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&
- _ I(y)) x |J]€<E> Thm in (Np 6-10~II
en  fy(y) = fx(g~(¥) x|J], L e valug 1i]g

of J
for y s.t. y=g(x) for some)and fy(y)=0, otherwise.

%mgn X, paf. fi Y, £.5, 41,4
J . ll
%:; é:Il —»(Q: What is the role of |J]?) , Y=g(X)

e why absolute value? ——4 i, %a)r" s ‘;XII P ' Y,

Proof. FY(yla"’ayn :f_y;of:_yzof_Y(th)tn) dtndtl

~7

muidf f f (T1yeens Tn): fX(xl,...,xn) dxn"'dxl-

Check 1~3 i Yi=o1(@1,on)<ys =

WNp.7-3I Ya=on(z1:2n)<yn

X=gY) | It then follows from an exercise in advanced calculus that

555 Fxdx Wi, . yn) = —3 I Fy(yi,--Yn) VZ“,’,'iqus

=~ a) @IVl ) Sx(@1(y)s - () XN (s o X
/]

j_ij---ﬁ" oRemark. When the dimensionality of Y (denoted by k) is h

less than n, we can choose another n—k transformations Z <

such that K-dim—y ¢ (a-K)-dim
n-d:mLy) gX) ([R'— Rﬂ‘ 2 exists,
satisfy the assumptions in above theorem. m >
@ By integrating out the last n—k arguments in the joint  *™
pdf of (Y, Z), the joint pdf of Y can be obtained. T
£—by Thm in LNp.7-10 et

= Example. X, and X, are random variables with joint pdf{rws

8=(41,%) Ix(@y, z,). Find the distribution of Y =X /(X +X5).= ¢ (%,%)
RE>R™ | glet Y,=X,+X,, then t proportion whea Xz0,X220
aee as e zww
transformation T2 = Y2 —Yi1Yy2 = wz(y1,yz).
Since g—";’ll = 1o, %—";’21 =y, g’;jl = —ys, %";’2 =1 -9,
p=| o (TR v = v, and) = el

Therefore, fy(y1,y2) = fx(Y1Y2,y2 — Y192)|y2|,
and, fyv,(v1) = [T fy(v1,y2) dy2
f fx(Y1y2, y2 — y1y2)|y2| dyo.

(= f_oo Ix, (W1y2) fx, (2 — y1y2)|y2| dyo
when X; and X5 are independent)

Fcx xﬂ-ﬁmfxsw
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= Theorem. If X, and X, are independent, and

X, X, ~ Gamma(q,, )_\’), X,~ Gamma(a;z),

| 1 1 2
& then Y,=X /(X +X,) ~ Betala, o) o o bl 0
0 Y4eXaz4a T o '~e;‘P"e"b'
- . . al(A)
yrxa Proof. For x,, , > 0, the joint pdf of X is 2 Yi~ Ofom(©-1)

Y,
=X A9 ag—1_ ) A2
Y| = e _ 1 1 A~
T XitXa fX(xth) - [‘(al)xl € X I'ao) Lo €

o(.th olzth _ )\O‘1+°‘2 al—l ag—le—)\(:zz1+a:2)
123 & 1 23 ¥ I'(a1)I'(az) ‘

xﬁg So, for 0<y,< 1, [.f_,_,,!&( 1.42) o< $(4)3a(42)

— S _ -'d
le(yl) f_soin(ylyz)fXg(m y1y2)|y2| Y2 r‘:=@: Y- 45)
- fo m (y1y2)® (Y2 — y1y2)®> e V2 -y dys

_ MNog+oz) | aj—1 o an—1 d Ya i
=X = Traroy Y (1 —11) pas of Ya,ie.
E(%)-m ! 1o)oF( >\2a)1+i2 (1 +az2)—1__ Y::.-»Efamma(o(rrda-»
o of X Jo T(arTaz) ¥2 e~ yjjdyg (LNp.7-32)
_ Tlautas) ar—1/q9 cg—1 Pdf of
Beta(vi.d2) - Ta)(as) Y1 (1 yl) 2 ; C-(a.mma.(O(H-O(z,l)

and fy, (y1) = 0, otherwise. [ (exercise) Y, & Ya are independent W

p. 7-40

» Example. Suppose that X and Y have a uniform distribution
over the region D={(x, y): x*+y?><1}, i.e., their joint pdf is
X,Y n 1
= -1 :
—' r(%epg;%l)‘: <— fx,Y (CU, y) $ D (CUa y) J—I.Np.7-18
%r} Find the joint distribution of (R, ©) and examine whether

R and O are independent, where (R, ©) is the
polar coordinate representation of (X, Y), i.e.,

(%, 4)

X Rcos{@}zwl(R,@):‘_@ o 8 . x
Y = Rsin(0) =ws(R,0).

