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w-F is continuous from the right with
respect to cach of the coordinates,

= X, or any subset of them jointly, i.e.,
(%.Xa) if x=(x, ..., z,) and z,=(z,,., ---» Zm,

Y I Xn
¢ (-0, Zm]

such that Z,, | X, then

Zi22i22 -22imz2 22X Ex)| =

B I T () | P ()8 =eozmle | Cozgimad
. non—decreas\r\%(cf (2)in INp.5-9) '(-w,zm]‘i < (-00.t) = x(-00, tn]
Zf(x.,rz\ W z; < xi,i=1,...,n, then (-m.,__)g S (00 K a2 (00, 4]
yraly o (Ex
258 Fx (a1, .. ) < (tl, b)) < Px(ah, .. al)82d
b where t; € {x;, )}, —~ 1 n. When n=2, we have
@, 12) can 3eoeml:zed o usti<if

FX X (561 5132)
< 1,<\2 9 < / / .
) > { Fx, x, (wll, 332) < Fx, x, (5’71’ 5’72)

L Y ik 7 o(S) in LNe S-j inclusion-} — C
@ If z1 <z and x5 <z, then|§aiov| | Blue N (Red U Green)
e 22 = Blue \ (Red UGreen)

%,%
B (M —Pay < X1 £a), 0 < Xo 5 w), 5
% "*
X

Nty = Fxx (@b = Fxx, (o0, )

N (o
oy —Fxl,xg(%,xz)+FX1,X2($17$2)'———_‘_|__: Jat
T g, (x4, X5 > (2. X2, X)) (X X2, X)) (W X o)<+ B
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; In particular, let 331 1 oo and 3 1T oo, we get
— 7'& )Who.t if 200, Kay-00
X i (7]
P(r; < X < 00,29 < Xo < 00) : ljf_ ";4'415‘2 "7“21“*_00

"Ny =_1-—Fx, (x1) — Fx,(x2) + Fx, x,(T1, 2
masginal) _ —r— A s
(vii)] The joint edf of X, ... Xy, k<n.is o™
2 ©-Fx, .x, (21, .. ka) = P(X; S T1,. .., Xp < Tg)
Xk: < Tk, l‘sameevenﬁ

@
Ml [ P S o i s
ai) in
% ga—> X ,_Npg'y_; — 00 < Xgpp1 <00,...,—00 < X, <00

% 15:". ‘
= lim Pl B B r T 0n )

X, TXZS%'} Th+4+1,Lk42,"""Tn —>00 520 S0
x,%l , , :
In particular, the marginal cdf of X, is | ke any one
B of the n rivs

Sometines, might' ||
. g ’ Fx, () = P(X1 < o)

or maging distrilution )
(mm%w tes) = lim Fx(z,z2,23,...,Ty).
T2,T3, ", Typ—>00 — hoo Lo Lyoo

ijoin.t =>margiw|
Theorem
Theorem. A function Fy(z,, ..., z,) can be a joint cdf if Fy

in LNp.5-11 ?—
<./ gatisfies (i)-(v) in the previous theorem.
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»Joint Probability Mass Function

= Definition. Suppose that X, ..., X, are discrete random ;
variables. The joint pmf of X=(X, ..., X)) is defined as b

by

BeR*>R  py(z1,...,20) = P(X1 =21, .., Xp = Tn). = Do
Xi€{ana, ---- 32X,
Xa€ibiba, -3 EXa
. (HixXa is cuntab
(@) px(x1,...,Tn) >0, for —co < z; <00, i=1,...,n
(b) There exists a finite or countably infinite set X C R” such
that px(z1,...,2,) =0, for (x1,...,2,) &€ X.
(c) Zxéi px(x) =1, where x = (z1,..., ). -
Y
() For ACE", P(X € 4) = Yy sy px(x)._fairrus”
X 3°“f€" »€(e) The joint pmf of X, "‘;XE’ k < n‘;flsvﬂ,, b any R r.v:sJ
PXy o Xn(Z1, o 2p) = P(Xy =21, ..., Xi = 23)

= Theorem. Suppose that py is a joint pmf. Then,

e — P( 1 :xlw"an :xkyL Jsameevent'
margmaipmf —oo<Xk+1<oo,...,—oo<Xn<ozo£ 2
X =
1 Z px(xl,...,xk,£k+1,...,éE‘n).
N ~ (w1,...,xn)eé ~00 -00
g‘omt»margmal C<zri1 <) ...~ o<zpn <oo B
. In particular, the marginal pmf of WL any one of the |77
gﬁi‘kl‘y’? e— px,(7) = P(X1 =) x 0o 0o LA TS
mple ia[¢ LX) Pt
Wp.7-3 - Z pX(Eaf%éCS, .- 7;:_71)
e I - e
= Theorem. A function px(z, ..., x,) can be a joint pmf if py
satisfies (a)-(c) in the previous theorem. discrete
B x % Theorem. If F and py are the joint cdf and joint pmf of X,

i

then lpeﬁ?”s Péf::_)l
‘X FX<$1)H.,$TL) = Z pX(tla---7tn>' FnLﬁp,f-ll
1 |
I Pxem E s, [Be e, s
A= (-oo,x.]x(-oo,Xz]x -"X(-OO,'Xn] — = P(Xi<%,---,Xa < Xon)

At To derive px from Fy, take n=2 tLillustratej- What if n>2 ?

