NTHU MATH 2810, 2025 Lecture Notes
ek i P12, 1,075, 1 A2°'_1‘1) by Thm in LNp.4-2¢4]  *7*

| — P(A1NASNA3) £P(A)P(AS)P(As)
11/13 Ty P(ljl 1)P(1Ai_ O)P(1A3 =1) #mﬂw meSJ
n  »Theorem. If X= (Xp, s X ) mdep

n X izati Xn
" generalization
are independent and =t i< <=
X Y, =g/(X)), =1, ..., n, 3‘ . , ? R
— —_ —_ 2 g

92<Xz‘1+1; ey o)y

R* then [%i:R->R
A el Y}, ..., Y, are independent.
R" Proof. indep.

Let A;(y) ={z: g:(z )<y} i=1, ..., n, then

lapm‘t'cdf}-bFY yl,. . n 7yn —‘/Qﬁ < Y1y - - - ,Yn < ynLJacmss

—~ roduct
same subset o )| = P(?(l c A1(y1),-..,Xn € An(yn)M getw:’
*OXio X indep. | == P(Xl c Al(yl)) X 0 X P(Xn € An(yn»

P(Y1 <y1) X+ X P(Yn < yn)

By, (y1) X -+ X Py, (yn) < )

(OTheorem. X=(X|, ..., X,) are independent if and only if there = *™

same subset of )

exist univariate functlons g7(:1:) =1, ..., n, such that cS. Factorization
—ai: IR‘-*IR' Thm (LNp F-21)

(a) when X, ..., X, are discrete r.v.’s with joint pmf py, |& definition
— (LNp #-20)

pX(xlﬂ ceo xn)ggl(xl)x xgn(xn)a _OO<CBZ-<OO, 2_19-
- -forang
(b) when X, ..., X X are continuous r.v.’s with joint pdf fx, ’;7%!‘%)
®— fi(zy, ..., x,) x g(z)x-xg,(x,), —oo<a;'.<oo, 1=1,...,n
Sketch of proof for g_)—ol proof for (@): S - T (exercise)
(=>.trivial) the rest part
(«) le 1) / / fx(z1, 2, ... ) dxsy - - '(;vmoj%xd)
to X

@}JW---/Oogl<w1>b2<x2>---gn<xn> )
Similarly, fx,(z2) < g2(z2),..., fx, (Tn) X gn(Ty)
=[x, (x1) - fx, (@) x g1(z1) -+ - gn(Tn)

by (3¢)
y¢ Fx (s van) o (1) -+ f ()
= fx(T1,..., %) =cC: fx, (1) - fx, (xn)
for some constant c. 2
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s Because o0 0 P-7:28
/ / fx(z1,22,...,2,) dry - - - dx, = 1, and
tbooee [ g
lzlg_wﬁi(&)dz,‘_ ) Ix, ( xl\ e P dr,---dr, =1, =c=1
» Example.
= [f the joint pdf of (X, Y) is
flz,y) xe e Y 0<z<00,0<y <00, cross

y product
and f(x, y)=0, otherwise, i.c., set

_ xl—_—q— 3"(5) B
flz,y) e 253 ;y}(o,o@(w)?l‘(o,oo)(y),vcx.s)enz‘ #‘

then X and Y are 1ﬁdependent Note that the region in which
the joint pdf is nonzero can be expressed in the form
et (T, V) v€A, ye B} =D > Ipf=1,00).0p(Y) <— —
= Suppose that the joint pdf of (X, Y) 1s

D (not a cross product set:
f(x, y)oca:y, 0<33<1 O<y<1l,0<x+4+y<l,

47and f(a: y) otherw1se Le., f(x,y) x zy - 1D(a: y) v (x, 9)6[)22
x+g \

X and Y are not independent. H)efom ﬂA(“)ﬂe(#)
»>Q: For mdependent X and Y, how should their joint pdf/pmf P
look like? 3 samc W i:f(x g))dx —
\ . ] < = D@L (X
it L . e lig T pdf [%(g) racy) %08
(20+2b): ] hoEZ% = a constant
(mmg 7 Xraly
G2 S _ So0Sap _ S
=2:1:3 ; .9 - 5P K

Reading: textbook, Sec 6.2 =00 $44)

Transformatione—{ 2!l Trarsformation Sor
urvariate Y.V.

