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¢ (el P14, 105,102 ) by Tmin Np ¢ 24] 77
= P(AiNASNA3) = P(Al) (A5)P(As)

/14 = P(1la, =1)P(1a,=0)P(1a,=1) uct of
7 (Ls, = 1P Ay )P (14, "(me";m, P"'fi]
ind
n » Theorem. If X= (Xl, .4 ) ” eP
X generalization Xn
are independent and S
‘Lx Y gz(X) 1= 1 , N, g| i ° ‘ | }3;1 z Zlé? Xi,) -
R* then [3i:R->R L 2
VY=§9 y Y are independent. L
n e
R Proof. indep.

Let A;(y )—{x-gi( )<y} i=1, ..., n, then .
\ofntcd F ,...,n = Y< ,...,Yn§ n

GoE<af>Fy (1, -, yn) Jp Y1 y LJ;;;;;;

same subset of.ﬂ.r = P(?(l c A1(y1),...,Xn € An(yn))A/” set

* Xi.+.Xn indep. — P(Xl c Al(yl)) X 0 X P(Xn € An(@/n))

P Yl Syl) X oo XP(Yn Syn)

Fy, (1) X -+ X Fy, (yn) <

(OTheorem. X=(X|, ..., X,) are independent if and only if there = *™

same subset of M)

exist univariate functlons g7(:1:) 1=1, ..., n, such that CS. Factorization
—a: nz'-»nz' Thm (Lhp 7 -21)

(a) when X, ..., X, are discrete r.v.’s with joint pmf py, & ?:S-m:uom)
p T-20

pX(xlﬂ AR xn)ggl(xl)x xgn(xn)a _OO<CBZ-<OO, 2_19-

'forang
(b) when X, ..., X X are continuous r.v.’s with joint pdf fy, ’; =”(21‘a‘.»-,m
®)— fi(zy, ..., x,) x g(z)x-xg,(x,), —oo<a;'.<oo, i=1,...,n

Sketch of proof for g_)—b‘ proof for (@): S —~» I (exercise)

(=, trivial) the rest part
(without= §i(x:)
(é) le 331 / / fX L1, L2y, ) dCIf2 d l;vlffe‘el/agntx )

to X

Wt[oo"'/0091(551)92(932)"'gn(%) dzy - - - dxy, igl(x1)°

SimilarlYa fX2 (332) X 92(332)7 L an (xn) X gn(xn)
m = fx,(@1) - fx,(Ta) < g1(z1) - gn(Tn)
yyr fx(z1,. . xn) < fx, (1) fx, (Tn)

=34 fX(xla"'axn) =C- fX1(331)an(In)

for some constant c. 2
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€ Because o0 00 p. 7-26
/ / fX(x17w27-°-7-Tn)dml"'d$n:1, and
(1] o0 o)
R(ofamdn= [ [ o e cdn =1 se=1
L — 00 — 0 K — —
» Example.

= [f the joint pdf of (X, Y) is
flz,y) xe **e™¥Y 0<x<o00,0<y < oo, cross

Y p
and f(x, y)=0, otherwise, 31312) set
— '_:—q— j'—'————'j B
Fl,y) o< e”*"e Y1 (g o0y (2)1(0,00) (1) VX HER? - ¥

\()

then X and Y are 1ndependent Note that the region in which

the joint pdf is nonzero can be expressed in the form
o2, Y): 7E€A, yEB} 2D S D=1 D (y) S—
= Suppose that the joint pdf of (X, Y) is

D (not a cross product set)
f(x, y)oca:y, 0<33<1 O<y<1l,0<x+4+y<l,

47and f(a: y) otherw1se e, f(x,y) oc xy - 1D(a: Y),Y(x.9)eR?

