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S (Y) = fx(g” (YD) x |J], o1
for y s.t. y=g(x) for some and fY(y) =0, otherwise.
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It then follows from an exercise in advanced calculus that
YW yn) = 5o g Py (Y- -5 Un)
o o , n J
iy DO wn Y x| (i

oRemark. When the dimensionality of Y (denoted by k) is :]
less than n, we can choose another n—Fk transformations Z

such that K- dam—'; & (n- -k)-dim —
n.-d.m—-,___g,,Z) 9(X) l —""Rd" g exists.
satisfy the assumptions in above theorem. g differentioble

@ By integrating out the last n—k arguments in the joint

pdf of (Y, Z), the joint pdf of Y can be obtained. T
£ — by Thm in Np.7-10 it
= Example. X, and X, are random variables with joint pdf{rvs

9=(3,,9,) jz(_ﬂrzl » &) Find the distribution of Yi=X /(X +X5). = (% %)
(R*>R* oLet XZ:XlﬂZ’ then t- Emer-éran when X;20,X220

B
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| :\
Ja X1, %) L) = Y1y2 = w1 (Y1, Y2)
add one more . B |
bransformation Ta= Y2 — Y2 = w2y, Ya)-
. w ow ow ow
Since g_yll = Y2, 8_y21 = Y1, By, = —1Y2, D1/ :]__yl7
determinant absolute value —
JZ‘ _y;Q 1313/1 | Y2 — Yryz +Yrya = Y2, and [J] = |ya].

Therefore, fy(y1,y2) = fx(Y1Y2,y2 — Y192)|y2|,
and, fyv,(v1) = [T fy(v1,y2) dy2
f fx(Y1y2, y2 — y1y2)|y2| dyo.

S m'j‘(x‘)f"‘(x’) (Z [ fx (y1y2) fx (Y2 — yiy2) |ye| dys
when X; and X5 are independent)

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2023 Lecture Notes
&

= Theorem. If X, and X, are independent, and

p. 7-39

X, i X, ~ Gamma(Q,, )_6, X,~ Gamma O(;A),
21 then ;=X /(X,+X,) ~ Betala,, azy __..Tw

o x,«.expmenln‘al(l)
Y% .. . ~exponential (A)
v Proof. For z,, z, > 0, the joint pdf of X 1s 2 i~ Owform(0-1)
=X oy -1 _ ag -1 _
J}m“l_%"xmu fx(x1,22) = P?al)a?(lll e~ T x —IQOQ):B;? e~ A\T2
ith  olath _ A1te2 oy 1 as—1_—A(zi+
123‘?\(" I 23“* — I‘(al)r(a2)x1 1 $22 e (:IZ1 :132).
)K 1 [}
> x.«-xy So, for 0<y,< 1, [':F.‘.’:-!!.(g 42) o i($)3a(42)

P () = 2 T, (y1y2) Fxca (2 — v12) e dyo.

o0 a]to o — g — e
= o |reorasy Wiy2)™ (g2 — y1y2)®2 e M2 -y dys

_ Tlaatas) ar—1/q9 az—1 df of Ya ie
=< - o)l (az) Y1 (1 yl) P =TE
E(v)= 3L~ T( o)oF( /\a)lw2 DN L\/rép,mm(o(.»fa;)%

paf of *Jo T(aitas) Y2 ¢ "y

)
_ 'y 4o ay;—1 Q2 — Pdf o§
Be'h(dl,dl) = W Y1 (]‘ — yl) : 1‘ érammq(lxl“‘dz,l)

and fy, (y1) = 0, otherwise. [ (exercise) Y, & Ya are indepondent

» Example. Suppose that X and Y have a uniform distribution™"*
over the region D={(x, y): x*+y?><1}, i.e., their joint pdf is
fxy (@,9) 5 71p(@,y). w18
=1
9. Find the joint distribution of (R, ©) and examine whether
% R and O are independent, where (R, ©) is the (2.4

polar coordinate representation of (X, Y), i.e., V
6
o

X = Rcos(0) =wi(R, @),:]_@ . X
Y = Rsin(0) =ws(R,0). 3 o
o Since %L = cos(0), %l = —r sin(e),l['?ﬂxat z_g_
marginal dist. Jws _ i1 (p s 0 0 = tan'(£)
@~'U;liﬁmo(0,2“') “or SlIl( )7 00 TCOS( )7

,Q~Pdf;_2_t12<o,n(f) cos(f) —rsin(f)

sin(f)  rcos(0)

whY;nd |J| = |r| = r. <= Recll In calculus, for polar transformation,, dedy=rdrde
= or 0<r<1 and 0< <2, the joint pdf of (R, O) is

| 0
psrzdtuct froe(r,0) = fxy(rcos(f),rsin(f)) x |J| = %7« =?'“_(2r)

and fr o(r,0) = 0, otherwise. o

= rcos?(f) + rsin?(0) = r,
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o By the theorem in LNp.7-25, (R, ©) are independent.