* Q: Given the joint distribution of (Np.5-12 & 6-T~12)
X=(X,, ...,X,), how to find the . n=3 k=2.
distribution of Y=(Y, ...,Y}), where X, R

o - //’:\
— . n Y_g(X)‘ T— LY
}—/l_gl(gl’ ’Xﬁ) . R —>R, Xl > \, 1

GGW% ) @ : What's the
Yegu(Xy, X, RSB, | bt B p——p gmbolf Fy
denoted by 3(x), 3»:0()) 20‘“"7 pﬂf R( > joml': pm§ P

Y=9(X), g: R@aR@
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@ » The following methods are useful: P 728

1.Method of Events (- pmf)

2.Method of Cumulative Distribution Function
3.Method of Probability Density Function

4 Method of Moment Generating Function (chapter 7)

s iginal new
original pob.| (=& - 2nd
»Method of Events space 0., Drob. Space l prob. space

= Theorem. The distribution of Y is  R" (sample space) ’g:

determined by the distribution of
X as follows: for any event BCR?,

Py(Y c B) = Px(X c A), A
Tyl =) =X
of where A = g”/(B) C R™. Same eve

in

= Example. Let X be a discrete random vector taking values

Yt XZ:(ﬂj s xr EIEERD) xm), Zzl, 2, ceny
M =L AT Y can take values in

(ie., X=1{X, %, Xy, ...}) with joint pmfpy.  y_ g(z)
Then, Y=¢(X) is also a discrete random vector. ={3(x1),s(xal"‘}¢

p. 7-29

@ Suppose that Y takes values on y,7=12,....To determine

the joint pmf of Y, by taking B={y}, we have
- N (Sintke or counkably

A= {&-DX‘Tg(Xi) =Y;fy (ifintke set
and hence, the joint pmf of Y is 6 r by (d) in LAp.7-8

‘X”»zl’)"lzkl py(y;) = Py({y;}) = Px(A4) = >« ca Px(Xi).
L _m®Example. Let X and Y be random variables with the Mﬁ

y pmf p(zx, y). Find the distribution of Z=X+Y. X&Y oz
. 1 o{Z=2} = {(X,Y) € {(x, y): xty=2}} [dfscrete s
g s

pz(2) =Pz({z}) = P(X +Y =2) = ) p(w,z.:.z)-'
rEXx

_ When X and Y are mdependent
”ﬂ-é ﬁ‘xet:llzI ’ % ‘ ‘(0)
>4=3-% p(, y) = px(@)py(y), Page o5 X
So, pz(z) = > px(@)py(z — ).
rEXx

o == _ !
which is referred to as the convolution of py and py.

o (Exercise) Z=X-Y=X+(-Y)  Ans, %xvp(&ﬁ-, ¢
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@ = Theorem. If X and Y are independent, and P 730
S X~ Poisson(A,), Y~ Poisson(A,),
) X T - R -
s then Z= X + Y~ Poisson(A,+A,).
Z _
s Proof. For 2 tO 1,2, ..., the pmpr(z) of Z is pmy of
; aﬂpsstuevalaaofz . :
e MY e ST fgissan/(ll*;\l)
=2 px(@lpvle—o) =) =P
2y — = (z—2x)
Y #) =0
x=Xi+-+ Xk —(A1+2A2) ! le—(Mit+A2) (
~ Rissonfu++A | = e—, (Z %)\T)éx) = e—,(M + \2)*.
X/<+|~Bissm(lk+l z! g z!(z — x)! 2z} .
Are Y& Xert | o Corollary. If X, .. X are independent, and | by Binomial
independent ? Aoy M2 e £ . Thm, (LNp 5-23)
Ans. Yes. by the X -~P01sson()\-) =1,
ization
_in WNp7-24| then X, +---+.X, ~ Poisson(A+---+A )
Proof. By induction (exercise).
VRV X2 # of X Xadof X~ Xo: 5 of X
ir:dep =g Xy~ Bisgon(AE) Xarbiisson () Xo~Bisson (rta)

time

Fiton Rass L—-Xw +Xn: #0f x|~ Phicgon (Ati+++tn)

p. 7-31

j‘@Method of cumulative distribution function

a ass;:ao;‘ LIn the (X, ..., X,) space, find the mnvfﬂ corresponds to
¥ n
the neliod | ¥ =§() E@E—%Y Yo e YiSyid- [jA (<R

