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¢% e Corollary. Suppose that X, ..., X, are uncorrelated and have™™
Xi-...x. | same mean 4 and variance 02 Let X velax oid
, S (X — | condition
—=\_ 2 L=l
E(Xn)-M — Eef'mhon of| _ E (X M)' -62

[E1  then E(Sz) . :S’-‘ad’

M+U

Proof. (n—1)5% =" (X, — X,)?
Itanbeshown] = 37 [(X;—p) — (X5 —p))
that when n-» ) . o —

e | = [ - 0] + [ (R - )
— = 2(Xn — ), (Xi = )] -= n(Xa-m)

Note. Xn £ —— = —
Fm| = [ (X = w2 +n(Xn — 02 - 20(X — 1)?
GarR= % | =[S0 (X - w)?] = n(Xa — 0

Therefore, ~— random —*

|
uncorrelate?)———l Ui=1 R an(xi) =62/ 'TV'M,( Xn)

L no?® —nVar(X,) = (p—T)o>

(n—T1E(S?) = { E[(Xi—u)ﬂ—nE[(X — )%,

= 62/n (LNp.8-13) B»
@ . . . Y+bo p. 8-16
= Note. The previous three corollaries also hold if Y7 2~
X, ..., X, are “uncorrelated” is replaced by
“independent.’;_[.‘. “independence” implies "uncorrelated”
Theorem (,Q of linear transformation). by
o<a<l ™

Cor(a0+a1X b +51Y) _g_(a’lb )xCor(X, Y), Ql
:

Why? | OT(QO_G“ > Yo Y X)| | OT( Y)| Qo=bo=0
1.., |Oxyl 1s Invariant under location and scale ,
changes. [ Gdordrzation] — 0-

Proof. Let S=a,+a,; X and T=b,+b,Y, then .TL-:I”; én,l S -

X
-[ Xﬂ)] Cou(S, T)=Cov(ayta, X, by+b,Y)=a,b,Cov(X, Y),

o [ (e )~ Clhy o)
Sy

Var(S)= a,*Var(X), and Var(T)="b,>Var(Y).
J - .
herefore, ,/5'3@ubr)

1X = Qilly!
=(!£i°'v)
’(“,Y;,',g':")“‘sﬂ(“bﬂp CO’U(S T) _ alblCov(X, Y) _ albl <y
S — osoT ‘alubl‘UXO-Y ’alblw
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Cauchy- b. 817

“’é‘ﬁf’> Theorem (some properties of p). q g,caﬁsuwgﬁgy N
0g[vllien(1) -1 < Pxy < 1. (& |Cov(X,Y)| <oxoy) @\ y g:ﬁajnb
\ [

O s ik ﬁ"“(2) Pxy=*1 +1 if and only if there exist a, b[IR

Ea >
= b
such that PY=a X +b)=1. [ Y=aXsb | ~a
(3) Furthermore, pxy =1, if a>0 and pyy,=-1, if a<0. p(z_:ﬂ) |

Proof of (1). F 8 F 52— Guuchy - Schuarz gty P P(Ef)=0

YU=(U, . Un) . Y=(U1, -, Un)

0< Var (1 n %) % et ke g 1= T [0

s Y S Yo = un)
LNp.8-13 = Va,r( )+Var< )—i—QC’ov(X, Y)
). s G2 i
_ Va;(X) + VCZ(Y) _|_ 9 C’(;U}E)U(Y}/)
X Y - -
o = 1+1+2pxy = pxv 2 —L|Exy)<Edoe
Similarly, (IGovtx e[ (-t v-w e [EToC1R] JET Y=L = 6 6
OSVCW(%—%) =1+1-2pxy = pxy < L.
Proof of (2) and (3). We see from the proof of (1), N
& . N X - 0 p. 8-18
pxy =l Var <E - E) ~ V|dist. -dlﬁumkmfgmu’oong
- di nt
Tir@=0) o p(X_ L) Ukul] e e
z=c dmst | ¢ . mebers in statistics
sunely . for where c is a constant. » paramebers can be estimated
' foy _ by rv.'s (transjormation
(2 wnstant C | & P (Y = Efo"" CUY) = 1. L0 —'Lo_fiﬂ) .
Similarly, pxy=-1 < P (Y ==X T CUY) =1 | Xa %M
2
* Q: How to use expectations to (roughly) characterize the s*=0

distribution of random variables X, ..., X ? g EW:&
- = ynomi.
»g( X, ..., X )—X = E[g(X)]= KX;: mean of X,. 05 X, --,Xn

»g( X, .. X) (X, = tx)* = ElgX)]= UX variance of X .

»9( Xy, .., X)F(X; —px )X —px,) for i j Lg\zndadex—

polynomials |
= E[g9(X)]= 0X,X;: covariance of X and X .. 0S Xi,,¥Xn

»g( Xy, ..., X)=I(X; - ,UXZ-)/O'XZ.][(X]‘ - MX)/UXj] for i# j
= E[g9(X)]= PX.X;: correlation coefficient of X; and X .