7C+g ) cb‘on
X and Y are not independent. H)e,form, ﬂAmﬂB(g)

p. 7-27

»>Q: For mdependent X and Y, how should their joint pdf/pmf
look like? same SAMe Shape (G Fxqdx

. shage £ N, | Tog o o
E(R‘E;;g))al(#) ﬁ{ (? ) Ln X0y 2 Y&
Garat hi(y) _
(20.+2b):l , Toly) — & cons“fant
e G inl smietm
(=2- 1:3 paf of 74’ i X2 5z, 5 (X)) 1)
+ Reading: textbook, Sec 6.2 Y Fxy) 52 i w’)w 5%

=50-5.44) ol T
Transformatione— el . Trawformation Sor

unvariate v.v.

* Q: Given the joint distribution of (Np.5-12 & 6-T~12)
X=(X}, ...,X,), how to find the n=3 >

distribution of Y=Y}, ....Y;), where 1 x, X
= b f_',/—g;\
9(X)
Xl:gl(gl’ ’Xﬁ) :RnaR, s

x GG:‘V@IL ) @ : What's the

Yimg(Xy, 0 X)) 1 RS R, ?"’: :225‘ ’?Tidf& R
denoted by (3. .8X)) oo pm >3 P Ry
’ - P o 5t PR,
Y=g(X), g~ i =
B B 4
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@ » The following methods are useful: P 728

1.Method of Events (- pmf)

2.Method of Cumulative Distribution Function
3.Method of Probability Density Function

4 Method of Moment Generating Function (chapter 7)

original prob. ginal newr——
» Method of Events ngce ap Eoi;u]ﬁ?_—___. Pfgz- e
= Theorem. The distribution of Y is  R" (sample space) R

determined by the distribution of
X as follows: for any event BCR?,

Py(Y € B) = Px(X € 4), A
of| where A=g7'(B) C R". [same even
S

in f1

= Example. Let X be a discrete random vector taking values

fange X=(T ;5 Ty ooes Tpy), =1, 2, .0,
C—__o‘f—}g? : v " Y can take values in

(ie, X'={X;, X, X3, ... }) with joint pmfpy.  2_ g(x)
Then, Y=g¢(X) is also a discrete random vector. ={4(*).gxa).---} N

p. 7-29

@ Suppose that Y takes values on y,7=12,....To determine

the joint pmf of Y, by taking B={y}, we have
o N TSmi-\'e or countably

é - {EQ-DX‘Z(g(Xi) = yi} infinike set
and hence, the joint pmf of Y is 6 ; by (d) in LNp.7-8

*9+2 py(y;) = Py({y;}) = Px(4) £ 3, capx(x0).

L _m®Example. Let X and Y be random variables with the jointa_?
Yl pmf p(zx, y). Find the distribution of Z=X+Y. X&Y oz

@ {Z=2}5 (X, Y) € (@, ) wty=2}} (@) discrete. £1.s

pz(:) = P2({z}) = P(X +Y =2) = 3 ple,z=2)1
rEXx

w=y e o When X and Y are mdependent, = (Q)
= xed Q ‘ }
>3- p(x, y) = px(®)py), ge o X
S0, pz(z2) = Sj px(z)py (2 — ).
rEXx

which is referred to as the convolution of px and py.
o (Exercise) Z=X-Y ﬂ’_’i Exvp(g?g..‘d')
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éa

» Theorem. If X and Y are independent, and P 730
X~ Poisson(A;), Y~ Poisson(},),
Noa then Z = X + Y~ Poisson(A, +A,).

o, = bwd

Y222 Proof For 2=0, 1,2, ..., the pmf p,(2) of Z is
0o 23 3 tﬂumu@m‘uesfz . - i meof.
e M e N | Bisson(RitA2)
pr )Py z—xz) Z ! (z —x)! —
x x=0

”(=XI"'"'*XK —(>\1+>\2) “| I —(>\1+)\2) ]
e Al —x (& p
~B:sm(A.+-+z.)l - ¢ <§ T emTIIEY ) = T at ),
=0 ) .’Z