Ofems L/EK L—R”
repoce the 2.Find Fy(y,, ..., yk) HY, <y, ..., ¥;<y;) by summing the
B by joint pmf or integrating the joint pdf of X Xy ooy X X over the

04 ]x-- xH"'Jreglon identified in 1.

3.(for con%muous case) Find the joint pdf of Y by
differentiating Fy(y,, ..., y3), 1.€.,
Y 8"’

fy(yl,...,yk): aku (ylvvyk)
y A Example. X and Yare random Varlables with joint pdf:
¢ 75*3 2/ (2, y). Find the distribution of Z=X+Y. [(s=x
t=4+x
u] {ZS Z} - {(Xa )/) S {(xa y) x—'_ygz}} SO’ T ”%s fycﬂr | | ol
44 é%tz-n W=l
F P(Z < P(X+Y < ’
T=3 Z(Z) ( Z) ( + — Z) $dxdg=|:r|&sdt= .

b e ({2 1L).
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and fz(z) = é@ﬁ = [Z f(z,z - v)dee @) "

in INp#-29
o When X and Y are independent, for discrete
case.
[z, y) = fx(@) f{(1). o AN
So F7(z) = f fzxX Wy (y) dydx __’?:f__
S_:}i(g-g)fx(ﬂ-’ LX) %y

\ = ff‘; [ffof fy(v) dy| fx () da

f;‘?ffé“t == Fy(z—z)fx A}_@j— AR | Exvvx
8;%:35@ which is referred to as the convolfion of Fy and F}, and
(exercise) [ ¢ f7(2) = f fx (@) fy(z — z) da ‘;__&Mmt
conyolution of

omfs (Up.T-29) which is referred to as the convolution of f X‘ and fY; LMM
o (exercise) Z=X-Y.» fns. Jz()= S Sk (@tY4.9)dy

{
» Theorem. If X and Y are independent, and ‘Mﬂf
)_(N Gamma(gla )\)a l_/N Gamma(gb )\)9 oo\‘\ ’
then (S o~ 4 e
Z =X+ Y~ Gamma(0,+0,, A). e{infuttion N
& _ p. 7-33
Proof. For 2>0, 2E - Zyo A+ (z-2)
o A\¥1tT a2 T} e —1—
___._._x_\fz(z) = TloT(as) Jo z7H (z —x)2te T Ddx
&fg: /Z @ )i‘a(1+6;;((9—>\)z fol Z(a1_1)+(a27¢1’);{;&’ya1—1(1 _ y)ag—l dy
¢%=Lg’ oza-:oz ((Xo? +as)—1_—Az — -
b _ateesiten) Tl BeBtes (oo
96‘%:243

and fz(z) =0, for z2<0. thf of Gammafataa, 1)
o Corollary. If X, ..., X, are independent, and

X~ Gamma(O( )\) =1,

then Xl ++ X ~ Garnma(g1 —|—a )\) intuttion

Proof. By induction (exercise).

o Corollary. If X, ..., X, are independent, and

X~ Exponentlal()\) =1,
-+ quv Gamma(n A). <.| -hon,.

Proof. (exercise).

then X+ - —> Gamma(l.X)
il
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E(Xi++Xn) p. 7-34
check -g)Theorem If X,, ..., X, are independent, and| = ‘E()(a)+"'+E(Xn)
Tobak X~ Normal(;, ,2), i=1, ..., n)Za(X+—rXa)
|Sec.63. — T 7o) +-- - +Tan(%n)

{ then X; + --- + X, ~ Normal(y,+---+4,, 0,*+---+0,,

Proof. (exercise).

