NTHU MATH 2820, 2025

Solution to Homework 12

Chapter 15
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(a) Let d; be a decision rule, i = 1,2, 3.Consider

d; Ty T2

dy | a1 ag
d2 ag as

ds | az ay

(Note. You might consider other decisions.)
For j = 1,2,3, and i-th decision function d;,i = 1, 2,3,

Thus,

R(01,dy) = 0.4 x2+ 0.6 x0=0.8
R(6y,dy) = 0.5 x 1+ 0.5 x4 =25
R(03,d1) = 0.3 x5+ 0.7x 6 =5.7
R(6y,dy) = 0.4 %04 0.6 x4=24
R(63,ds) = 0.5 x 4+ 0.5 x 0 = 2
R(03,ds) = 0.3 x 6+ 0.7 x 2 = 3.2
R(61,d3) = 0.4 x 4+ 0.6 x 2 = 2.8
R(0y,d3) = 0.5 x 04 0.5 x 1 = 0.5
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(b)
max R(0;,dy) = 5.7
J

max R(6;,d2) = 3.2 = djis the minimax rule.
j
j

(c) Prior: g¢(6;) = % for j =1,2,3
Bayes risk : B(d) = R(01,d)g(th) + R(02,d)g(0:) + R(03,d)g(03)

Thus,

B(dy) = R(61,d1)g(01) + R(02,d1)g(02) + R(03,d1)g(0s)

=08x3+25x$+57x%=3
' = d3 is the Bayes rule corresponding to that prior.
B(dy) =24x3+2x35+32x5=2%

B(d3) =28 X ++05x++41x =3

15
(d)
f(xa | 01)g(0h) 0.6 x 3 02 1
O [ 22) = &3 = L~ 06 3
i f(ma6;)9(6;)  (0.64+05+0.7)x 3 .
05x% 5
(6] 22) 18x 1 18
1 5 7
h(0- -1 - - = = —
(62 | 2) 3 18 18

Then the posterior risk(PR) for a1, ay and a3 are

PR(a1 | IQ) = l(el,al)h(ﬂl | IQ) + l(92,a1) N h((gz | 1’2) + l(@g,al)h(b’g, | 1’2)

—2><1+1><5+5><7—26

N 3 18 18 9

1 5 7 31

PR =0X—-4+4X —+6X —=—
(az | 22) 3 TR TR T
1 5 719

PR =4 X -4+0X —4+6X —=—.
(a3 | 22) 3 TV TN T

Hence,as has the smallest posterior risk, and is the Bayes action for xzs.

6

If X comes from class A ~ N(0,1),and if X comes from class B ~ N(2,1).
(a) We consider a classification problem between two classes, A and B:

o Class A: X | A~ N(0,1) = fa(z) = ¢(z)

e Class B: X | B~ N(2,1) = fp(x) = ¢(x — 2)

e Prior: my =g = %

made by 2122 - fRX1E B



NTHU MATH 2820, 2025 Solution to Homework 12

e Loss function: 0—1 loss

Here, ¢(z) is the probability density function of N(0,1).

Then the general Bayes rule for classification under 0—1 loss is:
0(z) = arg rrbaxP(Gi | x)

That is, classify the observation to the class with the highest posterior probability.

Using Bayes’ theorem, the posterior probabilities are:

_ Taf(z|A) - ¢(x)
P(A]z) = Taf(x | A) +7pf(z|B)  éx) + d(z —2)
P(B|2) = 22

p(z) + oz —2)

Since the priors are equal and the loss is symmetric, the classification decision becomes:
P(A|xz)> P(B|z) < ¢(z) > ¢(x —2)
Hence, the Bayes rule simplifies to:

() = {A, if p(x) > ¢(x — 2)
lB7 otherwise

In full generality, the posterior risk of classifying to class j is:
PR(j| ) :le‘j “P(0; | )

Under 0—1 loss:

{o, i=j

L = PR(j |2) =1 P(0; | 2)

) L1 i #)
Therefore, minimizing posterior risk is equivalent to maximizing posterior probability:
arg m]m PR(j | z) = arg m]axP(F)j | x)
Hence,using the symmetry and unimodal shape of the standard normal density, we find:
e Decision threshold: z =1

e If x < 1, choose A; if x > 1, choose B

(b) Given that z = 1.5 > 1, the Bayes rule classifies the observation as class B. We compute the probability
of misclassification, which is P(A | z = 1.5):

