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@ »Example. If X and Y have a joint pdf eamive whather p. 7-55
flx,y) = —(1—|—:v2—|—y)3 ,J—ié’s a goint pdf (exercise)

for 0<x, y< oo, then
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for 0<z< 0o. So, Ffed o0 2(14a)?
{Z’uﬁ_(g‘x) fx(z) = (+a+y)®?
oo 2(1+

ad, P(Y > X =z2) = |, ﬁm—fb Y

g ax) 1+2) |7 (14x)?

XeX3 )= ~Oretw?|,_, = Gretep

be similarly generalized to the case in which some random variables
are discrete and the others continuous (see a later example).

Recall. The 3 laws in LNp. 4 -11~13 | P(An--nAR)=P(A)-P(AalA)- -+ P(An| Ai-NAn)

Theorem (Multiplication Law). Let X and Y be random vectors
and (X, Y) have 2 ]01 M Jxy(X, y)/pmf py y(X, y), then

4 = x
Qu%‘pXY (x,y) PY|X(YIX) x px(x), ot Bt >)<»> Beox
similor extension &,W(XZIXI ®-

fxvy(x,y) = fY|X(Y’X) X fx(x). Prnlpi.sp. K126 . X0-1) N

D. 7-56

Proof. By the definition of conditional distribution. S PEIAIA(A
Le pmf (LNp 7-51). pdf (LNp 7-53) PE-EH pirt?ti(n_f)
* Theorem (Law of Total Probability). Let X and Y be random

vectors and (X, Y) have a joint pdf fx y(x, y)/pmf py y(X, y), then

E}&j&r@l S pypx(yxpx(x), or | [FESEEL
P(_X)_/ =" leX (y[x)fx(x) dx Py

@ Proof. By the deﬁn.ltlc.).f marginal dlStrlbut%)(I})j

pay) ey [and the multiplication law. Y Rucaiod ' Y ,;:,ngfil)

* Theorem (Bayes Theorem). Let X and Y be random vectors

and (X, Y) have a ]omt pdf fxy Y(x y)/pmf py y(x, y), then

g,om‘l: Y|x(Y|X px (X ‘
L“‘“‘ P X'Y(X|yy35| vx Ok (9] O dmtpnf

maﬂ‘m‘ R(¥) <+
fY|x(yIX)fx(X)t-w 4 lidd
E(lY(xm)‘) = 22 13 X

PXY(XOY)
Px( ) leY(XIY) f_oooo P r—— -
L er(ﬂl"s)
Rix(41%2)

Proof. By the definition of conditional distribution,
multiplication law, and the law of total probability. Fix(8/X1)
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("@EXample x }Bx;rn'ﬁ;ur;;: Zﬂfﬁfdwdm‘g onXx p. 7-57
Bayzs \F xx (Y. .Ya) (4..- "gm)\/
estimation ot 29 %T;e Ist *@@ 2nd (LN 4-14)
, Suppose that X ~ Unlform((Bb 1? ﬁ . jb[iD Yi,--*,Ya indep.? |a
Note ondional in en_ '
X: cmémuoasl_ o n|X=:13) are(ﬁ with Bern—mllh(g), L.C., NO

Yoo Yaodserebe | poy i xc (Y1, - - o Ynl) = ¥t F0n (1 — x)n_(yﬁ...ﬂ,n))\\

‘Lﬁ- d after Ist stage |
for yy, ..., y,€{0, 1}. ¢ Tj_-——ﬂwlstsﬁge cf.

gomtdlst » By the multiplic/a;tion law, for y,, ..., y,€1{0, 1} and 0<z<l,
a mix of Xext(ax2)—; . n—
me&Pdf pY,X(y17 ey Yn, T '_)_iwgwl( 33) (M)L‘A&
Suppose that we observed Y,=1, Y 1. (orY Y, %3‘&)
._.— L vy /)
?nfo ;:ge are [a By the law of total probability, Dosr : l<1= % ; °
probable?r’P Yi=1,....Y,=1)=py(l,...,1) &(g,
JkuL(n-ks‘) k! (n-k)!
masgina.l fg pY|X 71‘x>fX<x)‘ dil?_ j F(nt2) . (H)!
dist. of 1 , L (exe\;ose)- (Z4)! (n- 9::"4,,) I
oYl = Joatde= et = | @
& R p. 7-58
=« And, by Bayes’ Theorem, [m