.= Example. X and Y are random variables Wlth joint pdf

f(x y). Find the distribution of Z=Y/X. Y*— % i’ Z
r\ﬁLet Q. = {(z,9):y/z <z} rws
(3<0)

Hx= — {<xay) rx <0,y 2> Z.CE}
>g=v3 BB U{(z.9) 0> 0,y <)

T=$/%S_z then, Fz(z fo f(z,y) dzdy _
3’ — Tz co r = s
T N i LV R D)

— fo fz —|—fooofz fsst)@dtds s=x,t= %%

= 7 D |8l f (s, 8t) dtds X
= T sl (s, st) dsdt 3%3%' ’35
dxdg.—lSIdsdtJ'é
& p. 7-35

and, fz(2) = &£ Fz(2) = [~ || f(z, zz) dx
o When X and Y are independent, @

Hink. f(fL’ y) = fx(x)fy(y)-
Z:’é\/((x:) So, Fz(z)=["__ [~ Is|fx(s)fv(st) dsdt — (%)
Fwithe | ang fz<z> = [, lalf (ff:)fy(z:v) da

(F N [, (xercise) Z=XY

oIf X and Y are independent,

eg. ratio of _ - _ .
2 lifebines X ~ exponential(A,), and Y ~ exponential(A,),

Let Z=Y/X. The pdf of Z is

" T2 = I () e 0] e
X _ Al(2 A1+X22)? 1+A22)w
oo — ()\1+>\2(Z))2 fO TR 12— 1= (A1+A22) 'dCU

4 X1 Ag
s = (>\1+A22)2 fpdf @C‘}-umma(z; (AH’AZ)})
for z>0, and 0 for z < 0.
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<@ - And, the cdf onis o 736
Es@aaﬁﬁ T z o P.SP.V
Cmoj-'Od FZ(Z _fo fZ fo ()\1—|—>\2t)2 dt . T
the meth O AZ - v (1, 2te
of- cdf B (1 +22t)™ 1—m—{o, Z40

0
(;ﬁ_eb/"’e'ﬁ \ for z>0, and 0 for z < 0.
cthod of probability density function

= Theorem. Let X=(X, ..., X5) be continuous random
variables with the joint pdf fx(z,, ..., z,). Let
f—(g' %), 31- R'->R'
Y=g 9, v
where g is 1-to-1, so that its inverse exists and is denoted by
x=g71(y) = w(y) = (@y(¥), wy(y): -, wy(Y)). WiR>R
Assume w have continuous partial derivatives. Let Xi=Wi(Y1,+-.Ya)

owi(y) Owily) ... Owi(y)
Focobin|—y | ourly) ourln . ously s |t T buames
J(4. . 4n)=J = 8?:;1 81;/2 8@;/71 _'[ 639 | lga; “ﬁ'
deberminant Bun(y) Owaly)  Owa(y) =
oy Oy2 Oyn nxn

B

Then  fy(y) = fy(g y) x| €= 2 Thm in L g-l0~1l 27
8

= ghsolute value of T
for y s.t. y=g(x) for some)and fy(y)=0, 0therw1$e

J . ll
3LN é:Il —»(Q: What is the role of |J]?) , Y=g(X)
i why absolute value? —— (. 2y & ‘;X Lo Y,

Proof. FY(yla"’ayn :f_y;of:_yzof_Y(th)tn) dtndtl

~7

meu.aao{cd{— [ Gren: fx(@1,...,2,) dzy - - dy.
check I~3 in Yi=o1(e1, o on)<yy —

INp.7-3I Ya=on(z1:2n)<yn

X=gY) | It then follows from an exercise in advanced calculus that
'-‘.S"'Sggi_) H(gTwidy 3-'( fx(wl(Y) --,wn( )) 5 A sl oF X

L}
j_ij---ﬁ" o Remark. When the dimensionality of Y (denoted by k) is -
less than n, we can choose another n—k transformations Z <
such that

K-dim —y, ¢ (a-K)-dim
n-dim— (:Y,Z) 9(X) "Rn‘ 2 exists,
satisfy the assumptions in above theorem. m
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