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Lecture Notes
p. 6-32

» The cdf of normal distribution does not have a close form.

»Theorem. The mean and variance of a N(4, 0°) distribution are
and 02, respectively., "Wh ? Check the graphs in (Np.6-31 & ¢ in LNp.b-30
Tnbuibion = (") - (0] 4 : ‘/2 g -
= W location parameter; O (or 0-): scale (or dispersion) parameter
by (%) in LNp.6~ 30'
Proof. _l=p? v/—( r () in LN

E(X) = foo T—— 1 ~e” de = [~ (ay—k,u)\/— _2 dy

'7& _ﬁ y?
e mlve i g
LN \/%J '—2—¢-ﬂbd'FOfN(o.lﬂ

—— 0—|—u 1—,u

fo's) _ (x—pw)? - 2
E(X2) :f_ooa:.Q 1 e 202 dwif_oo<0—y+,u)2 1 o= dy

2o

2
— 2 [o° 2 1 - 2
— O-.f—ooy —_271*6 P dg]—*_ aHT f

‘|‘,L62fooooL —T dy Pef of N(o.1)
= g2 2u0 2.1 = 52 2
= 1+\/— 04+ p*-1=0"4p*.

= ey '< _T), dy = 752y <_6_y /2)‘_00 + [0 = (e 7) dy
5 ~9’ ot ot v »
>Some properties Why? one reason is the central limit thm (CLT) " "
—™@Normal distribution is one of the most widely used ‘]

éa

sbieple’; distribution. It can be used to model the distribution of many:

distribution] natural phenomena.+eq. height, weight, ervor, - . ..
= Theorem. Suppose that X~N(, 02). The

Recal( | random variable
E(Y)=QE(X)+b YZCLX-l-b

= N2 0 ,
Tar(Y) = @ Var(X) L NS

m where a#0, is also normally distributed
Z)=0

Ez)= with parameters ap+b and a?0?, i.e., )
fovar(Z)--' x /Q \j-_as./

rany V. X. - 22\ [y the examp

Bat, 8.2 m ¥ ]\}(al“b a?0?). [WEnSmP w,

ok belong +o [ Proof, y—b\ 1 _ 1 _
sarned«?iri fY( ) fx o ) Tal = Vanalof &2 .
mg_ggm . G. . -0
_T—_—‘ o Corollary. If X~N(, 0?), tr?eevl\}ns O;J o §<|
stondardi zation) 7 — X — Ho e M |2= 115 ~433 | A
ek ®inlbp30)] — P o S S 55 7;:& &H= "L:”és

—>vemove | is a normal random variable with parameters 0 and 1, 1.e.,
wnit N(0, 1), which 1s called standard normal distribution.
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N = The N(0, 1) distribution is very important since properties p-6:34

of any other normal distributions can be found from those
of the standard normal. r_ d()=f _: Loy

o The cdf of N(0, 1) is usually denoted by ® P rno close form
o Theorem. Suppose that X~N(|, 02). The cdf of X is

P(xsx)=PXHA <ZH#) Fx(z) =@ (4).

g
Proof. Fix(z) = Fy (=4) —CIJ("E—;’*).

—F F———N(o.1)

o Example. Suppose that X~N(U, 62). For —oo<a<b<oo,

Pla< X <b)=P (a;” < 2B < b;“)
L
= P(“;“<Z<b%‘) Z
t—N(o.1)

= P(z<bt) - pP(z< 2

= @ () e ().
oTable 5.1 in textbook gives values of P.
To read the table:

6-35

@(x): cdf of 1.Find the first value of x up to the first place of decimal
N(o.1)
in the left hand column.

o)

2.Find the second place of decimal across the top row.

3.The value of ®(z) is where the row from the first step
and the column from the second step intersect.

TABLE 5.1: AREA[® (XIUNDER THE STANDARD NORMAL CURVE TO THE LEFT OF x
(x)}=» 00 01 (02) 03 04 05 07 08 .09
v .0 5000 .5040 .5080 .5120 .5160 .5199 . 5279 5319 .5359
#() : pdf of 1 |.5398 .5438 .54f/8 .5517 .5557 .5596 . 5675 5714 5753

N©, 1 (57935832 (5871 5910 .5948 .5987 6064 6103 .6141

(D24 P(-2))/2=0.5 . s
3.2].9993 .9993 .9994 .9994 9994 9994

9995 9995 .9995 9996 .9996 9996 (
34[.9997 .9997 9997 .9997 .9997 .9997 .
+ For the values greater than 2=3.49, ®(2) =~ 1.