$(1.5)

PlAl) = o ac0s)
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From standard normal density tables:

#(1.5) ~ 0.1295, $(—0.5) = ¢(0.5) ~ 0.3521

Hence,

0.1295
PA|z=15)~ ————— ~0.269
0.1295 + 0.3521

This is the classification error probability at x = 1.5.
(¢) According to the Bayes risk formula for 0-1 loss:
1 1
Error = EPA(X > 1)+ EPB(X <1)
From standard normal CDF &:
PA(X >1)=1-—®(1) =~ 0.1587, Pp(X <1)=d(—1) ~ 0.1587

Therefore, the total Bayes error is:

1
Error & - (0.1587 + 0.1587) = 0.1587

(d) Assume that the cost of misclassifying class A as B is twice the cost of misclassifying class B as A.
e Loss of misclassifying A: L(A — B) = 2
e Loss of misclassifying B: L(B — A) =1

Then redo parts (a)—(c) under this assumption.

(a) With equal priors 74 = 75 = %, the Bayes rule minimizes posterior risk. The decision rule
becomes:
P(A 1 ' 1
(Alo) 1 _¢0) _1
PB|z) 2  ¢xz—2) 2

Recall that:

¢(z)

O 2+ log(2)
e —2)

~ 1.3466
2

=exp(2r —2) = exp(2z —2) > 2= 22 — 2 > log(2) = x >

Decision Rule:

{A, z < 1.3466
6(z) =

lB , x> 1.3466
(b) Since x = 1.5 > 1.3466, classify as class B. The misclassification probability is:

#(1.5) 0.1295

P(A|z=15)= ~
(A]e ) o(1.5) + ¢(—0.5) 0.1295 4+ 0.3521

~ 0.269
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(¢) Using the new decision boundary x = 1.3466, the total classification error is:

- Pp(X < 1.3466)

N | =

1
Error = 5 Pa(X > 1.3466) +
From standard normal CDF:

Pa(X > 1.3466) = 1 — ®(1.3466) =~ 1 — 0.9102 = 0.0898

Py (X < 1.3466) = $(1.3466 — 2) = $(—0.6534) ~ 0.256

1
Total Error = —(0.0898 + 0.256) = 0.173

5!
(e) Redo parts (a)—(c) with changed prior: m4 = %,71’3 = %
« ¢(z) 2 1 () 1
™A - T xT
—>1= - > —- —2)=> —/—F— > —
5 - bz —2) 3 0@ >3- d@-2 =2 >
This is the same inequality as in part (d), so the classification boundary remains:
2+ log 2
S 2082 1347

(b) Since x = 1.5 > 1.347, classify as class B.

5) 0.0863

2601
- = ~ 0.424
5) + L .¢(—0.5)  0.0863+0.1174

P(A|z=15)= 5

(c)
2 1
Error = 3 Pa(X > 1.347) + 3 - Pp(X < 1.347)
Using standard normal values:
Pa(X >1.347) = 1 — ®(1.347) ~ 0.0888

Pp(X < 1.347) = ®(1.347 — 2) = $(—0.653) ~ 0.256

2 1
Error = 3 -0.0888 + 3 0.256 ~ 0.145

p
ay : chooseH 0
2

as : choose K
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P(X |p)
X=0| (1-p°
X =11 3p(1—p)?
X =2 3p*(1—p)
X =3 P>
X=0 X=1 X=2 X=3
dy ay az Az az
do ay ay a9 as
ds a1 ay ay a2

For a given decision rule d, the risk function is defined as:

=

{1 P(d choose H |p)if p >
Let R(p,d) = 4

L2 P(d choose K |p)ifp<s
The Bayes risk is computed by integrating R(p, d) over p € (0,1).

Because X ~ Bin(3,p), we have

P(X =0)=(1-p)°
P(X =1) =3p(1 - p)*
P(X =2) =3p*(1 —p)
P(X =3)=p°

Rule d;: Choose K if X > 0, otherwise H

e Choose H only when X =0
o Ifp>1/2: risk = 1(1 - P(X >0)) = (1-p)?
o If p<1/2: risk = 2P(X > 0) = 2[1 — (1 — p)?]

