NTHU MATH 2810, 2025 Lecture Notes
<:I . . . p. 6-32
» The cdf of normal distribution does not have a close form.

»Theorem. The mean and variance of a N(, 0°) distribution are

and 02, respectively. Why? Check the gmphs in LNp.b-3) & % in LNp.b-30
Tnhuition =E(¢) - [ B 4 [t gors i Ly

= l1: location parameter; 0 (or 0°): scale (or dispersion) parameter:

, r—“vy (%) in LNp. e-ao]———-
Proof. E(X) = foo T— 1 e (w 5 d:r:—f (ay—k,u)\/_ e~ T dy

L,L m) ye‘% +u T T

e 04p 1= '-—%—s*/ﬁ»dfofmon]
,
o0 _M o0 _ 2
E(X2):f_ooa;2 2171'06 202 dazif_oo(cry+u)2\/%_ﬂe z dy

2
_ 2 o0 2 1 — 2
— O-.f—ooy —,_271*6 p) dyJ_*_ aHT f

[ 1 e
+? [T, =€ T dy  pdf of N(o,1)
= I (e Q)dy_ry<—€_y/2)‘_oo+f_oo\/— te %) dy

frb"" ¢/ T oF s »

€ >Some properties Why? one reason is the centval limit thm (CLTS” ™™
f—"‘@Normal distribution is one of the most widely used ‘j

shiepg; distribution. It can be used to model the distribution of many-
distribution

natural phenomen&_’»e‘g. height, weight, error - - .
= Theorem. Suppose that X~N(, 02). The

Recall random variable
E(Y)=aE(X)+b -
Tar(Y) = @ ;ar(x) X_CLX +b,

Nofe - ~ where a#0, is also normally distributed <‘
5;()52 , Lwith parameters api+b and a’0?, i.c., . [
T 7 36/
for any r.X. Y~N(aji+b, a?g?). [by the eanple ST Nsas
B«:L' X&Z ma : :

in LNp. b-u AUy
‘:ifo Proof. (y) i fX (y_—b) 1 1 _[y—zau+b’]2

_= ——28€ a 2522
a la| V2r|alo, & ——"

g% O, — >
——f-——J o Corollary. IfX~N(|J, 0%), tr%s\ﬁng o; N(o,1) lé:l’
stndardization] 7 — X - . x-_ 2=1, = A
(kX inlpt30) —F o 1% <S> kK>
—>femzve is a normal random variable with parameters 0 and 1, 1.e.,

wni

N(0, 1), which 1s called standard normal distribution.
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N = The N(0, 1) distribution is very important since properties p-6:34

of any other normal distributions can be found from those
—t%.
of the standard normal. s (=1 =L =e dt

o The cdf of N(0, 1) is usually denoted by f&rno close form
o Theorem. Suppose that X~N(|, 02). The cdf of X is

P(x<x)=PEH <%4) F o (L=4)
(x(‘__{@) X) ( )

Proof. Fx(z) < Fy (=4) =@ (=£).
—F F———N(o.1)
o Example. Suppose that X~N(U, 62). For —oo<a<b<oo,

P(a<X<b):P(a;” < B < b‘“)

g

=
- p(a—M<Z<b—_u> Z

7 ENe))
= P(z<bt)-P(z< 2

= @ () e ().
oTable 5.1 in textbook gives values of P.
To read the table:

6-35

@(x): cdf of 1.Find the first value of x up to the first place of decimal

qr:l(o, D in the left hand column.

10

2.Find the second place of decimal across the top row.

3.The value of ®(z) is where the row from the first step
and the column from the second step intersect.

- TABLE 5.1: AREA UNDER THE STANDARD NORMAL CURVE TO THE LEFT OF x
(x)}=» 00 .01 (02) 03 04 05 . 07 08 .09
v

0| 5000 5040 .5@80 .5120 5160 5199 . 5279 5319 5359
1|.5398 .5438 5478 .5517 .5557 .5596 . 5675 5714 5753
5832 ((5871) .5910 .5948 5987 . 6064 6103 6141

Clig.5793

9995 .9995 .9995
9996 .9996 .9997
9997 .9997 (.9998

21.9993 .9993 .9994 9994 .9994 9994 .
9995 9995 9995 .9996 9996 .9996
é (0.22)= 0.587/ 3.4 1.9997 .9997 .9997 .9997 .9997 .9997 .

