NTHU MATH 2810, 2024 Lecture Notes

Expectation Y =3(x): l&""fL\j N
, (LNp 5-13+19

* Recall. Expectation for univariate random variable! 5LNp.6-13~16)

* Theorem. For random variables X=(X,, ... , X)) with joint pmf
pX/pdf fX, the expectation of a univariate random variable Y, where

Y=9(X,....X,), gR'=R],
= =
1s ,
EY)=) ,eyyry(y) (1)
no nee
bue | M%g 21, ) PR(21, - Tn) @)
R Ee_. mﬁla (Z .13 B0 <00
if X, . X are discrete and the sum converges absolutely, or
- — intbion I —
Y oo
EY)= [ yfy(y) dy 3)

T g ) (@ n) dey e ()

% Do, Xn)

if Yand X, ... , X, are continuous and the integrals converges
absolutely.<—| Km [9(%)] Sy (X)X < 0] >
Proof. Like the univariatg case.-ﬂ——EPfOOS: in LNp.5-15 &LNp.6-16 "o
e 1 g R'»>R'
—®Q: What if Yis dlsc.rete and eq _ (x) = xeAcR
M=) X 1o .-, X, are continuous? q {o otherwise

» Notation.

f-——@Shorthand notation. Combine (1) and (3) by writing
Note : cd5 ) SdF(y) =R -FK(Y-)

gf;_ﬁ;ﬁ{s / { 2yey Y py (¥) for discrete case,
gi'— dy, for continuous case
dFu(4) _( Cdf O§ Y ] fY ) ) LOLLILAVOUS )
R4+ o —{Nefe: ORI =T @)
R - ‘:‘-9 zzld combine (2) and (4) by writing > dF(40 fy (hdy
}:j(f_i_th* ) erx g( ) pX(X), for discrete case,
o 1 FLo(X)) = | 9(0) () = .
¢4->0 = fRn ) dx, for continuous case.
Jort cdf of X —
= Riemann-Stieltjes Integral. o&besgule § oy g dPw)
y=9() y=9() Incegral | o
(ogwdx| | 2z ﬁ’awc_ff_@l 74 oy
$3 , N ay <
al TT b a ~ b
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<:I =g(x . . 8-3
e For example, for non-negative g, and (@g. & <df i
) : - . -
£ . hon-decreasing, right-continuous F, téelf_z ;j; P (o x.:])

oy -mlog) 1 () dF (z) = lim Y7, g(@i)[F () — Flei 1))

x
where the limit is taken over all a=z <z <---<x,=b as n— o0

@),
‘egnoga and max;—1,_ (2 — z;—1) — 0.
™ |[Recall. The integra of g over (a, b] is defined as |
7 [Recall. Th I of b] is defined c3
[ § qudFm | | b
= (atmdrm)-$atad fa g9(z) dx—hmz =1 9(zi) (@i — Ti—1).]
§9'0dr)-§goadrn length of (mazdel J

X - 3 <
h]::-\(,‘i%' Tor their colculation, 1t 1 enough to know the margma.l dist.

X g(X,, ..., X=X, = Blg(X,, .., X,)J=E(X) = px,.

apmject{on, A= E[(Xi U ]=
F (X ys s X)X i = Elg(X, o s N EVar(X,) = 0%,
This is aﬁ@ value , no‘L‘ random. ~
» Example (Average distance between two pomts) Suppose that

Jotly distribked—__ X, Yare i.i.d. ~ Uniform(0, I). o Yﬁ:o\)/ ot
Let D=|X-Y], Find E(D). sRg 3
T T g R R i)’ \x(wa)
= The joint pdf of (X, Y) is x=g

Nete. aot 1

hecessasy. _J 1L, 0=2<1,0<y<1, Xy x>y
to derive f(@,y) { 0, otherwise. X
the pdf
of D % D):folfo1 E dydx:fol [fox( dy—|—f —x dy} dx
1 x 1
negakive @i’s| fol [_%(y - x)2‘y=0 + 3y - $)2‘y=fc] o 1
pdiffemce | = [ 3 [2* +(1—2)?] do= g [" - (1 —2)]|,_, = 35
Theorem (Mean of Sum). For jointly distributed r.v.’s X, ... , X,
—= ~a special form oﬁg 3 —
and constants —00 < Ao, al, ey @, < 00 " El Elva) um,mgwu@;
Blayta, X, 0 4a X"b f S 00+ DX Vo, B, )| s it Pk
t.g(x, " ¥a)_ odditi 'l_' ki
Proof. E(ao +a1 X1+ + anXJL eg::wge o5 Why?‘ is ye?::-eja)z ”
Iteschane of | = [L (ag + 171 + - - + Gn®y) dFx(X) [(only need the
m\—egmdc\?n. & 3 y magmal d-st'
summation, " — f]R” ap de(X) —+ al fRn&de(X) of X,
"=" quarante v\ v | nOE
oy dbtclare o O Jpn T I () 806 x=X @W”“;.‘fé’&é‘i
CM'W) = ap-+t a1E(X1) Js e ClnE(Xn> Lan(Xn,'",Xn)=Xn B
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éa

—E(Xn) Let eg_ X, - o

» Corollary. Suppose that t=E(X, )—
one cderthcally

X, -X)| = K )
ga Y.V.l r‘Xn X1t +X” ,~=Qo=0, Ql-Qz=---=0.n=-.%- distributed
then, E(X,) = u. T es. (FFoon _ E(X)=M

ofF mean|™
Corollary. If X and Yare r.v.’s
with finite means and

X < Y)=1 "X < Y ‘with ubbab\l\’cy onQ
Ax=2) ’J_ or almost su,rely_4_j

P(*same property")= 1 > “some property”.

