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€ »Example. If a sample of n balls is drawn without replacement ~ -

from a box containing R red balls, W white balls, and N-R-W

blue balls. Let rsa.nemln‘zal:fon of-
n-X-Y| = X = # of red balls in the sample, hypergeometaic <
bia T4 LY = # of whitc balls in the sample,|* | 57 &2 the gereret
. :Ilfs Y =# of white balls in the sample, Lfm"‘ bingmial to multinomial )

then, the joint pmf of (X, Y) is

(R)(W)(N—R—W) xefo,l, R}

z Y

px,y(z,y) = W, |4 eto.r W]
, (”) osX+y<gn

Find F\(Y).
Sol. Because Y|.X=x ~ hypergeometric(n—z, N—R, W),

_ SN _ LNp.5-42

9(@)=Ey x (Y X=2)=(n—2)[W/(N-R)]. P
Because X ~ hypergeometric(n, N, R) = EX(X) n(R/N), and
then Ey(Y) = Ex[Eyx(Y|X)] = Ex[g(X)]
= Bx|(n-X)7%] = 5
R (- ) =

Note that Y~ hypergeometric(n, N, W)

EyExiy=Exy —

?—@Theorem (Variance Decomposition).
For two random vectors X and Y,

ezt | Vary(Y) =Ty (%) Ene(v12)

SEE] L Vary Eyx(YIX)]
within + BxlVaryx(YX)].

Jroup
variation

Var(Y)=?
L+ The concept behind +he Thm leads to “Amalysis o Variance (ANOVA)” in stutistics.
Proof.  Varyx(Yilx) T EY|X(Y_i2\§> — [Eyx (Yi|x)]3,

-NV%-}'Z) and, FEx[Varyx(Y;|X)]

=£o(2'ﬂ)z = Ex[Eyx(Y?X)] - Ex{[Eyx(Yi|X)]’}.
= E(z%) |Also, Varx[Byx(YilX)] =8(X)=2z [came)
-5 * Bx{Byx (X)) {Ex[Bypx (X))}

Now, Vary(Y;) 2 Ey(Y?) — [Ex(Y;)]2
Law of Total| 2

\ ExlBex(v21X)) — {Ex By (YiIX)] 2
Expectation Px [Byx (Y?X)) —Ex{[Byx (X))
+Ex{[Eyx(Yi|X)]*} — { Ex[Eyx (Y:|X)]}?
EX[Vary|X(Y¢|X)] + Varx[Eypg(Yi\X)]. >
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& p. 8-25
» Corollary. Evix(YIX)

= Vary(Y)) > Ex[Varyx(Y;|X)] and the
equality holds if and only if @-v =
Eyx(YiX)=Ey(Y)) their ugighted |

ave
with probability one. -varv(Y) ro—,q % o g_j
Var,[ Evix(YIX)] =0 D 9(2=Evix(Y1x) is o constwet over X almost swely
Sl(lx and the constant is Exfsfx)] ExEvix(YIX)= ExY(Y)"Ev(Y)°Mv 9
;;9:’3) « Vary(Y)) > Vary[Eyx(Y;X)] and the
g( )] equality hold if and only if Q(X) Evix(¥Ix)
AX)=Varyx(YIX)=0 (= Y= EY‘X(Y|X) ) X
with probability or:a—— E,,[V'arw,((‘(lX)]-o 6o =6l = 64 = Oy
% Reading: textbook, Sec 7.5 #',“(X) =0 g g g IOI

Conditional Expectation and Prediction
* Problem formulation: predicting the value of a r.v. Y on the basis of l

the observed value of a r.v. X<—- shrugg elotion or
2
»Data: X and Y (example?j—— & Y ;‘2 :‘/E‘i %;5 ’;é}gtgnﬁ.&d R

éa

p. 8-26

» Statistical modeling: assigning (X, Y) a (known) joint (T5 srknown. ]

distribution (cdf F(z, y), pdf f(x, y), or pmf p(z, y)}— :;Zg;ﬁcal

» Objective: predicting Y by using a function of X, i.c.,
e.9.,Sor example how the

When X =% , use 9(x) - i ips-al, ibucti
to predict value oS Y | 9(X)  predictor ;ﬁ‘;ﬁ& gﬁmfg

» Predictor: considering the following three groups of g’s
(i) G1 = {g(x) : g(x) = c, where c € R}a—{Erat e,
(ii) G2 = {g9(=) : g(x) = a + bz, where a,b € R}

(iii) Gz = {g(x) : g is an arbitrary function}}

best inG. is no worse than best in G,
best inG3 @ : : : best fﬂ«G‘l

» Question: Within each group, what is the “best” predictor?

Note. G1 C Go C Gz

» Criterion: minimizing mean square €rror how to chwose ¢ in G, ?
T b inG?

MSE = Ex y{[Y — g(X)]*} P §inGy?
Why taki —
expectating | [Erue value) predictad value)

error

mean.in.g?

over X ?
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E@Theorem (best constant predictor under MSE). & @nstast § minimum? *
G,

ﬂmchonofx e
Exy (Y —¢)? T Ey(Y —¢)* > Ey[Y - EY(Y)} Vary(Y)

The equality holds if and only if c= Ey(Y) (only need €o Enow Ay

ﬁ

Proof. AY)=(v-C): afuntionof Y | [Thm in] By (Y — c)?
EXY[RlY)] EY [K(Y)] ‘ LNP.E"qP———‘

\(1N>8-22

;l

1%/ EYE,,,Y[IB(Y)IY] R
. LNp8-2¢

®Theorem (best predictor under MSE). m )
ExylY = g(X)P > Bxy[Y = Byix(Y|X)? 5 Ex[Varyx(Y|X)]

The equality holds if and only if g(z)=Eyx(Y]z)., - () (s

Proof. Exy[Ys g(X))? T-[a_ﬁﬂctt‘on of X only | (= Fogion
= BExy (|- Brx (V)] + [Brix (V]X) - g(X))}* [E2h
= ExylY — Eyix(Y]|X)]? +EX‘Y§£[EY|X(Y|X) — Q(X)ﬁ__}
+ 2 Exy{lY — Eyix(Y[X)][Eyix(Y[X) — g(X)]}
Bxy[Y — Eyix (YIX)P + Ex[Eyx(Y]X) — g(X)]2 —=©

5] Exrly - Brx(YIX)) =0 ¥ 9= EmlVi)

last "="
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