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• Beta Distribution

Beta Function: 

For α, β > 0, the function

f(x) =
Γ(α+β)

Γ(α)Γ(β)
xα−1(1− x)β−1, if 0 � x � 1,

0, otherwise,

is a pdf (exercise).

 The distribution of a random variable X with this pdf is 

called the beta distribution with parameters α and β.

The cdf of beta distribution can be expressed in terms of the 

incomplete beta function, i.e., F(x)=0 for x<0, F(x)=1 for x>1, 

and for 0 � x � 1,
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Theorem. The mean and variance of a beta distribution with 

parameters α and β are 

µ = α
α+β and σ2 = αβ

(α+β)2(α+β+1) .

Proof.

NTHU MATH 2810, 2019  Lecture Notes

made by S.-W. Cheng (NTHU, Taiwan)



p. 6-29

Some properties

 When α=β=1, the beta distribution is 

the same as the uniform(0, 1).

 Whenever α=β, the beta distribution is 

symmetric about x=0.5, i.e., 

f(0.5−∆)=f(0.5+∆).

 As the common value of α and β
increases, the distribution becomes 

more peaked at x=0.5 and there is 

less probability outside of the 

central portion.
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 When β>α, values close to 0 become more likely than those 

close to 1; when β<α, values close to 1 are more likely than 

those close to 0

(Q: How to connect it with E(X)?)

Summary for X ~ Beta(α, β)

 Pdf:

 Cdf:

 Parameters: α, β > 0.
 Mean: E(X) = α/(α + β).
 Variance: Var(X) = (αβ)/[(α + β)2(α + β +1)].

F (x) = B(x;α, β)/B(α, β).

f(x) =

�
Γ(α+β)
Γ(α)Γ(β)x

α−1(1− x)β−1, if 0 � x � 1,

0, otherwise,

• Normal (Gaussian) Distribution

For µ∈ℝ and σ>0, the function

is a pdf since (1) f(x) ≥ 0 for all x∈ℝ, and (2)
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and

�∞
−∞

1√
2πσ
e−

(x−µ)2

2σ2 dx = 1√
2π

�∞
−∞ e

− y2

2 dy ≡ I√
2π
,

 The distribution of a random variable X

with this pdf is called the normal

(Gaussian) distribution with parameters µ
and σ, denoted by N(µ, σ2).

 The normal pdf is a bell-shaped curve. 

 It is symmetric about the point µ, i.e., 

f(µ+∆)=f(µ−∆) 

and falls off in the rate determined by σ. 

 The pdf has a maximum at µ (can be shown by 

differentiation) and the maximum height is .
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