N _' r_ - - ?%k(ﬂ)inLN;:ﬂ-?l
Xipx(z1,m3) = lim Plax;— — < X; <@+ —,00 — — < Xo <@y + —
‘ m—r0o0 m m m m
/ ;
A

LX<, Xas Xa} /"fX'Sl'a Xa<Xa}
< lim | Fx(zy +1/m @y + 1/m = Px (21 +1/m/w; — 1/m)

. X, Xag X2} ALX<X, Xas X2}

LNp.7-6 —Fx(z1 —1/m, 3+ 1/m) + Fx(z1 — 1/m, x5 — 1/m)}

= Fx(z1,22) — Fx(z1,22—) — Fx(x1—,22) + Fx (21—, 22—)
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Note

= Definition. A function fx(z, ..., ©

Joint Probability Density Function X :()—=R", fx;mn—»R
, £,) can be a joint pdf if

p. 7-10

(1) fX(SIjl, e T )>O for —oo<z.<o0, i=1, ..., n.

2 Definition. Suppose that Xy ooy X
The joint pdf of X=(X, ..., X ) is a function fy(x,, ..., x
satlsfylng (1) and (2) above and for any event ACR”

-dx, =

X)) dxy -

?"8«@0

If dim(A)<n
| P(xeA)=0

., X, are continuous r.v.’s.

s Ty)

/- Inpractice, could be difficutt o7 A for the event:
PXeA)=/-. f Ix( xl,.. azn) dxy - - - dx,,.o ineest
jomt: L, g plem{' raflvn

|magginal fe-@® Theorem. Suppose that fy is the joint pdf of X=(X, ..., X,).

Then, the joint pdf of X, .. L X k<n, 1s

canbeany R rv’s in X

pdﬂ'-og-)‘l by (¥)in a*

>

(xea :"_m X X, &.-.l._xn)

2 le ..... Xk(xl,---,xk)_ﬂ_"_l’anm&_xx azg a;,
00 by (0)in Np7- ﬂr—“r.w

= ffooof_ fx(ﬂfl,---,wk,x;?+1,...
~a0 e

oo

,a:_'—nj dxgiq - -

n

dx_'ﬁ

-4

In particular, the marginal pdf of X, is
\ ! @ !

&f‘:ﬁﬁ(h - e s+ )0 Ok

o > >
30"‘& anyoﬂe fX1 (33) — f—oo - f—oo fX(§7

pif (oFten ) Ty -

g

-dxy,.

-0

B

@

then (P(XGA) I (fx(tl ,ta)dti-dta

Fx(xy,...,2,) T_,A (-00, 7] %+ X(-00, %) .
= = fx(ti,....tn) dty -

—1 o o o

—0o0
o M—
= Bzy---Oxn Fx(l'l, cen

fx(xl, c ey

at the continuity points of fx.

(%)

Tp) , L)

» Examples.

» Theorem. If Fy and fx are the joint cdf and joint Edf of X,
continuous

p. 7-11

~dty, and

» Experiment. Two balls are drawn without replacement from a

box with one ball labeled 1,
bballs)  two balls labeled 2,
X:0->R three balls labeled 3.

@O

bi b b3 by bs by balls

Q=1 (br.62), (81.63), -, (be, bg)}
#() = b*S 30, éymmetrfc

"cf), black &
white

Yﬂ"R

- .n‘b% Let X
ﬁ?us\’ribwfed Y
fN's

label on the 1%t ball drawn,

AY(R)

= The joint pmf and marginal pmfs of (X, Y) are

 label on the 214 ball drawn. a%—)
. 9 X (R)
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p
X .
goint pmf- p(z, y) n S L masginal prnf- o5 Y
T 50 P30 Fangf=1/6
v | 2 k'230[ [72/30 [Le30 | 2/6 ||P(x=3.Y=3)
3 [ 2350 630 [630 | 376 =P(x=3)2P(Y=2|X=3)
.naJmeofX—-pl pX(:I;)] 1/ 2/6 | 3/6 = ‘Z‘ T “Soe#n

Q: The balls are drawn without replacement. Why do X (from
g r'ﬁ-fz 15t ball) and Y (from 2" ball) have same marginal distributions?
P(z=1)=7a Q: | X-V[=1)=2? need joint dist
5;“”;,?”;?“’“ P(|X-YF]) £ P(X=1, Y=2) + P(X=2, Y=1)
e [Ixeor Yo wegz] T AX=2, Y=3) + A X=3, Y=2) = &/15.
» Q:What are the joint pmf and marginal pmfs of (X, Y) if the
balls are drawn with replacement (LNp. 4-6)?

