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€ »>Example. If a sample of n balls is drawn without replacement ~ 8'23

from a box containing R red balls, W white balls, and N-R-W

‘ blue balls. Let {iw Y~ mitioonial [genealization of (e
";X;;’ X = # of red balls in the sample, ""/Pe’.'ﬂe"m‘b;; < replace
y — . : <— (similar to 9a)em‘cz¢6bn
Y = # of white balls in the san}p_l(?i | Lﬁm’ binomial 4o multinomial
then, the joint pmf of (X, Y) 1s |

R)(W)(N—R—W) xeio,l,-.R%

z Yy

anY(x7y) - ( (NT)l_x_y ’ ge{o,:.---,w}
L osx+gsrv

Find Ey(Y).

Sol. Because Y| X=x ~ hypergeometric(n—z, N-R, W),
o=y (Y X=a =) WV (o2

Because X ~ hypergeometric(n, N, R) = E K@—n(R/N), and

then gy (v) = Ex[Byx(Y]X)] = Ex[g(X)]
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— Ex [(n — X)L] W
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¢f—-G)Theorem (Variance Decomposition).
For two random vectors X and Y,

“betueen Vary(Y;)=Vary.(Y:) Eyx(Y|%)
%\ - v X

ST tVGTX[EYyX(YHX)] .
g | Ey[Varyx(Y[X)]

gup
variation

P <

Var(Y)=?
L+ The concept behind +he Thm leads to “Analysis of Variance (ANOVA)’ in statistics.
Proof.  Varyx(Yilx) T EY|X(Y_¢2\§) — [Byx (Yi|x)]3,

‘N%'z) and, Ex[Varyx(Y;|X)]

=L{z-uf" = Ex[Eyx(Y?X)] — Ex{[Eyx (Yi|X)]’}.
=E(z%) [Also, Varx[Eyix(YiX)] ~=gX)=2 c7_same)
;[larzﬂ‘ Y Ex{[Byx (I X)) — {Ex[Eyx (Vi X)]}2

Now, Vary(Y;) 2 Ey(Y?)— [Ey(Y;)]2

iy b Bx[Byx (¥ 1%)] — (Ex[Evix (VX))

Lhg-22 = Ex[Byx(Y2X)] —Ex{[Byx(ViX)]?}

R““'"EI(M)gélEﬂ(ﬂM) +Ex{[Eyx(Yi| X))’} — {Ex[Eyx (Yi]X)]}?
= ﬂ(ﬁ(Y))
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& p. 8-25
» Corollary. Eyix(Y1%) 4
= Vary(Y)) > Ex[Varyx(Y;|X)] and the
equality holds if and only if @-»
Eyx(YIX)=Bx(Y) g
ave
with probability one. -va:-agtw Cn 5o S O !
Varx[am(le)]-o > 909)=Eyx(Ylx) is a constant over X almost swely )
and the constant is Ex[Q(X)] E<BEnx{YIX)=Ex Y(Y)’EV(Y)‘“Y
v; L Vary(Y;) 2 Varg[ Eyx(Y;[X)] and the "y
x( )| equality hold if and only if Q(X) Eyix(Ylx)

AX)=Varyx(Y]X)=0 (= Y= EY\X(Y|X)) VEE

with probability or?gL—Ex[V'arle(Y IX)]=O O = 6,9 6%y = Oy
n " ] i

% Reading: textbook, Sec 7.5 ﬂ(X) =0 o o o o

,?&Zﬁv‘i‘@,—] Conditional Expectation and Predicti0n<——j

the observed value of a r.v. X+{Fixed] (ndom}— sk relotton or

Lv. A
»Data: X and Y (example?9e—— X| 3 | BE |48 );;r:a?:t?ons'_

L- Problem formulation: predicting the value of a r.v. Y on the basis of

=

éa

YRR | ¥ES

» Statistical modeling: assigning (X, Y) a (known) joint (F5 wknawn.
distribution (cdf F(z, y), pdf f(z, y), or pmf p(x, y)}— |2 stetistical

pmb]em
» Objective: predicting Y by using a function of X, i.e.,
eg -Forexample how the

When X=X , use 9(x) - L iipesal, ibueti
to predict va.lue oY | g(X) -~ predictor m’@’;‘é&"i&% gﬁtw:;

» Predictor: considering the following three groups of g’s

(i) G1 = {g(x) : g(x) = c, where c € R}ariEUE LR,

(if) G2 = {g(x) : g(x) = a + bx, where a,b € R}

(iii) Gz = {g(x) : g is an arbitrary function}}

best in G is no worse than best in &,

bestinGa: : : + bestinGa

» Question: Within each group, what is the “best” predictor"ﬂ
n G‘l

» Criterion: minimizing mean square error how éo choose € i

Note. G1 C G C G34-

@b in G’g?

meming?

MSE = Ex y{[Y — g(X)*} Pt §inGy?
z’gﬁﬁ [true value] [ predicted value)

over X ? error.
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E‘;@Theorem (best constant predictor under MSE). “mgx § minimumt
1%
G| Exy (Y —¢ s Ey(Y —¢)® > Ey[Y — Ey(Y)]? V‘LL(Y)

The equality holds if and only if c= EY(Y) «{only need o row Ay

Proof. AY)=(y-c}*: a Sunction of Y ‘ Thmin] Ey(Y —o)?
= LNp.5-l
Elr—'![mlé EI[K(Y)]I - ikl Vary (Y) + (py — o)
] ESE J[RIY (hp8-22 > Vary(Y) =
vExiv ]H—. ROY) Jary{ (s
©®Theorem (best predictor under MSE). o §-24

Gs| Exy[V —g(X)]? > Exy[Y — By;x(Y|X)]?  Ex[Vary|x (VX))
The equality holds if and only if g(2)=Eyx(Y|z)._ = O€)  (Fesan

Proof. Exy|[Ya g(X)]2 a function of X only 2 Fanction
= 2 0§ X onl
= B AV |- Bvx (Y1) + [Brix (VIX) - 901} v

= ExylY — Eyx(Y|X)]? g Ex|Byix(Y]X) — g g(X)]*

—
eteBe By e e M [ By =g AT

Exy[Y — By (YIX)P + Ex[Byix (Y1X) — g2 =0

las€ “="

>| ExylY — EY|X(Y’X)]2 =0 iff 90)=Evx(YIX)
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