Proof. First, if Z is a random variable with finite mean and

PZ>0=1l+Z<Z= 0" Witk probability one
or almost surely

then E(Z) = fo & dﬂz’jﬁ = OJ'U:(Z.)-O when z < O)
For the general case, let Z=Y—=X, then Z > 0 with probability
one, and therefore, 0 < E(Z) = E(Y-X) = E(Y)-E(X).
l » Corollary. If P('a < X 'S b)=1 for some constants a, b, then
P(x-220)-Ip0<E(X-a)=EMX-a]"q < F(X) < b. <{ntuition) >

f(?&%ig
Y- oEEE

then B(X) < E(Y).

* Theorem. If two random vectors X (€R™) and Y (€R") are

Lecture Notes

independent (i.e., Fyxy(X,y) = Fx(X)XFy(y), or
chan.
sredz] | Sxx(X Y)=fx(0xfy(¥), or pxy(X, Y)=px(X)xpy(¥) ),

f} y then for g: R™—R and h: R"—= R,
QH fjeeI_l or g. an
ofE&T E[g(X)Xh(Y)]

ElgX)IXE[R(Y)]

Note g(x)& £A(Y) ane
J— independent:. (LNp7-24)

Proof. We only prove it for the continuous case:

Elg(X me fRn Y)fxx(x,y) dydx
o me fw o )fy( avix EZEL
)~ e 9l UR” fx(y) dy]dx — ﬁ::s oj :.
E(xe % | = [Jam 9( x) dx]| URn y)fy(y) dy| [wnstent SorX
=E(X) E(Xa) -E{Xn)

qenliztion E[Q(X)]E[h(Y)]-

srael  B(XY)REX)XEQY).

Proof. Let g(X)=X and h(Y)=Y.

Corollary. For 2 independent r.v.’s X and Y,

independent; ;(: uncorrelated

This is called
¥ 3 and Y ane uncorrelated”

T check 3.1 L0p 8-8
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1 ] . 8-7
»Q: For independent r.v.’s X and Yie—— cf |, R : concave ﬁncﬁo:;

9 f‘}'ﬂ“g’:ﬂ*ﬂl— (convex?)
E(X/Y)%E(X)/E(Y) | like a+bY E[R(Y)] < R(ECY)

X [ 1 indep,
E(3)=E(X-~7) " ab g ome
I

= E()E(+) 2 EX) vy
» Note. E[h(Y)];th(E(Y)) in general, e. g .
Are A& E —J E(/Y) # I/E(Y)
Ch ab/ ‘) convex ,Yso
g ﬁ(ﬁ)=?" —{ooncave gd
Covariance and Correlation between 2 random variables b

T goint distribution
Rocall: » Definition. Suppose that X and Y are two random variables with

mean & | finite means gx, é’y and variances 0,2, 0y 2, respectively.
variance — — > | |a-bed
LLet gla. y)=(z=4x)(y=14); Thon ———{ Theyy can be caleu

(defined

in terms —= 1) | Srom the maginal
9:R* >R l om e A
| of E) Cov(X,Y) = Elg(X,Y)] | distributions of X &Y.
- Fixed value,
iﬁ:‘“@fﬁ?ﬂ; 7 El(X —ux)Y —py) ot random
L&t is called the covariance between X and Y, denoted by UXYJ
—_ -:H:‘ = %&L B
¢2FB 2.The correlation (coefficient) between X and Y'is defined as "
& —
{%% COT(X, Y) = ny/(dey) sﬁwwdard deviation

—_— r 3 9 (INp .5-1b, 6-14)
and denoted by pyy-
3. X and Yare called uncorrelated if Pxy=0. <> wvx. =0

= A special case of covariance:
Cov(X, X) L Var(X). — — E[ (X~ XX~ )] = EL(X-44]

Ty=xX
» Intuitive explanation of covariance and correlation

PR ovariance is the average value of the product of the deviation
l;’[’(xw;;:% of X from its mean and the deviation of Y from its mean.
- check the Iségmph, in LNp 8~ ‘?I

ovarlance 1s a measure of the Joint variability of X and Y, or

their degree of association. whether YT Cor Y1) when X T
not necessarily J €3 X:height , \Y: weight
a causal relationshi g TS

@)’sitive Covariance and Negative Covariance

Jrawback : covariance depends on the unit/scole o X & Y
eg hugH: m ——) cm ,|covariance| 10* times larges
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<:I \( p. 8-9
© @jl e )
e
(Xt Y- ([ 20 Yoiky peaiave: AQ ‘ .
D NP % Yhyreatme O QSR . (5
(»u"} MY) ?061%% 2090

COVOTOING_ COVO\ BN (:Uvo.r\omca

= Correlation Coefficient is unit free. (why? ) check its definibron:

Gxy
n Corrdatmp coefficient measures the strength of the linear l v
relationship between X and Y. '

J[@Theorem. Cov(X, Y) = E(XY) Lty <SE>cor(X.X)=Var (O |

Proof. Cou(X,Y) = E[(X — ux)(Y — py)]  L=EC)-Mx
cov=o l__ — E(XY —puxY —puy X
© EXY)=EX)E(Y) ( ﬂé ﬁ-ﬁ T M—X&M—Y) constants
= EXY) - uxE(Y) — py E(X) + pxpy
= B(XY) — pxpy — pxpx+ pxpr o
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