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Lecture Notes

p. 7-44

)_((Z-) = ith-smallest value in X, ..., X ,=1,2, ..., n

Xy =min(X,, ..., X, ) is the minimum, | |¢9%

. o X1, Xn~Tiform(a.b)

ransformations X = max( Xy, ..., X)) is the maximum,| | a.b: unknown
—d

0 orden stat, — X is called range, rees-e—g

Xay,- -,X(m X0 Xen)

S X X~ X1y 72, ..., n, are called jth spacing.

Q: What are the joint distributions of various order statistics
and their marginal distributions? /21

» Definition. X, ..., X, are called i.i.d. (independent, identically
distributed) with cdf F/pdf f/pmf p if the random variables
X,, ..., X, are independent and have a common marginal
distribution with cdf F/pdf f/pmf p. |Lruition: (D XngXar<---< Xy ]

(2 Xny=x, Ya=y=X=> conditional dist

of X |Xmy=x
= Remark. In the discussion about order statistics, we only) chage with
consider the case that X, ..., X, are i.i.d. x

exception

x€l0.1] Note. Although X, ..., X, are independent, their order

Xa€[2,3]
Xor.Xenmiep]  Statistics Xy, XL’ - X (n) @re not independent in general.
T -— —

>
—=Theorem. Suppose that X, ..., X, are Li.d. with cdf F. P

gﬂ;ﬁg 1.The C_dfOfK(_l) 1s 1-[1 F(Cl?)]n, and the C_dfofgﬁ is [F(x)]™

123 i | 2.If X are continuous and Fhas a pdf f, then the pdf of X)) is
o | PL@=F(@)]", and the pdf of X,,, is nf(z)[Fz)]""".
f:::;}? Proof. By the method of cumulative distribution function,

the dist. —FX(I)( ) Nal:e‘not"xct"vl

Xuy 8 X(m?
o§ )? _ X N> 33) - P(Xl > :{’- . >—g> (cf.,the notes

3 t o LN YT1-41)
Y p(X, > @) (X > 1) 7 T

PXm<z)=PX:1<%,...,X,< x)ﬁ
P(X;<z)---P(Xn <)L [F(z)]". |:latical
fX(l)(x) — di;UFX(l)(x)

= [l = F(@)]" (L F(2) = nf(x)]1 — F(a)]"".

= =
fX(n) (CC> — %FX(TL) (l’)

= n[F(2)]" ! (HF(2) = nf(@)[F()"

1— F(x)]".

[P
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. = Graphical interpretation for the pdfs of X ;) and X,,. P

asm]i- th)] 'dx ot 00X
o %f%:aéﬂ it
(«-)dx st i SX, oes
> /) .
a £ o o nl tgf " the prb |

What dees — /-F)——> <__F°Q___;
the P)‘Db Xy, -, Xn = choose. | 4o ut (’)6 o> Wd}) X\, ---, ¥Xn = choose. | 4o PLK (%-%?“’%)

the vest \n, (X 0)) the vest . (-0, %]
(M) Foodx[1- o)™ (") $09dx [Feo)™

= Example. n light bulbs are placed in service at time ¢=0,

and allowed to burn continuously. Denote their lifetimes by
X, ..., X,, and suppose that they are 1.1.d. with cdf F.

If burned out bulbs are not replaced, then the room goes dark
e L Y=X,, =max(X,, ..., X,).
cdf of Xi's| o If n=5 and F'is exponential with A = 1 per month, then
F(x)=1-¢7*, for x> 0, and 0, for < 0.
o The cdf of Yis
F(y) = (1-e™)®, for y> 0, and 0, for y< 0,
and its pdfis 5(1-e7¥)*e ¥, for y> 0, and 0, for y< 0.

p. 7-47

o The probability that the room is still lighted after two
months is P(Y>2) = 1-Fy(2) = 1-(1-e2)°.
» Theorem. Suppose that X, ..., X ., X, are i.1.d. with pmf p/pdf f.
Then the joint pmf/pdf ofX (1) 205 Xy 1S
[ DXy, X (T15 -y ) Note: We can derive

(A) = nlx p(xl) Y ive X p(xn), - mggma,l distributions D.'F
— Xy, -, Xy, or the drs{:.of
o | Tt 1) oo te

= nl x f(5131) X X f(xn) < Xy, ---,Xn) ‘S:\’O”LH"Q

-
7| OTLSE S and 0 othervise, | Jont pms/pds
inWpt-43| Proof. For z,<z,<---<z,,
,,,,, X(n) (1, ... ,ajn)
, X(n) = @n)
P(XI—ZUE, y X = ;)

p(xy) X -+ X p(ay)