Bayes risk:

1/2 1
B(dy) = / 2[1 — (1 —p)°]dp + // (1 —p)*dp = 0.53125 + 0.015625 = 0.546875
0 1/2

Rule dy: Choose H if X <1, otherwise K
e Choose Hif X =0or X =1
o If p > 1/2: risk = 1[(1 — p)® + 3p(1 — p)?]

o If p < 1/2: risk = 2[P(X =2) + P(X = 3)] = 2[3p*(1 — p) + p

made by 2122 - fRX1E B



NTHU MATH 2820, 2025

Solution to Homework 12

Bayes risk:

1

1/2
B(dy) = / 2[3p*(1 — p) + p*| dp + / [(1—p)® + 3p(1 —p)?]dp = 0.1875 + 0.09375 = 0.28125
0 1

/2
Rule d3: Choose H if X <2, otherwise K

e Choose K only when X =3
o If p < 1/2: risk = 2p®
o If p > 1/2: risk = 1[(1 — p)® + 3p(1 — p)? + 3p*(1 — p)]

Bayes risk:

1/2 1
B(ds) = / 2p° dp + / [(1—p)®+3p(1 —p)® + 3p*(1 — p)] dp = 0.03125 + 0.265625 = 0.296875
1

0 /2

Comparison:

Rule | Bayes Risk
dy 0.546875
ds 0.28125

ds 0.296875

Hence, Rule d; yields the smallest Bayes risk and is thus the optimal decision rule among the three.

11

Suppose X ~ Bin(2,p). We compare the risk functions of the following three estimators of p, under squared

error loss:
X X +1 X +1

p1:37 P2 = 3

The loss function is the squared error loss:
L(p.p) = ( —p)*
The risk function is defined as the expected loss:
& 2
Rl = By (60) =) = Y 000) 0 (2] -
=0
Under square error loss, risk = mean square error = Var(p;) + bias(p;)?

p X
® D1 =
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This is the maximum likelihood estimator (MLE), which is unbiased. Its risk function is:

Ry(p) = Var, <§> = i Var(X) = i Lop(1 —p) = p(12—p)

A X+1
® Py = "5+

This is a Bayes estimator under a Beta(1,1) prior (uniform prior). The risk is:

Ra(p) = > (I;rl _p) ,(2)pm(1_p)2—w _ Var(X; 1)+(E(X+1)—p)2 _ 2p(1 —p) +(2p+ 1 )

Using numerical evaluation and plots, we compare the risk functions Ry (p), R2(p), R3(p) over p € [0, 1].

0.12

0.8 Estimator
— R
— R
Ry

R(p)

0.04

0.00
0.00 025 0.50 075 1.00
P
Based on the risk function plots, we observe that:

Each estimator pi,pa,ps performs better in different intervals of p € [0,1], but none of them has a
uniformly lower risk function than the others.

Therefore:
Vi # j,  AR(p,pi) < R(p,p;) for all p € [0,1] and strict for some p

= No estimator dominates another. All three are admissible.
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13

k ~ Bin(n,p), w(k) = (:) pF(L—p)"F, k=0,1,...,n

{17 if the item is defective
Let X = 4
LO7 otherwise

P(X = alk) = () - Sy

Pk|X = z) = - -

(a)
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(b)

15

0, 6, 0s
1|01 02 04
zo 0.1 0.2 0.2

z3 02 0.2 0.2
4 |06 04 0.2

(a)

0 _ f(xalb)p(6h) 0.1x0.5 1
F(Orfza) = S0 f(22l00)p(6,) 01x05+02x025+02x025 3

f(x2]62)p(62) 1

92 To) = = —

T = S alon@) 3

~ f(z2]63)p(63) 1

f(bs]z2) = @3

(b) Under squared error loss, the Bayesian rule to minimize the posterior risk is :

31

Wl =

0=EO|X = z3) = (1+10+ 20) x
AR © B X = 2RO A0, 0, 05 FHIFARE -

10
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(¢) Under absolute error loss, the Bayesian rule to minimize the posterior risk is :

