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<« 101 p. 7-55
»Example. If X and Y have a joint pdf examine whether
f(ZC Yy ) — 2z _ J— itsa &‘o:ntpdf (exercise)

(I+z+y)*’

for 0<x, y< oo, then

[©.@)

1
=y f@y dy= —ammp 0

for 0<z< oo. So, fJed ?: L 2(i4e)?
frﬂtﬁ(y‘ ) Fx(@) = (tatu)®

and, P(Y > c| _') = [ %jwif% dy
jo‘nt ((1_'_—;2}-{)00 (1+ )2
rasga = G|, = G

» Mixed Joint Distribution: Definition of conditional distribution can
be similarly generalized to the case in which some random variables
are discrete and the others continuous (see a later example).

Recall. The 3 laws in LNp.4-11~13.] P(Ain--n A =P(A)PAaIAY: -+ P(Aal A1-NAN)
Theorem (Multiplication Law). Let X and Y be random vectors
and (X, Y) have 2 ]01 t pdf fx y(X, y)/pmf py y(X, y), then

P = )X
K“(')<-Z9XY (x,¥5) py|x(y]x) X px(x )-"o—r—”?c 25 (%0 %) &(x)
similor extension &-;m(xzvﬁ) X-

fX,Y(X7 y) - fY|X(Y’X) X fX( ) —_—’&“x.,,x,_,()(npﬂ , Xa=1) 2

B S
(1+x)2?

& - - . . . p. 7-56
Proof. By the definition of conditional distribution. =S P(BIADPLA

Lo pmf (Np 7-51), pdf* (LHp.7-53) P P(pﬁ)gj)

* Theorem (Law of Total Probability). Let X and Y be random

vectors and (u ) have a joint pdf fQ(X, y)/pmf Pxy Y(X y) then
P(—‘X) = [°. fyix y,X)fX( ) ot prf

@ Mﬁ By the definition of marginal distributio& J
P(a;) s pigg) [and the multiplication law. Y . (#Ix)?
» Theorem (Bayes Theorem). Let X and Y be random vector
and (X, Y) have a %}Lf Jxy(X, y)/pmf py y(X, y), then

- —
@ pXD;(?_qyj'js Zx'— pYIX(Y|X')px(X') O ot pmf* ,

- o f oy g R |\ L
By(x.,Y) leY(X’y)l fyx(y|x) fx(x) ;}"‘j‘l & .

Ry(y) [ Feix (P fx () dx” havd)
t tRﬂx(ngS)

Proof. By the definition of conditional distribution, Rix(41%2)
multiplication law, and the law of total probability. Fx(&X1)

s
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f-P@Example X (Bemoulh 'I:na(sfdw ding on X . 7-57
\F x% (Y' Yn) (gb ) #fb)
C.‘fhmaﬁan

——{ Ist ~(@)g 2nd ~B>(LNp.4-14)
before now

' Suppose that X ~ Uniform(0, 1), and JéLQ: Yi,--=, Yo indep. ? fa
Note wndibional mdepen et

i (V1. . Y, [ X=2) ardJid. with Bernoulli(z), i.c., NG
Yoo Yordiserebe | pye x (Y, ..., Ynla) = 27T (1 — x)"—(y1+---+yn)’\\

L ficed afker Ist stage __\
for y,, ..., y,€{0, 1}. "¢ ﬁ@%@

Joint; dist:|» By the multiplication law, for y,, ..., y,€{0, 1} and 0<z<I,
a mix of Xext(ax2)—;

i A -4y, — 4t yn
mef&'Pdf——'PpY,X(yh” sy YUn s ?_)—rw&ju( )n (y1 Y )*Ax

Suppose that we observed Y,=1, ..., ¥, =1. (or Yizth, -, Yo=4n)

.—.— L wA U L/
of X are (= By the law of total probability, howr : /3; f_ngk, °
PYi=1,....Va=1)=py(L,....1) (R4,
lk-l-l)V(ll-k'f )_ ki@R!

1
= Jo pyix(L,-. ., 1) fx(2) do BN ()1
ol e (F4)i(e-Eu)
Y, Y fo " dr = g o il | (n+) ! [
& R p. 7-58
=« And, by Bayes’ Theorem, now

?tﬂt T’(ﬂ+2) (I'H'I)-l _ (N

L_,_{‘*"*‘PY}L(l lz fX 331"’ (n+1)z"

| l=|,'°‘,Yﬂ- \
By, el SIS i
n+2 | for 0<z<l, i.e, X|Y L...Y=1)~ Beta(n+1 l)d—————

Why is X
skt random?] > 10 maginal dstrbution of X ~ Uniform{0, 1)-Beta(1, 1)

» [f there were an (n+1)% Bernoulli trial Yoo prosobility of’ gettig

- - *1" after we know
Y"'IY ol ggnl P(Yn—|—1 — ;‘Yl =1,..., Y, = ]-) VizYa=---=Ya=|
i+
.,&mtl.(~;,+z POh=1. . Ypu=1) 1(n+2) [ail
evercise) PYi=1,....Y,=1) 1/(n+1) |nf2

@ Yo+ & Bernoulli (£)
“@ (exercise) In general, it can be shown that  [Why not X ?
XY=y, ..., Y,=y,) ~ Beta((y1+ 4y )+1,n— (yl-l— -|—yn)_|_1)

K1Y=, o= B) (1) ) <@ Bgesian e of 7.
* Theorem (Conditional Distribution & Independent) Let X and Y be

random vectors and (X, Y) have a joint pdf fy y(X, y)/p_f Px (X, ¥).
Then, X and Y are independent, 1.e.,

=
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© ROy IBe0)=px.v (%, ¥) = px(x) gpy(y), or —
fxx(x,y) = fx(x)x fx(y),
if and only if [ e the concept +o
— A U
&'Y(X'Y)=pY|X(Y|X) = Py (y)7 or examine whether the
}.)X(x) f ( |X) _ f ( ) (Yl, ,Y)m LNPV’58
Y| XY Y | o :ndep >
Proof. By the definition of conditional dlStI‘lbutIOIl
conditionally indep =i, -+, Yn [X=X mdep Yx

> Intuition.

in LNp.7-27

mutually mdep Y:, - \n mJep

= The 2 graphs about the joint pmf{/pdf of independent r.v.’s

distribution of Y when X=x.

py(y) or fy(y) offers information about the =
distribution of Y when X not observed.

+ Reading: textbook, Sec 6.4, 6.5

v

L——»-@pypc(}’lx) or fyx(y|x) offers information about the

=\

—
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