NTHU MATH 2810, 2025 Lecture Notes

Expectation Y =3(x): I&"ﬂﬂ—jp' N
(LNp 5-13~19

* Recall. Expectation for univariate random variable: = LNp.6-13~16)

* Theorem. For random variables X=(X,, ... , X)) with joint pmf
px/pdf fx, the expectation of a univariate random variable Y, where

m RN 1
e Y=g(X,, ..., X)), g.&%&,ﬂ_whv >

(1)
ey i) (2)

> 13| B .00 <00

. , X, are discrete and the sum converges absolutely, or
—

EY)= [ yfy(y) dy 3)

fo need | ———
to use 3 ffooo---ffooog(xl,...,xn)fx(:lzl,...,xn)dq;l---da:n (4)

Sned @0
if Yand X, ... , X are continuous and the integrals converges

absolutely.d—-ﬂmn [900)] 5 (X) dX < o0 N

p. 8-2

Proof. Like the univariate case. -<—£P"°°5: in LNp.5-15 8LNp.6-16

= 3R>
—®Q: What if Yis discrete and qj—[je 3. Ve 1, % xeAclR?]

=@ X,, ... , X, are continuous? 0, otherwis

l |
» Notation.

—®Shorthand notation. Combine (1) and (3) by writing
Noke: it IR =R(-F(¥-)
2yey Y Py (y{S

is defined for discrete case,

Erg_ngrv.'s / { .
dF (4 ( #cdf o5 Y o fy (y) dy, for continuous case,

=R (4+) Nete: AR 1q =T, 4)
Fi g) and combine (2) and (4) by writing = dF ()= £{ () dy

;’:;’(ff<Y$#_z_) Doxex g( ) pX( ), for discrete case,
y Elg(X)] = g(X) alx(x) = ,
dy->0 C;_f—:nb o X fRn ) dx, for continuous case.
i [«
= Riemann-Stieltjes Integral. ofﬂbesgule (-m §q 3 dPW)
- y=9(z) y=9(z) Integra
vodx | | a2 A
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éa

y=9(x) ) . ca. a cdr p. 8-3
For example, for non-negative g, and g

. hon-decreasing, right-continuous F, ﬁ{l;_t‘ ;f_, P(Cxe- xz])

o =meogd [0 g(2) dF (x) = lim S7 | g(a)[F(25) — F(x;1)]
Ju 9 o g

x
where the limit is taken over all a=z <z <---<x,=b as n— o0
r—i-————'

y:_%n(o'w) and max;— 1,. (%Z T;— 1) — 0.
7 TU " |[Recall. The integral of g over (a, b] is defined as E
[Sqo0dron | ——— I
] | 2 o(@) do =lm S o) (s — i )]
= {ateodr)+ | Toodrn) a T = of et S »

Xa, - _ _
12[--{\(&%%1:@. Tor their calculation, T is enough to know the mo.rgmal dist.

X g(X,, ..., X,)=X,= E[g(X,, ..., X,)[=E(X)) = px,-
a projection ] A= EL(Xi =l V=
i r-_,g(Xl, s X)X px P = Elg(X,) LX) Var(X,) = 0%,
_ This is a fixed valute no‘b random. ~
» Example (Average distance between two pomts) Suppose that

ntly distributed Yare 1.1.d. ~ Uniform(0, 1). X9 Y1)
oy dstribted—_ X, ¥ e I xvineR
Let D=|X-Y]. Find E(D). Yz)’% R ”
QXYY R> —> R R
« The joint pdf of (X, V) is e
Note. not 4
Decessary f(xy): 1, 0<zz<1,0<y <1, x<g x>Y
to derive ’ 0, otherwise. X
the pdf
of D. % D):folfo1 E dydx:fol [fox( dy—|—f —x dy} dx
1 x 1
ey Rl R VRN NP %<y—x>2\y:x] o
difference | — 01 % [mz + (1 - :1:)2] dx = % [J:3 — (1 - ZC)B} |i:0 = %
Theorem (Mean of Sum). For jointly distributed r.v.’s X, ... , X,
—— a special form af-‘g L3 —
and constants —00 < ao, Ay ovny @, < OO > EV) E‘Yn) Note, They can be any
Yi= v 'S with fini
E(a(;+'&_3(_'+ '&T‘) $ a0+'51—E_(_X—)'+ +'a_E_(X_)'¢ r;’;:;’*?; e J
t‘L"Q(Kn - Xn) /s o
Proof. E(ag+ a1 X1 +---+ anXJL ?zwg °5 lwhy? %ﬂ "
I«;:;;‘:"ee;& = Jgol(ao+a121 + -+ anxn) dFx(x) | (only need the
\ on h
summation u E Jn @0 AFx (X) + a1 [o, 21, dFx (x) ﬁ';}—“%"&'diﬁ
(*=" quacante vy | ot o
by aEso\wi'Q + - Fan fRn Ln dFX( ) G0, Xa)=X, knowmlr};;.;‘:
convers ) = ao+CL1E(X1)+°“+an ( ) Lgn«u--Xn)-Xn 2
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@ #-@Corollagg Suppose that f~E(X, )— =F(X, ) Let eg.Xi, - - Xn

p. 8-5

k%) o~ ¥V x, ane identicall
galr.v. X, 3 XidtX, —»ao=o,a.._az=---=an=+b- dutnbuteoly

then, E(X,) = . Lk {definibion] E(X)=M

o mean
Corollary. If X and Yare r.v.’s
with finite means and
X < =1 “)<<Y with pfbhlb\(\w one
AX < Y) ’J— or almost SOU'EILC—\

