NTHU MATH 2810, 2023 Lecture Notes
s »Example. If X and Y have a joint pdf examine whather p- 7-55
f(z,y) = W;‘rws a geint pdf.

for 0<x, y< oo, then

— [ 1 <1
o F(@Y) dy=—mrrye|, = aror
for 0<z< 0o. So, Ffed o0 2(14a)?
{Z’uﬁ_(g‘x) fx(z) = (+a+y)®?
o 2(1+
ad, P(Y > X =z2) = |, fﬂ—fb £l
’ ax) _ (1+2)° | _ _(+a)°
XXz )= ~Oretw?|,_, = Gretep

be similarly generalized to the case in which some random variables
are discrete and the others continuous (see a later example).

Recall. The 3 laws in LNp4 -11~13 | P(Ain - An)=P(A)PAalA)- -+ P(An] Arnr-NAn)

Theorem (Multiplication Law). Let X and Y be random vectors
and (X, Y) have 2 ]01 M Jxy(X, y)/pmf py y(X, y), then

4 = x
Qu%‘pXY (x,y) PY|X(YIX) x px (%), ot Bl >)<»> Beox
similor extension &,W(XZIXI ®-

fxvy(x,y) = fY|X(Y’X) X fx(x). Prnlpi.sp. K126 . X0-1) N

D. 7-56

Proof. By the definition of conditional distribution. S PEIAIA(A
Le pmf (LNp 7-51). pdf (LNp 7-53) PE-EH pirt?ti(n_f)
* Theorem (Law of Total Probability). Let X and Y be random

vectors and (X, Y) have a joint pdf fx y(x, y)/pmf py y(X, y), then

,E*wir;[:’ipy YT prix(ylsex(), orT e
int
P(Y=Y) 7, P (Y fx () dx. @y
ira
partition | Proof. By the definition of marginal distribution 4
! d the multiplication | R %
P(a) ¥ pye) [aNd the multiplication law. Pﬂx(#lx.) f l;vux(#l’Ca\
ors vix(41X2)

* Theorem (Bayes Theorem). Let X and Y be random vect
and (X, Y) have a ]omt pdf fx y(X, y)/pmf py y(X, y), then

' R(Y)

J"‘"‘t Py x (Yx)px (X - e
lf‘ﬂ‘““ pX|Y(X|yy35|Z°° _ pyx(Y[X)px (x)] OF gont prf: |
meam P (y)"' - ‘
fylx(.‘>’|><)fx(X)t-u Y J— ”‘3 B

Pex(x,Y)
A D (XY = T o ax Avtale) A
L LRu(4(x3)

Proof. By the definition of conditional distribution, Rix(4/%2)
multiplication law, and the law of total probability. Fix(8/X1)
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Baf:@Example < g%&m&m&l s o757
estinatin| | S s st % ond @ (LNp.4-14)

} Suppose that X ~ Uniform(0, 1), and j{@ Yi, -, Y indep.? Ja-
o L 0y TV o) 10, O

Yoo Yaodserebe | poy i xc (Y1, - - o Ynl) = ¥t F0n (1 — x)n_(yﬁ...ﬂ,n))\\

‘Lﬁ- d after Ist stage |
for yy, ..., y,€{0, 1}. ¢ Tj_-——ﬂwlstsﬁge cf.

goint; dist | = By the multiplic/a;tion law, for y,, ..., y,€1{0, 1} and 0<z<l,
a mix of Xext(ax2)—; . n—
me & pdf pY,X(y17 sy Yny, L '_)_i‘mf—%:—i_ +yn( 33) (pat _{_yn)——*Ax
Suppose that we observed Y;=1, ..., ¥, =1. (or Yiz4., -, Ya=4n)
._.— L oy wtr
?nfo ;:ge are [a By the law of total probability, : l<1= % ; °
probable?rp Yl =1 .. . Y. = 1) :py(l,...,l) &(g,
JkuL(n-ks‘) k! (n-K)!
masgina.l fg pY|X 71‘x>fX<x)‘ dil?_ j F(nt2) . (H)!
dist. of 1 , L (exe\;ose)- (Z4) l(n-ggg,;)g
Y. Y — fO r" dx = n——i—lx 0 — n+1l- { (n+1)! B

p. 7-58

. = And, by Bayes’ Theorem,

Yoint ’ r(n+2) (o)) =1
mis.\m' fi%l (z|]Y1=1,...,Y, = 1) Ty e S
AARER) | V-
E(XLYH RER ) pY(l, S PYIx(l ||x)fxmdx wpdate
n+2 | for 0<z<I, 1.e., X|Y L...Y=1)~ Beta(n+1, 1).¢—————