AMMQ €—>

« For negative values of z, use P(2)=1-P(-z) jexponenha)

2 +Xn , nis large (eg. binomiale Bernoull, negative binomiole—>geometric ,

I 4 " Normal distribution plays a central role in the limit theorems

of probability (e.g., Central Limit Theorem, CLT, chapter 8)
LBCPQ&ﬂFEQLL_i@ 2

9995 .9995 .9995
9996 .9996 .9997
9997 .9997 (.9998

N
)
*
|><

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2024 Lecture Notes
éa

a_gm%\mrmal approximation to the Binomial LNp. 5344t Nihoo, Rits, m"P)

of CLT rJ = Recall. Poisson & Hypergeometric® (; p, £-31+32, nfoo, At 0, 1=nRA)
Tt approximations to Binomial

= . SU
| Theorem. Suppose that X, ~binomial(n, p). WZ%D ent'Bemoull.(p)
Define 7, + (X — np )/ \/np 1— ) ))52="83:;‘5—.?’§ P o

A Yo
LFRI=7p) pis e [ it
6::@’{);) Then, as n—o0, the dlStI‘lbutIOIl of Z, ‘6
T convergf: to the N(0, 1) distribution, i.e., |Q: Xn'=Xe/2 , Ya'= Yn/z
Ezn)=0 of Za <8 0§ N(O.1) | Pf = pdf 2 (No)
Tar(Z0)=1 FZ (2) = P(Zn < 2) = O(2). ;d(fai-—xc&di)i‘/;s)

Xn=6Zn+Un Proof. It is a special case of the CLT in Chapter 3.

B, NG, 195) prig, 03 e o Plot the pmf of X, ~binomial(n, p)
. ~ N(7,2.1)

o Superimpose the pdf of ¥, ~N(l,,, 0 )
with 4,=np and g, 2= np(l—p)

o When n is sufﬁc1ently large, the normal

0,
PV i gt 2/(3;"0'5) pdf approximates the binomial pmf.
n= Ch =10
i ’ . n d =
gJHM: Jﬂﬂm = Zn ~ ,(Yn_un)/o-nz"z(Y"-u")/Sn
© é & ~N(0.)) B

o The size of n to achieve a good p. 6:37
approximation depends on the value of p. | &: Pisson ()

d
: = Norma| ?
l Why ? mFor p near 0.5 = moderate n is enough orma
2

Check (Np5-2 Ans. Yes, when
" A cs | ,
oraghs. For p close to zero or one < skewed L is large

= require much larger n np

» Continuity Correction (for integer-valued discrete r.v.’s)

o Q: Why need continuity correction?

. : : : c§.
Ans. The binomial(n, p) is a discrete r.v. and
we are approximating it with a continuous r.vZ [(hght) |

1 )
+ For example, suppose omal -\ P Vaf“e->Pm‘Z
X~binomial(50, 0.4) and we want to pds : area—»prob.
find P(X=18), which is larger than 0.

50x04% — F—— 50x04x0. 6

{ch j]:Wlth the normal r.v. Y~N(20, 12),

the value of pdf| however, P(Y=18)=0 because Y has a
£,018)? continuous distribution |

'.I!ll?}.?&ﬂ!lim!im: .

oInstead, we make a continuity correction, ."i N
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@ P(X:1 P(17.5 < X < 18.5) p. 6-38

7.5— (5004)<Z < 18:5-(50-0.4)
v/50-0.4-0.6 v/50-0.4-0.6

17.5—(50-0.4) 18.5—(50- 0.4))

< Z<
50 0.4-0.6 _ﬁN(D ')\/50-0.4-0.6

(2
(“Fotas
(-2 <z<-25)=P(2<-25)-P(2<-23)
(

by CLT

N

V12 V12
) e () = (-2 (GR)) - (-2 (35))
(25/V12) — @ (1L5/V12)
and can M the approximate value from Table 5.1.
o Similary,
P(X > 30) = P(X > 29.5) = P (ﬁ > %\%}0%
[y CLT) ~ P(Z>95/V12) = 1 — ®(9.5/v/12).

and = T©N@©.») |
P(10 < X < 30) = P(9.5 < X < 30.5) M

9.5— (5004)<Z <305 (5004)

& s= ("

Z P (- 105/\/_<Z<N1(0°é)/\/_ J‘

@ @ (105/V12) - @ (-105/V12) _ -p(es)
(v CLT) = 2. @(105/\/_)—1

[y

[T ‘\-l 2l

)

AN
AL \LRNNWY

Q

p. 6-39

» Summary for X ~ Normal(l, 02)

: _(e—w)?
= Pdf. f(x) = 217706 202 —00 < & < 00,

» Cdf: no close form, but usually denoted by ®((z—|)/0).
» Parameters: H€R and 0>0. - g

= Mean: £(X) = | y=( Z5) »x=04®+v
= Variance: Var(X) = 02

l » Weibull Distribution
ﬁ
> For a, >0 and VER, the function possible values o X L ()

Sixed l
constants B (u)ﬁ_l e_(mlu ﬂ, it x > v,
0’ ifﬂf < V)

is a pdf since (1) f(z) > 0 for all z€R, and (2)
ffooo f(CU) dx fyoo g (%)B—l 6_(3:;1/)6 g
dy = —e y‘

fo "'tpas of exponenba\(l)
= The distribution of a random variable X with this pdfis

called the Weibull distribution with parameters , 3, and v. N

ey |l
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» (exercise) The cdf of Weibull distribution is P 6-40
SXETHSE

. z—v\8
[by (Q) in UVP.6-39' F(z) = { é— e~ (55%) : 1£ x > v,
) Inrr <v.