= Example. Let X, ..., X

p. 7-41

., X, be independent and identically

distributed (i.c., i.i. d ) exponential(A). Let

{i,-’§.+x,

Vh= Xt Xt --+Xn

}4————1_5. =X+t X, 0=,
Find the distribution of Y=(Y7, ..

. M.

5 Y).

[Note. It has been shown that Y Gamma(z M), z 1

common
marxqinal

dist.

€

ma.rﬁma( @Y., Yo indep?)

Note: Y<Y=< <\ﬂ,

X, o The joint pdf of X, ..., X 1s
= Note: not"x "
fX(xla"'7xn _Hz 1fX Lq
Ml o Ty T k"o
. for 0<z <00, =1, ..., n.
| oSince T1 = % :w1(y1,---,yn), Y=43(X)
Yi=Ya S TSR Y M 0 £ TV 2 B Gis one-to-one
Y, =Xy . #g_lew‘st's
not o cross Ln — Yn — Yn—1 :wn(yla-“’yn)a[
poduct set| o have 1,  ifj =i,
Yi<Yag--<Ya G — 8 1, ifj=i—1,
L 0, otherwise, N
@ 10 0 0 "
-1 1 0 0
J = 0 _1. 1 0 =1, and |J| = 1.
0 0 0 1 ﬁ‘
oFor0<y <y, < <Y Y <Y < -0 LY, <00,
ﬁ(?ﬂwn;%@) — f_X<y17y2_y17"'7yn_yn—1) X |‘]‘
= \'e . «—Q:Are Yi,-,Yn indep,
_ ' by the Thm in [Np7-267?
S A and fv(y1,...,Yn) = 0, otherwise. P
(Np7-41 The marginal pdf of Y] is
fr. ()

By the Thm |
in WNp. 7-10 |

) T

F

r..__f fO yl" yzZ‘[ fyz+1”fyn1

Are= M dyy, - dyy,, dyidyi g - - - dyadys
= fo o y?i._z Ne W dy;_1 -+ dyadys
_ i : a. wnstant)
> T°CL) L pd5 of Gamma.(L,A)

for y>0, and fy. (y) = 0,otherwise.
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»Method of moment generating function.

» Based on the uniqueness theorem of moment generating

)
]? function to be explained later in Chapter 7
\?‘f‘(f_» » Especially useful to identify the distribution of sum of
-3 independent random variables® X1, -, Xn indep. , Y=Xi+ - +Xa
R mgf of Y = T mgf of X(
I + Order StatisticsI1” Buetile (A2 1) i 9F oF Xi
& X| ><4‘ Xb XZ XB 6.'
“tronsformation X, X, Xy Xe X X - Qqexrsts
g. 7 7 7 7 7 )o( » R or nok 7
X(l)X(2) X(3) QX(4) X(5) (6)
S
52 S3 Sy S¢ So
» Definition. Let X, ..., X be random variables. We
sort the X.’s and denote by
XS Xg s s X
the order statistics. Using the notation, N

p. 7-44

)_((Z-) = ith-smallest value in X, ..., X ,=1,2, ..., n
XQ) =min( X, ..., X, ) is the minimum, | |€%

- X1,---,Xn~Tniform(a. b)
'b'afzsﬁrmabﬂ Xm = max(X,, ...,

X,,) 1s the maximum,| | a.b: unknown
T =

0f orden stat, X=Xy is called range, a3 b
\ 1) n)

Xy,

Xy

X(j) XM, j=2, ..., n, are called jth spacing.

Q: What are the joint distributions of various order statistics
and their marginal distributions? 1%/14

»Definition. X, ..., X, are called i.i.d. (independent, identically
distributed) with cdf F/pdf f/pmf p if the random variables

X,, ..., X, are independent and have a common marginal
m'bon ) Xm<)(12.)< <X(n) ]

]. .] . .. ] ]l‘ !/' II ’/I]mfp
(:I “) ‘:

only dm’stw-lh

» Remark. In the discussion about order statistics, we
consider the case that X, ..., X, are i.i.d.
cloa] Note. Although X, ..., X, are independent, their order

Xa€[2,3]
Xer.Xen mdep]  Statistics X (1) XL’ : X (n) &1€ not independent in general.
- -— [
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