- X p(xn). >
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Foadx, p. 7-48
What does FX) X (@15 - - W) dy - - day, &% % foaxb
thmeeaPnrD?b‘ i ~—P (xl _ d% = X(l) <1+ d:2617 i M? % -_\%L
¥ Ty — dzn <X < Lo == dm") < >dem Fowydxn
n P (n) n ) Y.
d @ dmz
Z (i e in);fP(:Cil— 1<X1<£U7,1—|- 21,...,
ﬂo = d P dz;
ARG St zi, — 5= < Xn < +%)
A | —=

> (zl,él.t,w: f f(z1) X -+ X f(xg) dxy - - - day
Eammmm
T,

n! X f(a:l) X - X f(xy) dry - - day,.
= Q: Examine whether Xy, ..., X X(n) are
independent using the Theorem in LNp.7-25.

»Theorem. If X, ..., X, are i.i.d. with cdf Fand pdf f f then

e

1.The pdf of the k' order statistic X, s Tx, f,""/'f's"“""‘s
FX oy () \ Notw "can be derived from the () in LNp T-47 (exercie))
Fa " F 1 — ()], mores
rend = (eln) (P - P e
E’-‘DPW"; 2.The cdf of X 4, is to prove.
exercise  —n n m nm | (exercise)
_BFX(k) (CL’) — Zm:k (m) [F(:B)] [1 - F(CL’)] -~ >
@ Proof. foodx N d%p. 7-49
j:x(k)(x)d% %X )=, Xn, = choose. | ‘o p\o.@ w (-2 %—r-—)

2 2
Ky & Kl 2 } o (“m Z)
What does s nKe o2 2 (G, @)

o 7%’4;%% (\ & w) §oodo Foal D= Foal™

{Boie] Fixo (1) = P(Xn <o) |y fia=Xulee) ot least & o8

) Xew)20| (%, %n Fall 7n (20,9
Q: What iF EZ P(at least k of the X;’s are <z
Xl,"';Xr‘L n

ona Y m—p P(exact m of the X;’s are <z > Xay
‘d:screée rv‘s7 = FFa e N e)‘f;‘u‘g‘ye WMXtSl

» Theorem. If X Xpp oo X ., X, are 1.1.d. with cdf F'and pdf f, then

can iy

usi .~ can be derived from (&) in INpT-47F
P(l)'zmx) 1.The joint pdf of X and X (n) 18 (exercise)

@) fX ) Xy (5, 1) = n(n = 1) f(s) F(O[F (1) = F(s)]" ",

(@B for s<t, and 0 otherwise

- by the exercise given in [Np F-3
2.The @“ of the range R = X, —X 18

fR f fX(1)7X(n) (u u -+ ) du, <
for r>0, and 0 otherwise.
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- p. 7-50
A Xu—Xn=> droose one o lace T 5—— 3
[fx(l).x(n)(s"t)det | $isxds 8 one g - dt—f;f/)
Wihat % the vest e (s,t)
the prob / D, (%) Tesfens [Fo-re
mean ? A 7 o =

»Theorem. If X, ..., X, are L.i.d. with cdf F'and pdf f, then

r__7)2__%_The oint pdf of X(Z.) and X(j), where 1<i<j<n, 1s
can denve T -
from the (&) X0, X(:,)(S t) G —i— 1)|(n j)vf( s)f(t)

oariney FGI WD = R ==L = R,
for s<¢, and 0 otherwise.

by the exercise qivea in [Np.F-32
2.The pdf of the j™ spacing S, = X, =X ;) is

o
ij (8) = f—oo fX(j_l),X(j) (u, u+ 8) du, <t
for s > 0, and zero otherwise.

f ds

Xy Xed (S't)det Xi,— Xn > choose. one. Jo place T (6% &2
0. X3 ) e ferdts - _P_ . B dtt, d/e)

I t= = = = (—oo,s)

What dees 7 2 el o |

the prob. /ﬂ ‘ Y 5 therest - - - (t. @)
mean ? @)—K— F%)‘%)ei I) (4 1, U, -, )fcs)dsfct d't -3

W@ [;qs;] (FH- ):(s)] - el

% Reading: textbook, Sec 6.3, 6.6, 6.7

Recall. Conditional Pro

| Conditional Distribution|’

