1) [ fyida(z,1) [ R(z)f(z)dz
=>gﬂw=;% ﬂw:ffizﬁgwx [Holds by the fundamental theorem of calculus. |
[
Problem 64

Since X and Y are independent, we have :

Fxy(@y) = fx(2)fy(y) = Ne XM, 250, y >0

Now, consider the transformation :

V=X+Y
W=X/Y

Define {

This transformation corresponds to a Jacobian J,

X=VW/(W +1)
Y=V/(W+1)

which satisfies :

oz Oz
det@])—-‘av i —
o oy (w+1)
So the joint pdf of V and W is :
VW v B A2
fv,w(”,w) = fX,Y(rHv m) x |J | = (”6 MI(o,oo)@)) x (Wl(o,o@(w))

= g,(v) = ga(w)

Since the joint pdf of (V, W) can be written as a product of the marginal pdf of V and the marginal pdf of W
and their supports are not related, (X +Y') and (X/Y) are independent.
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Problem 66

First label the points as the following graph :

Q-
Qro

Qe
OLS

Qe
O

Let {Tl, TQ}, {Tg, T4} and {T5, TG} be the li fetimes of the top 2, middle 2, and the bottom 2 components, respectively.

Let T* be the lifetime of the system.
Follow the hint, we know that :

I = max{Wl,WQ,W3}, where W; = min{Tl,TQ}, W,y = min{T3,T4}, W, = min{T5,T6}.

Since T, ..., Ty are IID, W, Wy, W4 are also 11D, hence it suf fices to find the distribution of W, :

P’I“(Wl < wl)zPr(min{Tl,Tg} < w)
=1- Pr(min{ThTQ} > w)

=il = Pr(Tl > wq, Ty > wl)

=1—Pr (Tl > wl)Pr <T2 > wl) ‘ By the independence between T and T,

=1— e‘”‘“’l, wy; >0
Thus, we have :

Pr(T/V1 < wl) =1—e 2w g >0.
(0) PT(W2 < w2) =1—e 22 | qw,>0.
PT(W3 < wg) =1—e 2 | wy>0.
The cdf of the system’s lifetime is :
Fr.(t)=Pr (T* < t)

max{Wl,Wz,W3} < t)

= Pr
Pr( <t W, <t, W3<t)
(

Zpy w, < t) Pr(W2 < t) PT<W3 < t) (A): ‘ By the independence of Wy, Wy and Wy

3
(1 —2At> ,1>0
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The density of the system’s lifetime is :

2
fr(t) = %FT* (t) = 6Ae 2N (1 - e*m> , t>0
[
Problem 70
—Pr(Xl <y,..,X, < y) - Pr(Xl € (z,y,....X, € (x,y])
= H Fx (y) — H (FXA (y) — Fx. (m)) ‘ By the independence between each pair of Xq,..., X,
i=1 i=1
n n
:(F(y)) — (F(y) — F(x)) , <y ‘ By the identically distributed property of Xy,..., X,
[

(INTENTIONALLY LEFT BLANK)
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Chapter 4

Problem 54

Since X, Y, Z are uncorrelated, we have Cov(X,Y) = Cov(Y,Z) = Cov(Z,X) =0, so

Cov(U,V)
=Cov(Z+X,Z+Y)

=Cov(Z,Z) + ConlZY) + Cov(X,Z) + Con(XY)

=Cov(Z,Z) =Var(Z) =03

Var(U)=Var(Z+X) =Var(Z)+Var(X)+2Cou(ZX) =o%+0%
Var(V)=Var(Z+Y) =Var(Z)+Var(Y)+2Co(ZY) =o%+o0%
Cov(U,V) 0%,

= puv = \/Var(U)Var(V) \/(UQZ + 0% )(0% +0%)

Problem 60

First note that E(S) =1x Pr(S=1)+(-1)x Pr(S=-1)=1x3—-1x1=0, so

Cov(X,Y) = E(XY) — E(X)E(Y)

= | E(SY?)|— E(SY)E(Y)

—| E(S)E(Y?) |- E(S)E(Y)E(Y)

=0 ‘ Since S and Y are independent. ‘

Fx(z) = Pr(X <z)

:PT‘(X S,S:I)—FPT(ng,S:—l)

= PT(X < x|S = 1)PT(S = 1) + P’I‘(X < x|S = —I)PT(S = —1)
1 1

:Pr(Yﬁm)x§+ Pr(—Ygx) ><§
1 1

:Pr(Yga:)x§—|— Pr(Yga:) ><§

=Pr(Y <ux)

