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Lecture Notes

E‘;@Theorem (best constant predictor under MSE). %‘Mz [;minimump. z:7
G] Bxy (Y o [ By(Y — 92 BylY ~ By (V]]" = Vary (V)

The equality holds if and only if ﬂy(ﬁ:@,gl—md o Enow A,

Proof. A(Y)=(Y-C)": a Sunction of \Y ‘ Thm in] By (Y — ¢)?
= ) LNp.5-19
Elr_.![m]‘} EI[K(YJI - =TT yary (V) + (uy —0)?
] EyEd R [r e 222 > Vary(Y) =3
vExiv ]H—. RCY) ) s
©®Theorem (best predictor under MSE). o §-24

Gs

ExylY — @]Q > Ex,y[Y — By x(Y|X)]? —'E_X[VarY|X(Y|X)]

The equality holds if and only if g(2)=Eyx(Y|z)._ = O€)  (Fesan
Proof. Exy[Ya g(X)]?

aﬁlﬂCttOﬂ °§X only awcm
= By (U] B (Y1) + By (V]X) g} 5X

= ExylY —_13_‘7.1/|X(Y|X)]2 +EX_Y§§[EY|X(Y\X) — Q(X)K__jv

+ 2 Exy{lY — Evix(Y|X)|[Eyx(Y|X) — g(X)]}
ExylY — By (VX + Ex By (Y|X) — g(X)2 =9
> Exy[Y — Byx(Y[X))*

las€ “="

=0 iff 9(X)=Evix(YIX)

where the last “=" comes from

EX,Y{[Z . EY|X(Y|X)] [EY|X(Y‘ ) g(XMe(wa

p. 8-28

Xi—
@ @ @
[—’@ &%{ Y — BEyx(Y[X)] [Byx (Y]X) — g(ﬁi}
By the law of total expectoti

on (LNp8-22) Listsa co when
Exlf(x.V)]= _E_x_%[ﬁ(xmlg(_] wndt"(:l‘on:e-é on X
important = Ex{[BEyix(Y|X) —g(X)] Evix[Y — Eyx(Y[X)|X]} = 0.
mean 7 | Futhermore, Chor 06 1n 829 L E 1, (vx)-Enixtr1)
,f:ésd{::cbr _EX’Y[Z — Eyix(YX))?
under MSE

= Ex Byix{[Y — Byx(Y|X)]*|X} = Ex[Varyx(Y]X)]

»Some notes for the best predictor in G

R , . |
iG] = EM(Y[CIZ) is the best predictor of Y'based on X, in the sense
Ev(‘;l’)‘ of mean square prediction error Gim:ﬁouk check the graph in LNp8-20

Its calculation requires to know the joint distribution of X
and Y, or at least By, x(Y]x)

. EH_X(Yix) is called the regregion function of Yon X j

BE%
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*®Theorem (best /inear predictor under MSE). (- ¢ @ = P 829

oXx

Ga 2
E’X,y[Y—(Cl,—l—b)()]2 = EX,Y {Y_ [,UY"‘)O){Y_(X_MX)]}

mimumum

. 21 2
_FOY(l :OXY) !

The equality holds if and only if a=£4— by and b=py, 0}/ O, unit=2

Proof. Exy(Y —a—bX)’ ~R(x.Y)=Z

‘> Var(Z) K; Varxy(Y —a—bX)+ [Exy(Y —a— bX))?
=E(z%) = Varxy(Y —bX)+ (py —a — bux)?
-[E(Z)]z >| Varxy (Y —bX) (= setting a = py — bux)
Thm in F'j oy + b 0% —2boxy
LNp8-13]

2 2
OXy , Oxy Oxy
o% | V¥ — 20—+ | + oy ——
g o
X X

)

OXYy

0% (b_ — ) + 03 (1— pky)
Ox

1V

052/(1 - /0§{Y) ( = setting b= U(;\%;/ = &Y o oY — pXY_ )