Xeeni~ Bsson(Ae 2! zl(z — 2!
Bre Ye& Xer Binomia
: mpde:t; oCorollary. If X, ..., X, are mdependent and bT{m o 5.23
Ans. Yes. by the X -~P01sson()\-) =1, P
ization
_in WNp7-2¢| then X +---+X, ~ Poisson(A;+---+A )
Proof. By induction (exercise).
X & OS- X Xz #of X anﬂ:o?x

ir:dep ‘B> X ~Rissn(At) XarBisson (M) Xa~Risson(xta)

time
Pisson Ress
oisson \__.__)(,4. +Xo' Hof x| ~Phisson(Altr+- +tn))

f@Method of cumulative distribution function P 731

“Q:P:‘;;‘ L.In the (X, ..., X n) space, find the region that corresponds to
< R [ n l
t‘;fkemvz:'l:sd Xl;lg({)//?" B(< R")| _’{Y <Yy e ¥ Yk<yki Al=R)
repoce the 2.Find Fy(y,, ..., yk) HY, <y, ..., ¥;<y;) by summing the
B by joint pmf or integrating the joint pdf of X Xy ooy X X over the

| (w4 *(-Wﬂﬂreglon identified in 1.

3.(for con;muous case) Find the joint pdf of Y by
differentiating Fy(y,, ..., y3), 1.€.,
Y 8"’

e fY(ylvvyk): -0y, (ylv"'vyk)‘
Y ; wu Example. X and Yare random Varlables with joint pdf:
¥ ggg ) (x, y). Find the distribution of Z=X+Y. | ?— :‘;-rx
e 7S 2 Z (XX V) € (@ g why<a)) - So. )y, i
H = =
Fi)=PZS9)=PX+Y <3 s Yol 1!
o x > dxdy = |1Tldsdt=ds
[ )20 fa,y) dyde

S
t—s >

f—oof—oof s,t — s) dsdt (Set {Zaj/
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éa

nd f2(2) = Ep(2) = [ flo, 2 - daeS@

in WNp#-29
o When X and Y are independent, Sor discrete
f@, y) = Fu(@) (). e,
_ So. Fy(2) = [ [7 7 [x(@)fy (y) dyda LPes
{5 (3-3)‘;}(@? L

= T e ) dy fx (@) da
Ia\qgmtm

by parts a‘ffooo Fy(z —z)fx(z) dzx f_-' d—i'F;(%) | [2=X+Y=Y4X
(2ei))  which is referred to as the convolution of Fy and F, and
fz(z) = f fx (@) fy(z — z) dx ¢ [ConvolcEion of

pmfs (tNp.7-29)
which is referred to as the convolution of fy and f,-

o (exercise) Z=X-Y.» fns. f,_(})=§25‘;<,¥(a+g,_gt)dgt :
» Theorem. If X and Y are independent, and

X~ Gamma(a,, %),_ Y~ Gamma(a,, M),

then 7
Z=X+Y~ Gamma(d,+0,, A). e{intuition R

& p. 7-33

Proof. For z>0, 2 Vgl é_)ou-\ A(x+(z-x))

)\al—l—aQ o .

———J2(2) = Taran Jo 277 (z @)@ e Oda
Iﬂzg= x/z@ A¥1 T2 A2 j‘l (a1 —1)+(ap =) al—l(l _ )ag—l d
> x=24 [(e1)Tas) -0 ¢ 7 Y dy
dx _ amFesylnten)demAr | Pemiten) Betn function
9 - oataz) | (LNp.6-277)
?d%:ldﬁ

and fz(z) =0, for z2<0. th'F of Gamma(ariaa,A)

o Corollary. If X, ..., X, are independent, and

X~ Gamma(O( )\) =1,
then §1_+ e+ X~ Gamma(g1 +o( )\) a-{.nkwﬂ:tonl

Proof. By induction (exercise).

o Corollary. If X, ..., X, are independent, and

X~ Exponentlal()\) =1,

ﬂG'mmnrw.( 1.1)

then X (Tt XQN Gamma(n A). <7 m-l;wnl

Proof. (exercise).
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E(Xi+ -+ Xn) p. 734
chock. -g)Theorem If X,, ..., X, are independent, and B+ E(X0)
Texthaok X~ Normal(y,, g2, i=1,

, AT (Xt~ Xn)
Sec.63.3
then KI T Xn Normal(gﬁ-- . '+un’ g12+ +Gn

X X)) +--- +TaalXo)

Proof. (exercise).

