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i pg_'!l_m ». ¢ Marginal Distribution. Suppose that p. 717
[] FA l(
Ke

2Kl (X, ..., X,,) ~ Multinomial(r, m, pi. ..o Pps Piersee-s Dy

&& ! For 1<k<m, the distribution of Forits wﬁ:m
can be any Lt *XK)
m R rv's (X X Xka le -+ X )

(e) in LNpT-8 &
(@ is Multinomial(n, k+1, s P13 eeos Pio P T D)

@) in LNp.T-16
(exercise) |

In particular, X; ~ Binomial(n, p;)¢ 2

Z(gc:: m) l + Mean and Variance. ®;
"Bm . s ' ,..

= (Pews- RS E(X,)=np, and Var(X,)=np,(1-p,)
fori=1, ..., m. (X, =+"'+XM)

a inomi n,2,p, k. 5
»Example. |mmm)‘5x) multiromial (1,2, Pl Pt <F

= Suppose that the joint pdf of 2 continuous r.v.’s (X, Y) is
Fx, Y=

)\2 —Aety) >0,y >0,
( Ae‘”‘)(xe"ﬁ)

otherwise.
— T = eﬂ:s‘.‘ze
S0 5@ Q: P >2X or X >2Y)=1? except

(0.0) w : -~ xt_
« The event {Y > 2X}U{X> 2V} is YT (0,05 X N

Nefg:
1’3/

€ = S0, Y 22X or X ZZY)_P(Y>2X y+P(X>2Y)=2/3 becaus€ ™

p( (X Y)GA) & - “mubually exclusive except (0.0) & P((0.0))=0)
-y Spanty| PV 22 )2 [T e gy da
2:13

J‘ 00 00
— / — —)\(m—l—y) dx :/ )\6—3)\m dr
0 y=2x 0

(~1/3)e [, = 173,

and similarly, we can get P(X>2Y)=1/3 (exercise).
»Example. Consider two continuous r.v.’s X and Y. 4y D

= Uniform Distribution over a region D. If szdn::(g(?r: X
(se94k | DCR? and 0 < a=Area(D) < oo, then ﬁ'

in LNp_5-13
= CSSII?E: _ 1 indicator ‘m,;: (x4 €D
=€ (fo Ldudy fz,y) = < D—(x.y_)J Doinyp= {o if (4 ) &D
= C-amalP)  j5 3 joint pdf when c=1/a, called the uniform pdf over D.
Rl ~ B ~ odf
» Let D= {(z, y): 2*+y°<1}, then a=Area(D)=Tt Y

D
M fa,y) = =1p(z,y) S

1s a joint pdf.
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» Marginal distribution. The marginal pdf of X is

Thm in J Vi—xz2 1 S still uniform 2
LNP.?"IO / _ dy — _\/1 . $2
J = T X 7 nok
un('parm

for —-1<x< 1, and fy(x)=0, otherwise.
(exercise: Find the marginal distribution of Y)
+ Reading: textbook, Sec 6.1 Recall. sum of nclgg. Bemoullis » bmomwd .

- ot a cross
E30 Independent Random Variables |product set
» Recall. 3 independent events (LNp.4-19~30) (check LNp7-2)

> If joint distribution is given, marginal distributions are known.

» The converse statement does not hold in general.

»However, when random variables are independent,

marginal distributions + independence = joint distribution.

‘ I“Azx“-XAn:
Q@ cross-product
set in R?

independent
events

=

p. 7-20

@ Definition. The n jointly distributed r.v.’s X, ..., X are

called (mutually) independent if and only if for[any| [AixAas--xAn: @
(measurable) sets A,CR, =1, ..., n, the events “"‘iP"’d“f-"' set: in )

Y ¢ A, "'.AnCR n
(X €A, .., {X,€4,}

( 11 ) . d LE(?, ’f‘il’ . E <—-EA|’->-‘EA"C Q
are (mutually) mndependent. lhat 1s, oot
C". !\gl‘ﬂt dri.’ a EA; @ Alﬂ @’ f@ EAL& /i _.—E-#L-N.‘- -
margina dist, P(Xz S Azl,X - Azg!a"‘,X@' c A, ) in RS (LNp.3-2)

candefine — P(le E Azl) X P(X7,2 E A@2) - X P(sz E AZk)’
5 —

tn (Vi)
7P

whes | for any 1<i,<i,<---<i,<n,; k 2, ..., N [Ackually. i+'s enough to examine k=n]
any (3P = \E “g

For k<n, let Aj= R [
If Xy, .. X are independent, for 1<k<n, g% U, ic (%)

fonrr\e?‘ebb any k—

purpos P(Xpy1 € Ak, ..., Xpn € Ap| Xy € Ay, ..., X € Ag)

, z— P(Xk+1 € Agi1,..., Xn EAn)f—couldbe

@———T » some porats, in [R'
provided that P(X; € Ay,..., X € Ag) > 0. ‘“mﬂm’“"?', ’

= In other words, the values of X, ..., X do not carry any
information about the distribution of X JRSTRET X
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* Theorem (Factorization Theorem). The random variables
X=(X,, ..., X,) are independent if and only if one of the following
conditions holds. margtmléjomt

(1) Fx(xl, .. .,wn) = FX1($1> X X FX (xn), WhCI’CEXiS
the joint cdf of X and F'y 1s the marginal cdf of X, for i=1,...,n

(2) Suppose that X, ..., X X are discrete random variables.

px(T1,...,Tn) = Dx, (acl) X X px, (Tn), where ]_)X is the
joint pmf of X and p Px, is the marginal pmf of X for i=1,.