Why is X L (cf., marginal dlstrlbutlon of X Uniform(0, 1)=Beta(l, 1).3~

still random?
= If there were an (n+1)* Bernoulli trial Y., prafoblr*y of gettmg
Yo [Vt Yol v B 1" after we know
P(Yn_|_1 = ;‘Yl = ]., «5 3y Yn = ].) YisVaz ==

P(Yy=1,...,Y, =1) 1/ (n+1) |n42
Why not X ? |

pl B0

exercise)

@ Yo 3 Bernaulli(3)
(exercise) In general, it can be shown that
XY=y, ... ¥,=y,) ~ Beta((y, +---+y, )t L,n—(y,*-- +yn)+1)

t’E‘()('Y =Y, Ya=Y) —(;-.gt”)/n...z < a Bayesian estimator of X.
* Theorem (Conditional Distribution & Independent) Let X and Y be

random vectors and (X, Y) have a joint pdf fy y(X, y)/p_f Px (X, ¥).
Then, X and Y are independent, 1.e., N

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2023 Lecture Notes

&|XCYIX)|‘&X)—]?X Y y) pX(X) XDy (Y), or p. 7-59
Txx () = @) x (¥,
if and only if . T

BCY(X‘”=pY|X(y|X) = py(y), | or examine whether the

P (X) f,- » Ya)in LNp7-58
OO pyx(y) = frly). | (Y el

Proof. By the definition of conditional distribution.

» Intuition.
= The 2 graphs about the joint pmf{/pdf of independent r.v.’s
in LNp.7-27

L-—>(929Y|X(YIX) or fyx(y|x) offers information about the

distribution of Y when X=x.
A .

py(y) or fy(y) offers information about the s
distribution of Y when X not observed.

—
+ Reading: textbook, Sec 6.4, 6.5
atly disbri v — ki
e e —>{ transformation
@ . — Xotko o (mubually) V= gx) R
) a rv's —3
orinal s XA Joinke-marginal+indep. Joink dist.of Y
- emethod of event
a‘omb d-'sl: P.(Ai3---xAn) [0S emethod of cdf |
x('_—i)_ poduct] o method
i"’* "mwﬂ‘"al LNp.3-5~6.(i)(¥) 280 %R (Ad) =t o method :;‘F ps
Joint ¢ margonal [lloLnp 3-8, (vi) ~ A . F maf
marginal cdf > > o
Y actert (Np.3-F. (Tii)) w(f"mmh‘”)mm \ Application
.:?g.o?’*d‘g‘.‘t ?IQ LNp.?-8.(@)-(C) P(Atu % "Anl A 1&) o Z2X+Y
r jO“l-t Cdf‘— ; 8 ). PlA)-}:&M = P(Aml"‘"“ Aﬂ) ; msm‘ em’
m Jorot pmfs We.? ’:fm) examination of ndgp . i"’f_wu' Noomal
Thma-n Joiat pdf e LNp.2-10.(242) ° joml: cdf T mrg‘mj P“f 2 ;);-/:
]
a2 af, g mgt [ [oiko 710, s, o 3 pis Exponertial
rlm in l.Np 2.10) ® P (11, 22)=9,0) %% Gal%n) *Z=XY
— - Fx, %) 2,06 * Gal0) ‘ o Y= X/xexa
émum-umn.p....-.p.%r—m w Gamma s Beba,
generalization, [ *Xment sad i 'm““ Ral preserve! |, order
of binomial Pre -+ Pemal indep. (Thm in (Np.7-24) || statistics
(m=2) Borautation TnE pmf
3 useful formula
conditional prob. omultiplicabion law : ot = (T condibional)x marginal

* law of total prob. : mangial < coaditsonal

cmd—iﬁ%nvnl dist co'dtaé? ol 5o A *Bayes Thm : R ¢¢) B (x1%) conditional
@¥ "f@ maramal pas J{ conditional dist & ndep _] mﬁi:p;l ’yvs
T > Tndep.,

made by S.-W. Cheng (NTHU, Taiwan)



