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condition
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Tar(Z=4 | = [Y0 (X —p)?] —n(X, — w2
Therefore, "~ random
(n—1E(S?) = { E [(X; — u)ﬂ} —nE (X, —u)?],
[ uncorrelated Vi=1 L qan(xi) =62/ lTV’an.(Zn)
L no?® —nVar(X,) = (p—T)o>
= 6%/n (LNp.8-13) 2
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= Note. The previous three corollaries also hold if Y| 2~
X, ..., X, are “uncorrelated” is replaced by
“independent.’;_[\s “independence” implies “uncorvelated”
Theorem (,Q of linear transformation). bY
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changes.  [rdardizgon] > 0-

Proof. Let S—ao-l—a X and T= bo+b,Y, then ?N”;ézz e

j% v Cou(S, T)=Cov(ay,+ta,X, by+b,Y)=a,b,Cov(X, Y)
’I-:[‘ Var(S)= a,*Var(X), and Var(D)=b,*Var(Y).
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Cauchy- p. 8-17

%‘ﬁ., ~&s& » Theorem (some properties of ). % g:%«“’%fy (9]
\ [

@"(1) ~1 < pxy < 1. (& [Cov(X,Y)| < oxoy) Y Y=atsb

Qiswit-free 5y p vy = %1 if and only if there exist a, bUR
= b

such that A(Y=aX+b)<1. [ V=aXsb | a7 |

(3) Furthermore, pxy =1, if a>0 and pyy=-1, if a<0. P(Ey)=|

Proof of (1). A 5 o, Gy ~Sunrz T g 'T| P(&)=o

U=(t,"~Un). g..(u;
% u‘ml-KL!zkmm-J_E; Jv?

0<Var (i + l) ' x

— ity ) R - A e

LNp.8-13 [2 Var ( + Var) + 2Cov ((;X : O};)

b var (gg) £ Var

Var(X) _|_ Var(Y) _|_ 9 Cov(X,Y)

= 1+1+2pxy = pxy 2 — L Exvi<Edes
Similarly, (v vy e[t -s e JETutiP] JER Y=oV = 6k Sy
OSVCW(%—%) =1+1-2pxy = pxy < L.
Proof of (2) and (3). We see from the proof of (1), N
& o v X > _g p. 8-18
S (K - E) — D |dist. -dﬁ?umktvms&mmbong
Tan(D)=0<| o p (% B :g> =g, ke -w‘xﬁmﬂ are called
Z=c almoest _j‘ I : ,m\%m%?nsbﬁsﬁcs
sured for where ¢ 1s a_constant. E - param con be estimated
n cons7-(:nn'(: cl = p (Y [ x + Cay> _1 Fixed by viv.s (transformation
' AN L T dda).eq.
Similarly, pxy=-1 & P (Y =-qX + CO‘y) =1. |35 u
s2562

* Q: How to use expectations to (roughly) characterize the -

distribution of random variables X, ..., X ? 3. gm:&
- - ynomi
»g( X, ..., X )—X = E[g(X)]=HKX;: mean of X . 05 X1, ,

»g( X, .. X) (X, = tx)* = ElgX)]= UX variance of X .
> (X, oo X=X, —px (X, —ux) for iz j [ 2"“;;*‘3’(5 o
= E[g9(X)]= 0X,X;: covariance of X and X .. oj-)(u,---,)(n

»g( Xy, ..., X)=I(X; - ,UXZ-)/O'XZ.][(X]‘ - MX)/UXj] for i# j
= E[g(X)]= PX.X;: correlation coefficient of X; and X .

» Notes. [ X, O'%(i yOX; X,y PX; X, are constants, not random
% Reading: textbook, Sec 7.1, 7.2, 7.4, 7.9 =3
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@ [Recall. C:Mnitﬁg“;,Lcs'E;*‘——Conditional Expectation Xer* YeR™

* Recall. pyx(y[x) or fyx(y[x) is a pmf/pdf for y (y: random, x: ﬁxe_]

* Definition. For random vectors X and Y, the conditional expectation
of Z=h(Y) given X=x, where h: R™ - R!, is o function of X

’Fﬁi Pfuixlx) JEvIX (h(Y)‘ H)]— 2yey My) Py ix (Y[X) 4 =)

in the discrete case, or, = 3, 3Pax(31X) + inLNp8-|

%&g fvf,)glx}_.% (h(Y)‘ ) Jpm 1Y) Fyix(y1%) dy,]@) =)
1n the continuous case, E|2| —-S 3f‘z|x(3lx)d§, in LNp@-|
provided that the sum or integral converges absolutely. cond. prob =1

»Some Notes.