OX0y oXx

p. 8-30

»Some notes for the best /inear predictor in G,

= Byx(Y2) = ly + (Oxy Oyl Ox)(x =) If (X, Y) is distributed as
b1var1ate normal. Doon 1gesion Adyss &est in G2

" Its calculation requires to know the means, Variances, and
covariance of X and Y«<Es G one reguire more LI

MSE=0 m{urma:éwn

,.if:_"ﬁ?' & Uyﬁgxy) is small if Py is close to +1 or =1, and large if
=Vy

¥ Bv=0 QXY is close to Osf; inkuition ? e Check the conelation |Mnore information
« A comparison of these minimum MSEs plots in No8-7) otter predictor

min,, Ey[Y=(a+bX)]* < min, Ey,(Y=c)* and the equality

CZ' holds if and only if Pxy=0.

%" L@mmg Eyx [Y-g(X)]? < min,, Ex,[Y=(a+bX)]? and the equality

@3] holds if and only if By (Y]z) = £+ (Oxy0y/ Ox)(w—Lx).

% Reading: textbook, Sec 7.6

Moment Generating Function

* Definition (Moment and Central Moment). If a random variable X
has a cdf F', then
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pe = B(XY) = [* 2k dFx(z), k=1,2,3,...,

are called the k™" moments of X provided that the integral converges

absolutely, and

i = EI(X — px)!]

ffooo (x —,ux)k dFx(z), k=2,3,...,

a constant
are called k™ moment about the mean Uy or central moment of X

provided that the integral converges absolutely.
»Some notes.

= iy = E[(X — px)¥]

— Z?:o (lf)(

|
=

iy () (cmx)E X

—3 i k —3
px)P T E(XY) = 30 (5) (mix) T i
" Pk = E(];X_k)k: E{[(X'_,UX)‘HLX]E} Ho=E(X)=1
= Yico () (ux)* " E[(X — px)"]
S (Y ux) . [ae=1) | Himz e g
e (== p N~
= In particular, =T mi=0 I ‘wi <|
E(X) = px=pm, md e T
Var(X) o2

Recall. PG The (central) moments give a lot of useful information
mean , var,

about the distribution in addition to mean and variance, e.g.,
Cov, cor

p. 8-32

X =M
o Skewness (a measure of the asymmetry): py/o° .= E(—@—
expectation] o Kurtosis (a measure of the “heavy tails”): p4/0 l= (

g-u)‘/-
S
smal kurtosis
kurtosis
After
Standardization,
mean=o0
. vanance = |
0
»Example (Uniform). If X ~ Uniform(0, 1), then
M = lek dm:ja
therefore, #x = p1=1/2, and,

/ 2 _
My X

pe — pi =1/3—(1/2)° =1/12.
And, i, = Jo (@=1/2)" da

J _152 2" dz
skewness=0 0, is odd,
kurtosis=1.8 | k%rl [(1_/2)& = (L/z)kil} = { m, k is even.
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p. 8-33

» Recall. How to characterize a distribution?

(1) pdfipmf, (2) cdf, (3) mgf
* Definition (Moment Generating Function). If X i1s a random

variable with the cdf FK’ then —r= S:: ot s oody Sor
&@) — E(é) = ffooo ﬁ dF'x (SL‘) conbinuous case

Y

is called the moment generating function (mgf) of X provided that
the integral converges absolutely in some non-degenerate interval

of ¢. v 7 3 —3
- JOBEIL ot 0B], @) () da
Q:howto|  g(t) S ——F
express a . .
Function ? Taylor expansion Q= Laplace transformation
. Q‘k)lO)r J‘S(x)
k ! ' > T
0O 1 2~ - 50 X Xa =
£t e ? (@ - 1
»Some Notes. cf.
= The mgf is a function of the variable ¢. ie,netall t e R

= The mgf may only exist for some particular values of ¢.
» M«(t) always exists at t=0 and M x(0)=1 e—{Tpm in LNp.-36)

=

N > Example. o

= If X 1s a discrete r.v. taking on values x,;’s with probability p,’s,
=1, 2,3, ..., then i .