» Notes. [ X, O'%(i yOX; X,y PX; X, are constants, not random

% Reading: textbook, Sec 7.1, 7.2, 7.4, 7.9
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p. 8-19

Recall. Conditional cist-| —w Conditional Expectation xer?, \yenzm—;]

WNp. 3-51~59
* Recall. pyx(y[x) or fyx(y[x) is a pmf/pdf for y (y: random, x: fixed

* Definition. For random vectors X and Y, the conditional expectation
of Z=h(Y) given X=x, where h: R™ - R!, is

e Byix (M) X =x) = 0y hly) pyix (v =

in the discrete case, or, = T, 3Pax(31X) ¢ inlip8§-|
F23: R(Y) ( ‘ ) —
AE: f‘wx()'lx)_,% @ me y) fyix(y|x) dy; (3)m(§)l
in the continuous case, —2) —S %f'zpc(élx)d;- « Im b

cond. prob =1
Y=£0)

provided that the sum or integral converges absolutely.
»Some Notes.

- ny[ h(X) | X= X] h(x).
Eyix[ B¢ )] x=2]= SR pSndsndy U lex('Sl")'ﬁ,(g) i
« [f X and Y are independent, then Prix(yid= PY(E o pas:

Eyx (b X=x)3Ey [A(Y)].~] 5 o8 ",’ir‘“v

@ = Let g(x)=Eyx[7(Y)|X=x], where g:R" — R!, then we write
eed] Eyx(h(V)X)

cf. | when x in g is replaced by X (a fixed value replaced by a r.v.).
o Notice that 9 X) is a random variable.

p. 8-20

f(x, y): joint pdf

't(i*i > f(z, y): a joint pdf.
5 a. function
of Yonly | »Fix z” 1sf(:1: y)apdfof ?1.e.,

*'Elele‘x)T f ° ;l

&
>JCHX(MCE )=f(z", y)/fx(w ) 18
a pdf of y since ..
o urve on JoJre afay 5
1(x.Y) plane: fx (x*) -
%f_ﬁlﬂtm e( Y)=Y {—cen'l:er of gravity
€ Y- l‘)i_ﬂ_"‘* “9 o >EHX(Y|J} ): mean of fyx(y|z").

s sz(x*g)dy-ﬂSng)ngw »Do it for any z=z", and get a
> M= §Y S 4)/50) dy = Ev(riz9) o fY—E Y g
B $1x(41%) & §(2%.9) fave same conter unction of & = Ly x(Y'|x) N
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p. 8-21

» Example. Sample a student from an elementary school. Let

X=age (unit: year), Y=height (unit: cm) ¢ ()"
of the student. Population: all students of the school.
&%TSEY[X =z: a random variable (unit: cm) that represents | § 4

of their U the height distribution of students with age=z.

G g(x)= EY[X(Y[X_SIZ) or EY[X(YICB) a function maps
from age (unit: year) to average height (unit: cm)
of students with age=x. Var, (Y)->

&

Note. Ey,x(Y]x) 1s not a random variable.

= 9(X)=Eyx(Y|.X): a random variable because it 1s a
2= function of age X, where X is a random variable.
[Y. 3(9] 9(x):1-to-1 inthiscase » P(Ele(\'|¥)= Evix(v12)) =P(X=x) e
Evo{ ] Note. Q(K):EYT_X(Y[X) is height, its unit is “cm™.

Le@Vary (Y| X=2) & Vary (Y| X) defined similarly.
= E,(Y): average height of all students; (<5}

Vary(Y): variation of height of all students.
Y -

cf.

& ) . 822
* Theorem (Law of Total Expectation). For two random vectors ,,

X (ERm) and Y (ER ) J" ExY[ﬁ(Y)] EYEXIY use Hle ‘ in LNP,8'2|
X{EYyX[h(Y)|X]} Y[h(Y)] Exé!:f)(!)]‘ :: t":"l;s‘:‘t::sm“""‘g
In particular, let A(Y)=Y;, we have S LE
Y|x same mean
Bl By (VX 1=Ey(Y) o [ & Ewelrlz) b

Proof. y ( ‘@a'“ R4

3Hx) Ey.-( Ye) =Exy(Y:)

(only prove it for the continuous case)

P“Y
Ex {Eyix[h(Y)X]} «E)\{u(le)
ercane] = Jem Exix (M(Y)[x) fx(x) dx
ggg = me fRn My) fyix (Y1) dy| fx(x) dxe -Ev'ﬁégl*f
-+ dxdy 1 me )EX (X, y)m dxdy - ExEvix © I-!- SJ—)
E I tzation
xrl LY ] fRn Ixx( X y )|dx] dy genernlizati

f " y mul'hp'u -f‘x_m(xl y) — "
= EBR [h(Y ] ﬁon J' "&(y)dxdy _ ?—EEﬁ[ke(—’Yllf(_]
Y : Np 55 $Eyy<EyEyy = ExExx[R(x.X) Y] N
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