P(“same property”)=1¢5 "sone progerty”

Proof. First, if Z is a random variable with finite mean and

Z > 0)=1, “Z=0" with probability one
A ) or a};mos& s‘zfelt/

then B(Z) = [ ¢ d&ﬁﬁ > 0. ==y=0, when =<0)
For the general case, let Z=Y—=X, then Z > 0 with probability
one, and therefore, 0 < E(Z) = E(Y-X) = E(Y)-E(X).
l » Corollary. If P('a < X 'S b)=1 for some constants a, b, then
P(X-a=0)=(plo<E(X-a)=E()-a[" ¢ < E(X) 'g b. ‘-‘I"_—*—‘“E B

then E(X) < E(Y).

* Theorem. If two random vectors X (€R™) and Y (€R") are
independent (i.e., Fyy(X,y) = Fx(X)xFy(y), or

exchwngc

of E&L Jxy(X YE/x(X)X fy(¥), or pxy(X, Y)=px(X)Xpy(y) ),

‘fi E then for g: R"—R and h: R"— R, gR:R>R{Note () & £(Y) ane
e independent. (LNp T-24)
ofE & E[Q(X)Xh(Y)] E[g(X)]xE[R(Y)]. :

Proof. We only prove it for the continuous case: [* iﬁt‘h}” _r:‘f:&;:‘;cm‘

Elg(X me fRn y)fx.y(x,y) dydx
AL ’ - me fRn ( )fY( ) dydx ngmu%:fo;x
o = ] - Sunction of Y
?mfcpmdmt T me [fRn ) y e = 4
E(Xexdn) | = [ Jrm 9 x) dx| | fRn y)fy(y) dy| |wrstant forX
o = E[g(X)]E[h<Y)]- s 22 it

Corollary. For 2 independent r.v.’s X and Y,
ange | E(XYV)2E(XXE(Y). This is called
SE&T BADBAPED) *X and Y ane uncorrelated”

Proof. Let g(X)=X and h(Y)=Y. T check 3. 70 10p.8-8
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»Q: For independent r.v.’s X and Y, <% LR +concave Wo‘ﬁ

linear
*jmf:n*m (convex?)
E(XIY¥EX)/E(Y)? |l asby Efon] < £(E0)

E(é—) =E(X- _\l._/_) (x ﬁ;;)mﬂep.
£(ay) RN

£ EX)-E() 2B By
» Note. E[h(Y)]2h(E(Y)) in general, e.g.,

J $ ...'.....n 2,
Are AE&E | EQ1/Y) # 1/E(Y). i) Y
ex.cha. able? convex, Y>o ? ﬂ(Y)
7 U freo- T T cn gv) Z
Covariance and Correlation between 2 random variables
T Joint diskribution

Rocall: » Definition. Suppose that X and Y are two random variables with
mean % | finite means gx, ,{&IY and variances 0,2, 0y 2, respectively.
— 3 &

i e TR e e
S @ | distributions of X &Y.

Cov(X,Y) = E[g(X,Y)]
e 5 El(X — px)(Y — py)] ot rondon
(& | 1s called the covariance between X and Y, denoted by ng.J
= = xT@r = »
¢$Bl§% 2.The correlation (coefficient) between X and Yis defined as "
(A2 Cor(X,Y) = aXy/(Jggag) mﬁ-lﬁ‘ﬁ'u)

and denoted by QXY'

3. X and Yare called uncorrelated if py,=0.<%E> covix,Y)=0

= A special case of covariance:
Cov(X, X) EVar(x). — EL¢-MXX-4]= EL (X~MF]

— =X . .
» Intuitive explanation of covariance and correlation

o ovariance is the average value of the product of the deviation
ﬁ(ﬂ;;;;%] of X from its mean and the deviation of Y from its mean.

check the st iuph/ in LNp.8-9
&ovariance 1s a measure of the joint variability of X and Y, or

their degree of association. whethes Y T Cor YV) when, X1

not T "o .1 o
[a cc:.\::;si'g:d:‘tloushi _T ¢ X: he«gh‘l: > V¢ weﬁH’

@sitive Covariance and Negative Covariance

drawback: covariance depends on the unit/scole oS X & Y
€9 heght : m — cm , |covarlance] 10* times larges N
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& p. 8-9

@ @ v X- U PCE\E;\;Q_
X X~ nagative
(X=X Y =My X: Y-My posttrve, JQ @@
i woy Q% uy)

(,L{x : MY) ‘)DS‘:-L)U'Q. 2exo

CovoiouQ,  COvO AR t:Uvo.r\omce_
= Correlation Coefficient is unit free. (why?)eH check its definibron:

Oxy
n Corrdatmp coefficient measures the strength of the linear I oy
relationship between X and Y. ® '

ﬁTheerem. Cov(X, Y) = E(XY)~ ity <S> cor(xX)=Var 0O |

Proof. Cou(X,Y) = E[(X — ux)(Y — py)]  |=ECC) -4
cov=0l__ — PE(XY —puxY —puy X
& EXY)=EX)ELY) ( pxY —pya+ pxpy) constants
= BE(XY) - puxE(Y) - py E(X) + pxpy

= B(XY) — pxpy — ppx+ pxpy N
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