:Fy(l")

= fx(z) = fy(x),i.e.* | X and Y have the same pdf.‘
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To show Pr(—Y <z)=Pr(Y <z):
P’r( -Y < L) = P'r(Y > —:L')
= [ ity
= — /OC fy(—w)dw (Let w = —y)
= Z ; fy (w)dw ( f‘ﬁ’L;Z?:inf(Z}U)m:m;j’(f ?f)(“\;t 1?)76 Z. )
=Pr(Y <z

Fyy(z,2)=Pr(X <=z,Y <)
=Pr(X<z,Y<z8§=1)Pr(S=1)+Pr(X<z,Y <z,S=-1)Pr(S=-1)

1 1
:§PT(Y§x,ng)+§Pr(—Y§x,X§x)

1 1
=5Pr(Y <2)+5Pr(—z<Y <x)

:%Pr(Y <z)+ ;(PT(Y <z)—Pr(Y < —x))

=Pr(Y <z)— %PT(Y < —z)

#Fx(z)Fy (y), in general = X and Y are not independent!

*Another simpler method :

The conditional distribution of (X | Y) 8

Pr(szl):1 Cifr=uy

fX\Y(CU|y) = Pr(S = —1) = % ,if x=—y

0 , otherwise

Because the conditional distribution of (X ‘ Y) is not the marginal distribution of X

(i.e., Fxy (2ly) # fX(J;)), X and Y are not independent!

Another even simpler method :
Note that Pr(X € [~ 6,0] | Y =4) =1+# Pr(X € [—4,9])

, for some suitably chosen § > 0.

made by R4, R B



NTHU MATH 2820, 2025

Solution to Homework 1

Problem 61

(a)

i.49.d.

Let U,,U, "~ U[0,1] and let X = min(U,,U,), Y =

maz(Uy,Uy), then fxy(z,y) =2, 0<z <y <1

fx(z)/12dy2(1x) L 0<z<1
. &
y
fy(y)=/02dx—2y ,0<y<1
E(X) = /01 zfx(z)dx = /01 (2z — 22?)dx = (:cz — %x?’)‘; — é
1 1 ) . ;
E(Y) —/0 yfy (y)dy =/0 2y2dy — (gy:%)‘o -2
2 ! 2 ! 2 2 1, 1 1
= E(X?) —/ 2 fx(z)dz :/ <2x —2x3)da: = (gx?’—ix )‘ =5
0, 0, X 1 0 1
E(Y?) /0 v fy(y)dy /O 23dy — (§y4 ‘0 =2
E(XY)= 41 /Oy 2eydxdy = /01 yPdy _ (iy4 ‘(1) _ i
var =50 - (20) =5-(5) =35
— ) )
var) =B = (87)) =3-(5) -3
Coo(X,Y) = B(XY) = B(X)B(Y) =7-3%3 =g
- Cor(X,Y) = SRR = % _1
Var(X)Var(Y) 18 2

The sign of the correlation makes sense intuitively, because Y > X. So :

if X is large
if Y is small

{

, then sois Y.

, then so is X.

(INTENTIONALLY LEFT BLANK)

made by R4, R B



NTHU MATH 2820, 2025 Solution to Homework 1

(b)
fxy(z,y) 1
Ixylzly) = —=2—— =- ,0<z<y<l1
iy (=ly) fy () y
fxy(z,y) 1
S = 0<z<y<l1
Frixule) = =7 70 T—p °USO9SY
Y. 22\ Y y
EX|)Y =y) = — =[|— == <y<l1
( ‘ y> l ydm (2y>‘0 2 » 0sys<
N
Loy > L l1+z
E(Y\X:x):/ dr = )| = L 0<z<1
AR 2(1—z)/ s 2
(x|v=y) ~vloy
— | These results make sense, because we have
(v]|x=2) ~Ul1
Does this match your intuition? ‘
(c)
Fisrt note that E(X|Y) is a function of Y, E(Y|X) is a function of X!
Y
Z:=E(X|Y)= ol By part (b)
Define
1+ X
W:=E(Y|X)= +T By part (b)
2z 1
/ 2ydy =422 |, 0<2< =
Fy(2)=Pr(Z<z) =Pr(Y <2z =3 °°
1 , 1 <z
— 2
2w—1 1
/ 2(1—az)de = —4uw*+8w—3 , =
Fy(w)=Pr(W <w) =Pr(X<2w—1) =4 7o 2
1 C1<w
dF,(z)
Fo0) == = (82) < (lon()
—
dFy (w)
fulw) = == = (8(1—w)) x (I y(w))
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(d)
(ab)