§= (the median of © given X = z5) = 6, = 10

(d)
FOr g, y) = — L@z Tl0OPO) 0.1 % 0.1 %0.5 1
TN e, |0)p(6;) 01X 0.1x0.5+0.2x0.2x0.25+04x02x025 7
f(O2]w2, 1) = f(“’“'%)p(%) _2
Zi:] f(x271.1|61)p(91) 7
bl 20) = sy L~

Z?;l fza, 2110;)p(6;) 7
PREE : tal LLA (a) OO L & prior » B o, Mupdatefz K15 » Fln :

#(a[ca. 1) x 0.1 1
To,T1) = i
T T L0+ D02+ i X047

ol

23

(a)

X1, Xolp % N(p,9),and pu ~ N(0,1)

Pz = [ f e mlpr

_ \/118_77 9#/:’0? p(_Z?zl(;ré—W _%Q)du
= \/118_W)9\/1276xp(2?1_§ i ) /_O; exp(—p® + Tp)du
— (e Z e [ e Lo

ALIEBAT LIRFIE » P (ul) ox £ elp) - m () BRI xlp) - m ()t B D LA B B
JEF)distribution BRI A o

f@r, o zolwm(m) _ 1
flzy, ..., z9) —ﬁerp(—(u—

= ,U/|1'1, .., Lg ~ N(

z)*)

j(,u|:r1, ...,1'9) =

1
3)

N |8

precision=1/Var(p|zy,...xg) = 2

11
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(b) For squared error loss, the Bayes estimate of u is E(p|zy, .., 29)

24

(¢) A credibility interval is posterior probability interval
so 95% credibility interval for p is [% — Z0.025 \/%, % + Zy.025 \[]

[NIET]

)= | BT - wPlmd

| warEm + BGa

—p?)(p)dp

#3))
— p)*)m(p)dp

Eo(R

-G+

N |

X|p~ N(p,0.25),and u ~ N(0,1)

e S
flule) = S8
__ IXwm()
S (X m(p)du
I )
T Leap(—t — L%y
1 1 1,
- \/27r(1/5)6$p(72(1/5) (= 5o))
1

=)

RRGERf (plx) o< f(x]|p)
_ %I

femg Bl L —EAME
HIdistribution B[ 7] ©
For squared error loss, the Bayes estimate of p is F(ul|z)
TEE : fEsquare error loss | * risk function=MSE=Var+bias

12

m(p) > BEHESf(x|p) -

() P ) B BOE 23R B
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Bo(R(u30) = [ B((Ge — w2 hom(ud

e 1 1
= / (= x 1 + — ) (p)dp

The mle of y is x

Bo(R(p.a) = [ B~ wllun(udp = 3

When —% <pu< %7 Bayes estimator will have smaller risk than MLE.
When p > % or u < —%, Bayes estimator will have larger risk than MLE.

13
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29

X1,y Xpn|Ao ~ Exp(Ag), and g ~ T(a, A)

J(X1, 0 XnlAo)m(No)
f(x17 LK iﬂn)

n n AGean(=AA
Agexp(—Ao Zi:1 z;) F(a)z(l(i)“ 5

T n Ao~ texp(=2o)
fO )\gexp(f)‘()zizl xz) OF(a)(X)“ d)\()

AGH — A\
Ajeap(—ho T, ;) st

o0 AT Terp(_ Mo S 7))
Joo = TS

FQolxy, ooy p) =

Aet — A\
Aﬁexp(—Ao Z?Zl Iz)%;)w

P(nte) (Gyi,)""" o gt e p( Ao A DIy =) gy
T()(3)” 0 Tnte) (s e 0

PES L
AN reap(— oA+ X0, 7))
L(n+ o) (5"

PRl B b E—REAHRE > RFTEAf(Nolx) o f(x[Xo) - m(No) * FFELEL £ (x| No) - m(No) T Ao B BR BUE 2R #

H R distribution B ] ©

Therefore, Ag|z1,...., 7, ~ I'(n + a, A+ >, ;) * posterior B prior #B /2
gamma distribution
= gamma distribution is conjugate prior of the exponential distribution.

14
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