» Theorem. The mean and variance of a Weibull distribution with
parameters O, (3, and v are

u:af(1+%>+u and

Z)-[EN] = 02 = o2 {F (1 + %) - [F (1 - %)r} .

Proof. E(X)= [Tz -2 (u)ﬁ_le_(w_y)ﬁ dz

[e%
v (0% (0%

1; fooo<oéy1/ﬂ_|_ )e_y dy
= +1) =1
= O‘fo gfl/ﬁe ydy—i—ufo e ydy—ozf(%—i—l + v

Pt = [0 8 (252) (22 P4 o il
= Iy (ozyl/M v)%eV dy
— 2f Z52/B€ ydy+2ayf0 él/ﬂzl)yldy—l—y2fo —y
= OézF(g-Fl)—l—ZowF(E—l—l)—i—y

. p. 6-41
»Some properties

= Weibull distribution 1s widely used to Qﬂ

model lifetime (cf., exponential)
—p—'l:___memoryless S:t ;
= O: scale parameter; [3: shape parameter; \
V: location parameter

Hint - X~€ramm(d 1)
» Theorem. If X~exponential(A), then > aX~Ganma(.3) a0
(Np.b-26
Y = af ' ?1/5_|_V Uniote - Ax~exponemba((‘) —

¢ Thm (WNp 6-10)
is dlstrlbuted as Weibull with parameters q, [, and vV (exercise).

e Cauchy Distribution %

‘ For HER and g>0, the function _[passible valugs oS X |
w'l):shmts

flx) = o m> —00 < T < 00, O~ Uifom(-Z, )

ﬂ

Ya\2

. ' dat X=tan(g), then
y-ZH | Is pdf since (1) f(x) > 0 for all z€R, and (2) X~ch‘y(0;')
=>Z-Gg+;4 f f

o © o 1 (exercise )e—
— f_oo e dx {

K2 o 1 1 1 —1 -
:dx cd&J"deofCaadny(O-‘l) = f:’gﬁ—l-l‘yg dy = _%(y)‘_ =1.

=
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= The distribution of a random variable X with this pdfis

called the Cauchy distribution with parameters U and O,

denoted by Cauch The 2
not r}r:e.an mt standard deviation, ’12;;2“:“:» Np.6-8
» The cdf of Cauchy distribution is &6-9, and *
in INp.6-41 .
e _
F(o) = [1 ooz dy =3 + g tan™" (552) <—

oo m o2+ (y—p)?

for —oo<z<oo. (%by (v) in LNp.b-4l.

»The mean and variance of Cauchy distribution do not (5 X seady=vo
exist because the integral does not converge absolutely '5

»Some properties model trafic,

Why? ¢ wealth , BXABARL.
unmph* a 1s a heavy tail distribution| ...
eha grapk Cauchy is ﬂL‘d stributio .

= L location parameter; 0: scale parameter
‘®Theorem. If X~Cauchy(l, 0), then . T
aX+b~Cauchy(apitd, |a|0). | Note: a pdf fx)VO . when x—>00 or

X—=>~00.

Proof. (exercise) :
t—— Thm (Np.6-10) But, §(x3V0 how égt 2
% Reading: textbook, Sec 5.4, 5.5, 5.6

R diserete [ continous | ( Y . p. 6-43
o bake ‘uncounctable” Continuous i_F T::IF—E -‘-Tw»sﬁrma.bon = 3(X) X=F '(U’)- cdfF
FOEGFHQ Values Rﬂnd‘ om >3 g ° E(ﬂ):g(g()()ﬁﬁ) <=>U=F(X)~Umﬁm(0 )
* P(x=%)=0, YR { Variables . £-1E5ESul
§ d L ‘ T (q'
desimbion | [@Havhochmdberize] it ' FM-E(% ) J
. nition : ! 127 WC on 4, =|- ( D
+ P(XeB) e antinos At « defnition ¢ FY@ PRy
= SBS;(?‘)& <GT—o P ‘FT\A E(X)=ﬁ;xﬁﬂdx ° lsamo, m{:ﬁEtg:

* §§) : not prob, ’ ?fo/?tcﬁ‘naous function) > £(Y) = S_: g(x)ﬁ(x)dx « ElaX+b)=aE()+b

| Spodasprob | | e mgs [ commonly_ + Mean & variance —= Var(“x*")fn%(x’:
waed Continuous |  Tar(X)= E(¢*)-[E¥]
Uniform (distributions JE'\_\ Beta s E)=area T - aveall
do- \( - all pd§ & |[mean beta Sunction L (of cd§ ) J
rantrg Risson L{;s 54}1@& &Var connection with, binomial ]
= m;wm Zamedtion cdf | [meaning of 1
. ul I l casanelors Norma. 3
nemryless exponeia amma — e aX+b is still Norma|
S L&amma Sunction o stardacdization = N(.1)
N, $ table
continuous time. version )
— Ty Cauchy ! CL T (Normal approximation to
T o ——\[ with oX+b ig binomial ) & continuity corvrection
(sc,wra me version e;![:mneﬂ\:? ol sl Gudh .
l heavy tailed
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