Same marginal pm§
IX-Y|=1 X g
Z( &4 ) p(z, y) N > 3 py(y)J}[aA without: replaament
3
1 1/36 |,.2/36 | 3/36 | 1/6

<ame magg Y | 2 |.236 | 436 .6/36]| 2/6
%/ =

abw&odt‘m\ngmmt 3 | 3/36 ,6/36 9/3%‘/0( 2 /?:(")R/(@

withod vepdace Yorx(e) 1/6 | 2/6 | 3/6 Conderendent

p. 7-13

» Multinomial Distributione&ié binomial distribution

= Recall. Partitions

olf n>1and n, ..., n,,> 0 are integers for which

then a set of n elements may be partitioned into m subsets
of sizesn,, ..., n,n

n n!
-{G--D}‘ : EU Uf) (nl, ,nm) — n! X Xnm! ways
't M Example (LNp.2-8) : MISSISSIPPI
(1 R !
l{ca

4,1,2,4/ 7 4!111214!* (, fa00g] )
= Example (Dle Rolling)&X Goin Toss.rg M S I P

nQ:Ifa balanced (6-sided) die 1s rolled 12 tlmese-i*a‘ai%;&l
SPEGR P(each face appears twice)= ‘7‘7—) TETEF

)

o Sample space of rolling the die once (basic experiment):
99 ={1,2,3,4,5, 6} < symmebric outcomes

B
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¢ o The sample space for the 12 trials is

Q=0Q,x - xQ,= =Q,!

An outcome w € Qis W (zl, Ty - 212) where
IS/[/I, ey 7/1236. ‘tSymme'knc Obdxofnes {GU}’.' 00})
- N . balonced die 12 [

o There are 62 possible outcomes in Q, i.e., #Q = 612,

o Among all possible outcomes, there are (, , 55 5 o) = %
of which each face appears twice. In 0o, PEY = =p(E6D=Y

12! (112
o P(each face appears twice) = 21 I(j | ﬁ,n

= Generalization.

o Consider a basic experiment which can result in one of m

types of outcomes. Denote its sample space as
992 {1,2, ..., m} <& may not be symmetric

Let p; = M(outcome ¢ appears in a basic experiment),

then, (1) Pisceos Py 2 0, and
(ii)]_91_+ et po =1,

B

p. 7-15

o Repeat the basic experiment n times. Then, the sample

space for the n trials is
Q=0,x - xQy=Qy" sweN,w:n-dim vector

R 3
‘i‘f’mﬂ Let X, = # of trials with outcome 4, =1, ..., m,

m
Then, (i) X Xis -, L X, Qo R, andx (X' Xm): (=R

gotnt(y dtst\’\bt(ted
(i1) X_—I— -+ Xm =
o The joint pmf ofgl, ey X, 18
px(x1,..yTm) = PXi=z1,...,Xpm =Tw)
iﬂthfs — (:Bl,"',wm) p]_l X X p,':?nm
forlgl, o Ly > 0 and Tttt = n.m’mjegg
Proof. The probability of any se%uence with z, i’s 1s
pflx...Xp%m7 Q‘ZPx)i
( ) and there are gex 7 !
Ist i mth (ml,-?,xm) Nm.ﬂifaﬂ M:‘ngamambﬁql

such sequences.e they are symmebric oukcomes —~

B
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@ o The distribution of a random vector X=(X,, ... , X)) with ™
the above joint pmf is called the multinomial distribution
with parameters n, m, and p,, ..., p,,, denoted by
Multinomial(n, m, p;, ..., p,,). N

o The multinomial distribution is called after the
Y\ Multinomial Theorem:
TR0 | (@t an) | / ¥

: g N J

= P,+ ,..+Pm) — ( )affl X oo X aifnm

— , z;€{0,...,mn}; i=1,...,m x]"...’xm
£, R

o It is a generalization of the binomial distribution from

. 2 types of outcomes to m types of outcomes—+ b’gg

o Some Properties. M=2- (wﬁlgf ?&;‘Z. mé“é""f?.‘

oBecauseX- =n—(X+--+X, 1+X-+ +---+X, ), and

<~ (0,.,0) b= 1 - @1+ -t Pi-y p +"'+pm)a_

x, WLOG, we can VZEEeJ-eIR"' but thed:ruens.on of its X=m-1
18 ) (X pres X X (X Xy n=(X X)) N

£d

m—1» m—1>°
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