To find argminE( a—l—bX ) = rgmmg a,b), where

(a,b) = B((Y - ¥) ) Y a+bX) ):E(Y2—2aY—2bXY+a2+b2X2+2abX)

agg(a b) { _BE(X) =+

Set 9 = 2 2
554 (ab = —2B(XY) + 26E(X?) + 2E(Y) E(X) — 26(E(X)) =0
— b(E(X2) - (E(X))2> — BE(XY) - E(X)E(Y) = b= Cm = %

SoY = % is the linear predictor of Y in terms of X that has minimal MSE,
and its corresponding mean square prediction error is

(- 15)) - var(y - 555 + (s(r - 15%))

=Var(Y)+ Var(#) —2Cov (Y #) ===

=Var(Y) + Var(%) — ZC’ov(Y, %)

1\2 1
=Var(Y) + <§) Var(X) —2Cov(Y,X) X35
—i_'_lxi_Qxixl
18 4718 36 2
_ 0
24

(d*)

We can also use | Example 3.4 at LN p.

to solve this problem.

BEST linear prediction of Y using X :

EX,Y{Y_ (a+ bX)r = EXA,Y{Y_ |:MY +/’%(X— MX>:| } =0 (1—p?)

The equality holds if and only if a = py —buy and b = pa—y.

Ox
1 )
Plug py = 3 My = 18°r = = mto the above equality.

Then we also get Y=

and the PMSE = ﬂ can be calculated in the same way.
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(e)

2
To find argmmE((Y — h(X)) ), consider the following decomposition :
h(X)

Y—E(Y|X))2+(E(Y|X)—h(X))2 2(Y - B(v]x)) (B(v]x) - ))‘X)}

)
YE(Y|X))2‘X> } +E{E((E(Y|X) - }
+2E{(E<Y|X>h<x>) x ﬂ(bmﬂllﬁ)

il

— n(x)=B(¥|x) = # = ar}gg@)@'nE((Y h(X))2) PMSE of

VS S S S
i-<
&
i
E
+
s5!
i
~
=
N~—

X)} >0, equality holds < h(X)=E(Y|X).

1+X 1
s —.

24

(e*)

We can also use | Example 3.3 at LN p.2 — 54 | to solve this problem.

BEST prediction of Y using X :

EX,Y {Y - h(X)r 2 EX,Y [Y - EX.Y<Y‘X)} 2 =FEx [V(LTY\X(Y‘X)}

The equality holds if and only if h(xz) = EY‘X<Y‘CIZ)

1+x
2

By the result of part (b), the equality holds if and only if h(z) =

~ 1+X 1
So the desired predictor is Y = , and the PMSE is also VR
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(supplementary information)

FYT:

The Y in problem 61 should be pronounced as "Y hat".
In statistics, we usually put a hat on a parameter to represent a statistic, which

is used to estimate that (unknown but fized) parameter.

Y in this problem is used to estimate My -

Problem 67

(*) (%)

We may use the law of total expectation and the following equation to find the desired quantities.

(x%)

To show E(XY) = E(XE(Y|X)) = BE(E(XY|X)) :

B(xY) = [ [aufay)dody
://xyfx(m)fy|x(y|x)dxdy

= /x(/yfyx@\x)dy)fx(x)dx E<XE(Y|X)>
= /(/xyfyx(y‘x)dy)fx(@dx E(E(XY|X))
xevey = e = [ (D) -
Also note that 01 2 -
(v]x) ~ v0.0) = BWx=a) = [ Loy —(L) -3

The expected circum ference is
* X
E(2X +2Y) = 2B(X) + 2E(Y) 21+ 2B(E(Y]X)) =1+2 E(E) =1+ E(X)==2
The expected area is

(e

B(xv) 2 EB(B(xY|X)) EB(XB(Y|X)) = E(XQ) - /01 x;dx — (23)
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Problem 75

1
Suppose T ~ Exp(\) and E(T) = X

() (%)

We may use the law of total expectation and the law of total variance to find E(U) and Var(U),
to this end, we need to find E(U|T) and Var(U|T) :

swr=o= [ fu =(5)] =

(U|T) ~ Uniform(O,T) = ’ ’
) t 2 N £2
- [La -G -4

2 2 2 2
= Var(U|T) = BT =t)— (BUIT =1)) = T? B

So we have :
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