Mx(t) = E(e!) = 3772, e'gpi.
» [f X ~ Poisson(A), then for —oo<t<oo,

Mx(t) = B(eX) = 0 efr x £

X [ Aet oo =D (Aeh)* —A et A(et—1)
= e e Y i = —e e’ =¢ :

!

. 14
» [f X ~ exponential(A), then for ¢<A, P of Risson(A€7)
Mx(t) = E(&) = [T el x Ne ™ dx

= () PO e = 2

and M ,(t) does not exist for ¢ > A. t;df‘ afeajamem‘::‘a/(&_@
= A list of some mgfs (exercise) (his must be >0

o If X ~ binomial(n, p), 3 Gt binomial expansion (LNp.5-23) |
Mx(t) L2 (1 —p+ pet)™, for t < —log(1l — p).

STO

=
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<:I p. 8-35
r=1, If X ~ negative binomial(r, p), J-( negative binomial
Geometric expanston ((Np.5-29)

dusbribution My(t) X [ﬁ] for t < —log(1 — p).

‘ 0(=1, t at

ceigpmenﬁo/n o If X ~ uniform(a, D), MX( ):f(ﬁ_—f;)-

:M’“{' 00
) If X ~ gamma(a, A), 70 | ( uae e k% <
vt (%) o<, (&5TO

¥

\‘ o If X' ~ beta(a, B), Mx(t) = Zk: 1 (H::cl) %) S
Fx-)
o If X ~ normal(y, 07), Mx(t) % eht+(a?/2)t* w)QSTO

Theorem (Uniqueness Theorem). Suppose that the mgfs M X(t) and
MY(t) of random variables X and Y exist for all |t|<h for some h>0.

u X(t) - My(t) |.'e. an open nberval dlstﬁb.ch‘on mgf

for |t|< h then—_ - Co“kalml’g Zeso Q -transf
X.Yh . E@
doos ooy Ix(2) = Fy(z) same [~ %—t one.-to

mean X=Y dist. -one
for all zeR, where F'y and Fy are the cdfs of X and Y, respectively.

Proof. Skipped (by the uniqueness theorem of Laplace transform.) N

k

f\

IH~

SR

?5‘“\

p. 8-36

» Application of the uniqueness theorem

» When a mgf exists for all [¢|<h for some h>0, there is a

unique distribution corresponding to that mgf. Find dist. of-

. . . . X|+ i '+xn
= This allows us to use mgfs to find distributions of (_5 C the

transformed random variables in some cases. Thms in

» This technique is most commonly used for /inear LNp8-38)
combinations of independent random variables X Xy ey X X 7

»>Example. If Mx(t) = &g%lt + e +z&§_—1— ; where
p,+---+p,=1, then X is a discrete r.v. and its pmf is

by unigueness {]ﬁ, forx =a;,i=1,...,k,

%ﬂw&,’ '8"3‘; Px(¥) = 0, otherwise.

* Theorem (Moments and MGF). If M M (@) exists for [t|<h for some
hi)’ then y OV rﬂg@dﬁs the |-p{Know all moments = know st
%ﬁ;kg erivative x(0)=1, o oxout %l This explains why

o = the 'nylor
and, B drivative —=(k) [ A it's called moment

Mx~(0) = pr, k=1,2,3,..4 gerermting fiunction.
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Proof. First, Mx(0) = ffooo el dFx(z) = ffoool dF'x(x) = l.aj
C:

Mx’(g) = éMX(t)‘t:o = [ﬁéﬁ de(ZB)] ‘t:Lb': =060
= g (éeﬁw 5 dFx(z) = ffooo (wetﬂﬁ) dFx(x)
= [* 2-1dFx(z)=Ex(X)=m

»Example. If X ~ exponential(A), then M x(t) = %—é < LNp.8-3¢
Because M)((ﬁ@) — Lﬂl’ [ Ther, can waz kth monents
. (A—t)— to obtain mean ,variance,
we ge k skewness, kurtosis, ---,
ﬂzMg(c)(Q):f—i- kth central moments,---

— | &
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