Yoint ’ r(n+2) (o)) =1
mis.\m‘ f&l(x]Yl =1,...,Y, = 1) petre I"(n+l)l"(l)x (-0
update pY#X(l 1z fX 33}") (n+ 1)a"
=1, Ya=1
E(XLYH RERCED)| I (1 S Ple(' ||x )g(mdx wpdate
n+2 | for 0<z<l, 1.e,, X|Y I, ..., Y,=1) ~ Beta(ntl, 1)¢———

Why is X L (cf., marginal dlstrlbutlon of X Uniform(0, 1)=Beta(l, 1).3~

still random?
= If there were an (n+1)* Bernoulli trial Y., prafoblr*y of gettmg
Yo [Vt Yol v B 1" after we know
P(Yn_|_1 = ;‘Yl = ]., «5 3y Yn = ].) YisVaz ==

mm:nwgzn‘nmwn_ - 9
Why not X ? |

pl B0

exercise)

@ Yo 3 Bernaulli(3)
(exercise) In general, it can be shown that
XY=y, ... ¥,=y,) ~ Beta((y, +---+y, )t L,n—(y,*-- +yn)+1)

t’E‘()('Y =Y, Ya=Y) —(;-.gt”)/n...z < a Bayesian estimator of X.
* Theorem (Conditional Distribution & Independent) Let X and Y be

random vectors and (X, Y) have a joint pdf fy y(X, y)/p_f Px (X, ¥).
Then, X and Y are independent, 1.e., N
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& p. 7-59
Ry I0he(x)=px v (x, ¥) = px(%) x,pv(y), or
fxxy(xy) = fx(x)x fr(y),
if and only if __ wuoq the concept +o
X, _ ;
%Y((x)”=pY|X(Y|X) =py(y), | or (\e/"a”“";) W”Z;/"’e;?;
X . 1,2 in P -
SFyix(y|x) = fY(Y_); ang indep, ?
Proof. By the definition of conditional distribution.
» Intuition.
= The 2 graphs about the joint pmf{/pdf of independent r.v.’s
in LNp.7-27
L—>@pY|X<YIX) or fyx(y|x) offers information about the
distribution of Y when X=x.
W -
py(y) or fy(y) offers information about the o
distribution of Y when X not observed.
—
+ Reading: textbook, Sec 6.4, 6.5
- jointly disbribubed rv's - TTion i
R X (Xi, - Xn) Fualle . .
X5 [ “xnsg g Y-gon 28
orginal rew X:N-*R Jointe-marginal + indep. Joint dist.of Y
prob. . - method event
space  fpace indep, Def Gor calculabion) 2 A7 Corod . g
Px:jﬁﬂe dl"b. &(Alt--'iAu) ggg&t ""CHIOJ f Cdf -
inal : —t{set omethod of pdf
a‘ﬂ’* =smargina LNp.3-56.¢5)(7) 2/, (A)r %R (A o method of
oot omaiginal |1+ Lwp 3-6-3. (vi) " B4 . T mgf
Y (wm;l-gdfrim De§ (Sor inerprtation) any A \ [Aeticots
How to characbenize P pplication
a goint dist.? LNp.?-8. (a)-(c) P(Acus: 0| Aue <) e 22X4+Y
mr joint cdf 2= r “"f’;z‘ ‘::f”")';&"" = P(Axsi» -4 An) J Poisson, Gamma
al :."':: :‘: < K Lgp,? -8.() ﬂ cmﬁnﬁ;mof indep . . zw=x.:’} Norma|
m ! ¢ =% LNp.#-10, (") . <
Deali e it [ oo vt v fienen| | ¢ 5 = Mgl || | 22 0x
% ?-f fup,s-m ® P (11, 22)=9,(0) %% Gal%n) *Z=XY
— m— Fxx, - 2) =G,y -3 Bn6)| | | © Y Xifig,0xa
of binomial Pr+ - +Pmal indep. (Thm in (Np.7-24) statisbics
(m=2) -Exn\ul%on tat pmf
3 useful formula
conditional prob. | omultiplicabion law:a‘.m"!b=(l‘rwdibtond)x marginal }
T P *law of total prob. : manginal <~ conditsonal
conditional dist “"d‘“i:‘;,?", Pdgmf_ *Bayes Thm : R,(x) BavX1%) | | conditional
@:Y'{C@ _ marginal PS dconditional dist. & indep | ,..IM,;P,,],;S'
U | ™ndep.
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