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1.Suppose that g 1s a differentiable strictly increasing function.
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Theorem. Let X be a continuous random variable with pdf
fx- Let Y=¢(X), where g is differentiable and strictly
monotone. Then, the pdf of Y,xdenoted by fX’ 1S

@ Y:Cﬁf'f““als fY(y) _ fX('g—l(y)) |dg:l—;(y) |
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for y such that y=g(z) for some x, and f,(y)=0 otherwise.

B
@ = Q: What is the role of |[dg~'(y)/dy|? How to interpret it? P
Y=9(x)
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f »Some Examples. Given the pd f of random variable X,
= Find the pdf f, of Y=a X+b, where aZ0. ﬂc&ly monotone
d
y=g(x)=axr+b = a::g_l(y): ‘@9—1
— " fr(y) = f ( —b) . L
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For 4>0.F=P(Y<Y)
fr(y) = Ix (1) 2 5 ixeo} 0 x> Vad)
v = F(0)+ [~ F(V4)
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E—s@Find the cdf Fy and pdf f;- of Yz% piecewsp. strictly monokone | *
N ; but not one-to-one

Bamplel_ " Fy(y) = P(Y <y)= (\/_<X<\/§)

in Np5-12 j P(X € (=00, /y]) = P(X € (=00, =)
[‘rr] (<00 Jj\(‘oo'r Fx(\/_) Fx(—efy)i 1fy>0,

— { 0, R 1f y < 0.
decraasin Ar’m: L t.reasmglt r'b
pont SPW'EFory>O, pat e
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@FY(y) - [IFX(\/@;FX(—A\/@']/\

B I ol x (VI fx (—/Y)
= fx(VY) - \/_efX( VY) - N

93 Fory <O, f = 0.
y<0 frly) = o finibe preces 81,-+,3n
P'°‘=‘>°’ Q: How to find the cdf Fy and pd fY for general piecewise

dgl'wy)
strlctly mogc()i)one transformatlon £ o= Z 8§ (gic) 3u 4

fy(y) =

S:= (1, 7F 3 st Ji)=y,
9 0. otherwise

€2 : How to obtnin F,,(y)]
B

BLEO® ®» — Umhe:

éa

p. 6-13

» Expectation, Mean, and Variance

efinition. If X has a pdf fy, then the expectation of X is
Dema;";deﬁned by —TGT" < in discrete case
in 3 -|

E(X) _ fjooog Fx (:I?) dx’ﬁ/pro\:otha.t‘ X near X
S_ao 1%1 5, (x)dx < oc}

provided that the integral converges absolutely
@®Example (Uniform Distributions). If

" .
i‘é‘;‘:yy fe (@) —Bia, ifa<z <0, .
€Tr) =
exam X 0, otherwise,

o 1 a2 | sf ———
E(X) — /ax.ﬁ_adx:§.ﬁ_aa | ) | H
1 p2-a? a+p « 4 e
— 5 » /8 — e 2 .
: : no need has
»Some properties of expectation or g ,sﬁéfu:zg%mﬁ;m

gfggg"e! gExpectation of Transformation If Y—g(X ), then
LNp.5-1

by definikion J—)__f f y fY<y) dy £y f (x> fX( ) dﬂ?,EE[ﬂ(X)]

provided that the integral converges absolutely P52 > "“ffw”

$X=3"

Proof. The proof is given in LNp.6-16 > dygy= qgﬂg‘mﬂ
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fixed constants

Expectation of Linear Function. For g, beR,

Y=a.X+I; f E(aX+b)=a-E(X)+b

Since//E(aX +b) = [7_(az +b) fx(z) dz
E(V)™ _ a > x-fx(x)de+b[°._ fx(z)dr=a-E(X)+b

discrete

>(DDefinition. If X has a pdf fy, then the expectation of X is also

Defibion] Called the mean n of X or fx and denoted by x> SO that
Sixed value

in LN -| (©. )
22k px = BE(X)= |z fx(z) d.
The variance of X (or f) is defined 3s_,»z (discrete case)
K I Var(x) = BIX — px)2) = 2. (@ — px)? - fx (@) da
Lﬁxed constart
and denoted by % The 0Oy is called the standard deviation.
. Fixed value -3_ =
“hecic ) Some properties of mean and variance {0 (X-MF Fzrdx
INpSH445] d vari . ; = (2 -2 i™) SRdx
wps-17_|= The mean and variance for continuous | _ (% 225, codx
random variables have the same intuitive] 5 I (% x Soodx
dscete | interpretation as in the discrete case. + U codx
case < — (N AT
WNp5-19) BVar(X) = B(X?) — [E(X)]* <+ = E(X*)-24°+ M £
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