(3) Suppose that X, ..., X, are continuous random variables.

fx(xy, ..., xzn) = le (5131) X <X fx,(zn), where fyis the
joint pdf of X and fy is the marginal pdf of X, for i=1,...,n

Proof. a cross
independent = (1). Fx(z1,...,2,) = P(X; < $1, o ) produd:

iy =S tink
P(X, € (00,21, .., Xy € (=00, 2y | oo
x P(Xn

by the definition of = P(X; € (—oo,xl]) € (—00,xy])
independence = FX1 (gjl) AP Y FXn( n) mﬂ)@mpyd‘g

Of 6~f(’2(d ‘

independent <= (1). Out of the scope of this couse so skip. N

xh“.?xn):P(Xl:xl,...,Xn—xn) p. 7-22

éa

/—\

independent = (2). px

- t
by the dficbon of = P € o) X € e SRR
/‘nngmﬁce . ¥ pP(X, € {xl}) X -+ x P(X, € {z,})
lincleé.
T px, (1) X -+ X px, (Tn) XZJ { o(n)
(2) = (1). ‘f-—éy e m Np7-9 <] ”
Fx(z1,...,2,) = Z px(t1,. .. tn) JXI
m t—t-l(gcl t?t;ezin < t € (-0, 'l,]x -x(~00, %l]’,_ %
y = Z ol DD px(t) x - xpx, (ta)  Lacross product seb
SRR S e fp
- d o opxi(t)xox > px,(ta) = Fx (1) X -+ X Fx, (2n)
(150 tn)EX (t1,---s tn)EX
(3) = (1). m::’i?' . f—-ml:egrwl:amovera. cross poduct set
== roti
Fx(zy,...,2 )_ ' fX(tl"" tn) dly -~ dty z-:gx.]o::rfréelevmt
by (3) 'to ‘_t_a."'cgk
= / / Ix, ( tl - X fX (tn) dty---dt, cf. graph in LNp 7-IT
St -
= = le (tl) dtl X - / fX n) dtn = FXl (.Tl) - X FXn (xn)
—= b >
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€ @ ()RR (checkiein 120N ey L
fX('Tla s 7xn) = WFx(aﬁl, r ,xn). =Fx($h,---, xg,z:*":oni%;)
1> " &
by (l) Q om Ia =Fx.(¢l7"' F)(k(x‘) =
o 8331 P 837” X1 (1’1) X X Xn (.an) X F'x,‘”('xrn)"-’-—z,,(%n)
o o 1 0 1 o0
— 87FX1 (331) X oo X aTFX” (Qj‘n) = le (ajl) X o X an (:Un)
—_ n b3

»Remark. It follows from the Multiplication Law (LNp.4-11) that

Fx(z1,...,2,) =P(Xy <z1,..., X0y < ) (xz'm];;ogx.
= P(X1 < acl) g (: FXl (5131))
2

XP(Xy < x| X7 < 17)

XP(X3 < 3| X1 < 21, Xo < x2)
X oo [?(BiGMOSXI,XQ

X P(Xp, < o) X1 < 21,y Xnot < Tn_ 1)(% P(X, < z,) = FXn(mn)>

P' Az
n Bn, indep. of X1, Xn-1]
The independence can be established sequentially.
An

»Exam pl IfA4,, ..., A, UQ are independent events, then

la,,...,14,,are 1ndependent random Varlablesﬁor example,
1 Y indicotor Sunctions ~ Bemoull; ( P(AL) discrete N

¢ (eetetle P14 S1,1.,270, 14,2 1) by Thmin Np d-24] 7
= PA1NASNA3) = P(Al) (AS)P(As)

/14 = P14, =1)P(1a,=0)P(1a, =1): uct of
gl 55 (Ly, =1)P(1a, = 0)P(Lay )"(me";ml P"'fi]
indep,

n  »Theorem. If X=(X,, ..., X))

are independent and ?: | peneralization. :zn
X Y,=g(X), =1, ...,n, &} %] "
R* then [3i:R->R
JY=gD y Y,, ..., Y are independent. L
R®  proof : indep.

Let A;(y) ={z: g:(z )<y} i=1, ..., n, then .

@FY yla---ayn —_/Qfl <yl7--- Yo < yn
same subset ofﬂr = P(?(l c A1(y1),...,Xn € An( ")M set
X1 Xa indep | = P(X; € Al(yl)) X+ x P(X,, € An(yn))
PY1<y1) X - x P(Y, <yn)

Fy, (1) X -+ X Fy, (yn) <

same subset of ML
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