(LNp.4-1~19) R, ﬁ%ﬁ‘gﬁm
* Definition. Let X (UR") and Y (DR’”) be discrete Y
random vectors and (X, Y) have a joint pmf pxy(X X! X
then the conditional joint pmf of Y given X=X is x
defined as Jnokabion| (s&ill random Sum of- the
P ({X —x,Y = Y}) Pmbab:/:éles)
pyx(y[x) = P({Y = y}[{X = x}) — iew (),
C C P({X =x}) R
= e S px.v(X,¥) joint =1
P(BlA) = ﬁ%A(T‘;_)B')' px(X) - marginal
if px(x)>0. The probability is defined to be zero if py(x)=0
Note X &Y plays different
»Some Notes. P
X: not: rondom R roles 11 Pyix L_; :
Y curdon @F or each fixed x, Pyx(¥[X) 1s a joint pmf for y, since
| ;,pmc(ﬂx) = pxkx);pﬂ (X7X) = pxl(x) x px(x) = 1.
» For an event B of Y, the probability that YeB given X=x is
N 2 ~P(YeBAX=x)/p(x=x)
P(Y € BIX = x) =2 ucp Py|x (U[X). fZ, Bex0x. w%x_x)
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= The conditional joint cdf of Y given X=x can be similarly "™
defined from the conditional j joint pmf p L(y|x) ie.,

(B-f¥ist- W%y@m@m> P(Y < y[X = %) = 3,y Pyix (uf)
»Theorem. Let X, . X@be independent and r

m Al
Pp=f A1
Poisson (i - +Am) LNp'7_J XNPOlSSOH()\ ) i=1, m =TS M m
Let Y Xt +X,,, then [

— (X, ... X, |Y=n) ~ Multinomial (777, . = 7,0)-
~ wherep, = =N )forz l,...,m.

9
meanin
X, -, Xm J‘-

‘ X 1 f X X 05 X Xm: % of X
GRQ indep.
indep XI ~Po,sgn(xtl XZ,“'POISSO“ ‘i‘ ‘
Risson Rocess -o P

Ponsson (i(t: + +tm))

cR™ Y # of X < kiow Yz n.¢{Fixed)
gfs\ﬂ'o; Proof The joint pmfof (X, ..., X, ¥) i is

?f:sP:js pxy(T1,...,m,n)=P{X1 =21,..., Xy =2} 0N{Y =n})
:loy _ P(Xy=z1,...,X;p =2p), ifx1+---4+z, =n,
0, ifxy+ -+ x4 £ 0

B

Furthermore, the distribution of Y'is Poisson(A,+---+A ), i.e P78

....2..-
—(A1 4 Am) () A )™ LNPV 30
py(n) =P(Y =n) =° pubetin ),

n!

éa

Therefore, for x=(z,, ..., z,,) wheres ;€{0,1,2, ...}, i=1,
nd z,+---+zx,=n, the cond1t10nal joint pmf of X given Y n 1s
wge of] A ' po=xén
'XIY-

9

o£Xm<n Hm i AT
(X‘n) _ bx, Y(mla 7mm7n) — i=1 x,;!
Py (1) =) (3 Ay R R4 X

P, n!

n! A1 1 A Tm

* Definition. Let X (R"™) and Y (UR™) be
continuous random vectors and (X, Y) %Q‘%t s f"mar _
have a joint pdf fy y(X, y), then the C—maps . °A=Fu)

.. . . . . | deSined
conditional joint pdf of Y given X=X 1S | on o same
[_defined as
et fxx(x,y) __joint
fx(x)  marginal’
if fx(x)>0, and 0 otherwise.

PX|y

—>fY|x(Y|X)

=5x) == 72

B
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<@ > Some Notes L5
' {xi‘“ <X|S%|+%z"

» P(X=x)=0 for a continuous random vector X. | »%-£2< x,<;¢,~+ 2%

» The justification of f comes from . i
Frer s B e, (s
= }’ (Y<y\x—(Ax/2) <X<x+(Ax/2))

% Yms sdm xT(Aax/2)<
(L o) s o
fx (Ax/2) Ix (&) \P( )
becomes =" ; Y Ix v (x,v)|&Z] dv
woaxso| 4 = ?xixjm&l = ¥ LZxixx gy

( “@For each fixed X, fyx(¥[X) is a joint pdf for y, since
Note Xy
play different; | [~ Fyix (Y1%) dy = 755 Joo Iy (%,3) dy = 75 % fx(%) = 1.

roles l F—‘Lgm'"

or an event B of Y, we can write
P(Y € BIX =x) = [, fyx(y[x) dy.

» The conditional joint cdf of Y given X=x can be similarly
defined from the conditional joint pdf fyx(y[x), i.e.,

Fypx(ylx) = P(Y < y[X = x) = [¥_ fyix(t) db

made by S.-W. Cheng (NTHU, Taiwan)