Lecture Notes

p819

- ny[ h(X) | X= X] h(x). -
Eyix [BO )| X=2]= R Syl Day L fnx<ab¢>—&xgj \
« If X and Y are independent, then PrixCyd=RY)|

@ = Let g! X)= EY,X[h(Y)|X x|, where g:R" - R!, then we write .

} E Eyx(h(Y)X) h(Yti
cf. | when x in g is replaced by X (a fixed value replaced by a r.v.).
o Notice that 9 X) is a random variable.

f(z, y): joint pdf Sﬂx’;m &2 > f(x, y): a joint pdf.
' ction
of only | »>Fix 2, isf(:z;* V) apdfof ?ie.,
”‘Ele(Yl‘x*) — [ f(a a1
>JCHX(MCE )=f(z", y)/fx(w ) 18
a pdf of y since .. ;
,/ ¢ {o aurve on f—oo f *’y) Y
/ 1Y) plane: fx (x*) =
%iﬁuhm ﬁ( Y)=Y lcenter of gravity
SCH-M)ﬂTH_‘;HJ y >EHX(Y|J} ): mean offHX(y|a: ).
)ay = =
:E(fwg:&ii ;; /5 (x“? di:éé(ﬁ[ m »Do it for any z=2", and get a
Sy Y12 & S2.4) fave sam combr function of & = By (Y |z) N
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« »Example. Sample a student from an elementary school. Let —~—

X=age (unit: year), Y=height (unit: cm) HgY @
of the student. Population: all students of the school.

Y| X=x: a random variable (unit: cm) that represents | §
the height distribution of students with age=zx.

. (x) Ey{x(YIX_x) or EY[X(YIx) afunctlon maps Tafm(\@
from age (unit: year) to average height (unit: cm) Mg

(D:What’s
the source
of their

&

<c] of students with age=x. Vary ()~
| T—
Note. EY[_X(Y[:E) 1s not a random variable.
= 9(X)=Eyx(Y|.X): a random variable because it 1s a

%) function of age X, where X is a random variable.

F-gol | g@Ltelinthiscase & P(EvtVIN=Ewx(¥12)) =P(X=2) (%55
Evfv)|x] Note. g(X)=Ey,x(¥Y|X) is height, its unit 1s “cm”.
Le@Vary (Y1 X=2) & Vary, x(Y1X) defined similarly.

. EX(Y): average height of all studer‘lfs; cf. | oF]

Vary(Y): variation of height of all students.
Y —

& ) . 822
* Theorem (Law of Total Expectatlon). For two random vectors

X (ERm) and Y (€R"), = YE;ﬁ(Y)]'—'EYEle use the example in LNp8-2!

B By ROOIXT = Ey [H(Y) B0 £ melize e maing

In particular, let A(Y)=Y;, we have & Bl I
Y: & Eyix(Y]X) have same mean
Bl Bxn(YPO1=Ex(Y) e

(Pix.9)]
Proof. Q'EIX) EY‘. (Ye) =Exx(Ys) ( %” R(9)
(only prove it for the continuous case) - %--
Ex {Eyix[h(Y)X]} = Evix(Y12)
derdange] = [ Eyjx (M(Y)[x) fx(x) dx
dax = Jon [fan By) Fyix (V) dy] fx(x) dxey E, 881+

E: f me —];@ dxdy

ExxiRY) IV generalization »
XY[ ]Lf]Rn _) [f]Rm fX,Y(Xv Y ,dx} dy Eg?:(:(Y)]
Jn h(¥) P (v) dy (mafeigh r»--%mgirdldy =EEn{fEIX]
— EY [h’(Y)] : IQW 75ﬂ %Ex,-:(L:EyExly =ME E [ﬁ(X’I)li] B
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