;= Example. X and Y are random variables with joint pdf

f(x y). Find the distribution of Z=Y/X. PTRZ
vebinu
r\vet Q: = {(z,y):y/z <z} rws
Yu=3 (3<0) = {(z,y) 12 <0,y > zx}

>4=x3 B fz‘é}l | pzeary {(z,y) 12 >0,y < 22}

T=#lxs=x then, FZ(z fo f(a: y) dxdy _
W - Sl e s [ 2)
= LSt S fsst)@

= [ [7_|s|f(s,st) dtds %’fz%’;‘_‘.ols
=leg dg )7l sIT
= T sl (s, st) dsdt a8 av
dxdg—lsldsoij-i
& p. 7-35
and, fz(2) = LFz(z o |zl f (g, zz)
o When X and Y are 1ndependent 'f @
Hink. f(fL’ y) = fx(x)fy(y)

Z:)\;‘/(QC) So, Fz(z)=["_ [70 Is|fx(s)fy(st) dsdt — (¥)

o o~ 15 el

(F W | (ercise) Z=XY
oIf X and Y are independent,

eq. ratio of _ . N .
2 (ifetimes | X ~ exponential(A,), and Y'~ exponential(A,),

Let Z=Y/X. The pdf of Z is

R
o < _ aI(2) fO (>\1+)\2Z) LU 6 — (A1 +A22)x dr

0 o (>\1+>\22)2 1 F(2) |

: Ay Az
o = (A14+A22)2 {Pdf Ofﬁamm(z, ()“.,.13)3,)
for z>0, and 0 for z < 0.

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2024 Lecture Notes

ol And, the cifozf Z is o P
Hnm:zad Fz(z) :{OAfZ =fs Tatred? L; 1, 2o
of- cdf = A et _1_A1+—3\az=[o,uo
(i;e tﬁe’wﬁm) for 2>0, and 0 for z <0,

cthod of probability density function

= Theorem. Let X=(X, ..., X5) be continuous random

variables with the joint pdf fx(zy, ..., z,). Let
f—(?' ), SR SR
Yo o gl 9K, e

where g is 1-to-1, so that its inverse exists and is denoted by

x=g~(y) = w(y) = (W,(¥), Wy¥); s W (Y)): WiR>R
Assume-w have continuous partial derivatives. Let Xz Wit -.¥a)

owi(y) Owily) ... Owi(y)
Jocobin | Y 833(13') 833(23') 833&') Note Tt becomes
- . 8y1 8y2 T 8yn _' QWL | J-' :f m
J(#I."’o#ﬂ)"i_ . . " eag I as&
. ; . P8/ag] |
determinant Qwn(y) Ownly) .. Owa(y)
oy Oy2 Oyn nxn
B
€ Then  fy(¥) = fx(g () X |JL€> Thm in LNp g-10~11 "7
T gbsolute value of J A
for y s.t. y=g(x) for some)and fy(y)=0, 0therw1$e

~7

Recaﬁ;’ The X, pag £ Y, 4 pdfs, ($.43
‘on in . b
Bl (Q: Whatis the role of | J]?7) Ay Y™

e O, %)t 8% X, i

-volume = (1. ¥;)aY; 0 X,
Proof. FY(yla"’ayn == f_y;o f:_yzof_Y(th)tn) dtndtl
' = . Berrery o) Tlyeve,Tp) ATy -+ - dxy.
i A e CHREALER
LNp7-3| %=gn($l ﬂﬂﬂﬂ zn)ggﬂ,

It then follows from an exercise in advanced calculus that
YW yn) = 5o g Py (W, -5 n)
.oy Wh J
iy DO ) x| (i

oRemark. When the dimensionality of Y (denoted by k) is :]
less than n, we can choose another n—k transformations Z

such that K-dim —y ¢ (a-K)-dim

n-d.m—L_g,Z) 9(X) l "’_'Fu» G exists,
satisfy the assumptions in above theorem. g differentiable
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