2 o
_n Since Owy _ COS(H), Owy __ _r Slﬂ(@),’[R=’]x—a;—;

margial dist. gr , e 0 = tud'(¥)
@~gljinaﬁnn(o,21r) 2 = sin(0), =52 = 1 cos(0),

~ndE- cos(f) —rsin(f :
R Pdf.gfﬂ(o,,)(f) Siﬂé@? r cos((H)) ‘ = rcos®(0) + rsin®(0) =r,

Whind |J| = |r| = 7. <~ Recll.In calculus, for polar transformation,, dxdy=rdrde

or 0<r<1 and 0< <21, the joint pdf of (R, ©) is
cross | |
product [0 (1,60) = fxy (reos(6), rsin(0) x |J] = Lr =2Gr)

and fr o(r,0) = 0, otherwise.
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o By the theorem in LNp.7-25, (R, ©) are independent. —
= Example. Let X, ..., X, be independent and identicall ’22‘2
g common

distributed (i.c., i.i. d ) exponential(A). Let
Y, =X - maxqinal
Y:.—XH'X:. }4—-——-1_/; = Xl + ... + Xi) Z: 1, . n. d“s .

n= X+ Xzt - +Xn
. 1 1 - { Q- Y, ,Yn, n 2
Find the distribution of Y=(Y, ..., Y,). ~margina (Nm W\;ﬁ_@f\(?

[Note It has been shown that Y Gamma(z, A), i= 1 ] .
X, o The ]01ni/EdfOfX1, cey X, 1S ol ol X 7 335
Lo 2 5
%% X, = -, (Ae_)‘ﬁ) = )\”e_k(_gxﬁ“'*'%)ﬁ__”@.”"é “nax”
—— for 0<z,<o0, i=1, ..., n. g
nSince 1 = Y1 =wi(Y1,---,Yn); Y=94X)
Yi=Ya 4p) — Y2 — Y1 = w2(y17 <o 7yn)7 gTS one-to-one
V=% a B > exists
not a. cxoss Ln = Yn — Yn-—1 :wn(y17~°-’yn)7_
product set| (e have 1, ifj=i,
Yi<Ya<---<Ya g_;? = 1, ifj=1i—1,
L 0, otherwise, 5
@ 1 00 --- 0 "
—1 1 0 0
J = 0 _1. 1 0 =1, and |J| = 1.
0 0 0 - 1 ﬁ
onFor0<y, <4y, < <y | Sy <Yy <o LY, <00,
SyWiyn) = fxWnyz =y Yn — Y1) X |
= \e M 4—Q:fre Yi, -+, Ya indep,
o and fy (yi,...,ys) = 0, otherwise. by the Thm in [Np7-267

LNp =41 The marginal pdf of Y is

) .
%Ltﬁfl':._"?zo-———f Jo yl" yzgf fym"fynl ]

Are= M dyy, - dyy,, dyidyi g - - - dyadys

= [V yl... yy ANe M dy; - dyady <

_ e [ 'éﬂ—c—-(a.wnsbzn@
@___91 : ™) Lpd$ of Gamma(L,A)

for y>0, and fy. (y) = 0,otherwise.
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»Method of moment generating function.

) » Based on the uniqueness theorem of moment generating
7? function to be explained later in Chapter 7

\’fﬁ = Especially useful to identify the distribution of sum of
2 independent random variables——>Xi, -, Xn indep. , Y=X+~+Xa
ﬁ‘ e Order StatisticsI" guantile “Nt%l)é £ 5 X mgf of Y = T mgf of Xi
><5 Xl ><4‘ Xb XZ XB 6.’ #
trwsjbrmg ation ).(4 ).(2 ‘2(3 ).(6 ).(1 ).(5 = g-'eXTsts
] 2
X(l) X(z) X(3) QX(4) X(S) X(6) or not 7

e e

S, S3 Sy S¢ Se

» Definition. Let X, ..., X be random variables. We
sort the X.’s and denote by

XS Xg = s X
the order statistics. Using the notation, N

. . . ] . 7-44
)_((Z-) = ¢th-smallest value in X, ..., X ,=1,2, ..., n, i

X, =min( X, ..., X, ) is the minimum, | |&9
) _( 1 n) _ > Xi,---, Xn~Unform(a. b)

X = max( X, ..., X, ) 18 the maximum,| | a.b: unknown

transformations| ~—(1)
0f orden stat, X, = X, is called range, Feet—e—gi-
Xy, Xeoy ——=tl | %% Lo

X(j) XM, j=2, ..., n, are called jth spacing.

Q: What are the joint distributions of various order statistics
and their marginal distributions? /2

»Definition. X, ..., X, are called i.i.d. (independent, identically
distributed) with cdf F/pdf f/pmf p if the random variables
X,, ..., X, are independent and have a common marginal

distribution with cdf F/pdf f/pmf p. -(T;’;‘“;‘)’“ ;” X’(“:O;é;‘w d?i?mt
(] 5 NZ nditio

of X |%py=x
on ychwgewdh

= Remark. In the discussion about order statistics, we
consider the case that X, ..., X, are i.i.d.

elod] Note. Although X, ..., X, are independent, their order

Xa2€[2,3]
Xy X wdep]  Statistics X (1) XL’ : X (n) r€ not 1ndependet£ in general.
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