+ For the values greater than 2=3.49, ®(2) =~ 1.

aAamMmMa <>
+ For negative values of z, use ®(2)=1-P(-z) jexponen:haD
Z=Xi+X2+--+Xn , nIs Iage (e 3,bmoml<-;Bemoulll, Wnbcme@mca
4 = Normal distribution plays a central role in the limit theorems
of probability (e.g., Central Limit Theorem, CLT, chapter 8)
AT &
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\636

&
Zn‘éﬁmm%‘\l ormal approximation to the Binomial LNp 5=43~444, Nitoo, R:,faon--vp)

of CL_T[J = Recall. Poisson & Hypergeometrlc (LNp.5-31~32,nToo, Au¥ 0, x=nf)
Todardizabion approx1mat1ons to Binomial

n
Theorem. Suppose that X‘:biﬁnomial(n D). :‘ndepen?:n'l:Bernwllf(p)

r n
A Define 7 ¥ (x (X, — np \/np 1— ) ’,XQQB:.(?'BD?) |
=8X0)=NP| pis fixed p _
6;2;%’?;) Then, ;sjn—mo the dlstrlbutlon of Z, Tcrn @ 2| GO
- conver%e to the N(0, 1) dlstrlbutlon, Le., |Q: Xn'=Xn/2, Yo'= Yn/2
Ezy)=0 o~ ¥ of Zp »~<d§ 0§ N(o)1) Pm_-Fdeﬁ;’ (No)
Va(z)=1| Fz,(2) = P(Zn < 2) = @(2). cdf = cdfn (%)
Xn=6rZntln Proof. It is a special case of the CLT in Chapter 8.
B 0. N05,199) g 09y . a Plot the pmf of X, ~binomial(n, p)

o Superimpose the pdf of ¥, ~N(l,,, 0 )
with 4,=np and g, 2= np(l—p)

z .7) oy o When n is sufﬁc1ently large, the normal
U= N(I‘H‘Z) 0,0. NC ) — - ] —_—
Ha=l¥ Ma=35 35.105)  pdf approximates the binomial pmf.

oa=42 d =
o Zn . (Yn—pn)/O'n : Zuz(Yn-lln)/é-n
ES ( 5
@ ~N(a.)) B
« o The size of n to achieve a good P 637
approximation depends on the value of p. | & Rnsson(z\)
F 0.5 > mod ' b , S Normal 2
Why 2 or p near 0. = moderate n 1S enoug AAS_ Ves . when
%ﬁ”"f'zz For p close to zero or one < skewed % ¢s large.
' = require much larger n np

» Continuity Correction (for integer-valued discrete r.v.’s)

o Q: Why need continuity correction?

. : : : c§.
Ans. The binomial(n, p) is a discrete r.v. and
we are approximating it with a continuous .V [theght) |

t
« For example, suppose Normal P;"‘f vafue»pral;
X~binomial(50, 0.4) and we want to L2 §':area>prob. |
find PA(X=18), which is larger than 0.

50x04 —  ——coxo4x0b

With the normal r.v. Y~N(20, 12),

Houw about using L.
the value of ;35: however, (Y=18)=0 because Y has a ‘j
5,(18)? continuous distribution |

’l!!i?l’s!lﬂﬂllﬂiﬂ!: .

oInstead, we make a continuity correction, @ﬂ% N
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p. 6-38

—18) = P(17.5 < X < 18.5)
17.5— (5004)<Z o 185 (5004))
V/50:0.4-0.6 V/50:0.4-0.6
by CLT V/50-0.4-0.6 'E-Nwl)‘/50040

N

<7< k) =P (7<) P (7<)

) o(-3%) = (1-2(38)) - (1-2(3%))
® (25/V1Z) - @ (L5/VT2)

and can obtain the approximate value from Table 5.1.

o Similary,
P(X >30) = P(X >29.5) =P (é > M)

V12
by CLT) ~ P(Z>95/V12) =1—®(9.5/1/12).

and ~  TN@.) |
P(10 < X <30) = P(9.5 < X < 30.5)
222, 9.5—(50-0.4 30.5— 5004
e b
) ~ P(- 105/\/_<Z<105/\/_ "‘

‘ gl ,@ = ©(10.5/v12) — @ (-10.5/v12). = ‘P(M)
(bycLT) = 2- @(105/\/_)—1

S v B « B

8
(175 (50-04) _ , _ 185 (5004))

o ||‘\|zz I ’E

v

AN\ L RN R

AR\ RL N

p. 6-39

» Summary for X ~ Normal(l, 02)
. . _(z—p)?
Pl f(a) = A

- € 202, —o0o < x <00,

» Cdf: no close form, but usually denoted by ®((z—|)/0).

» Parameters: H€R and 0>0. - 8 :

» Mean: E(X) = L. g:( ""’) > x=0Y®+v

= Variance: Var(X) = 02 o !
- dx 2‘_ L dx=_g, dg

. * Weibull Distribution 3

>For a, >0 and VeR, the function possible values o X L D)

Sixed
conskants { B (u)ﬁ_l ) ﬂ, it x > v, "—l

f@) = S

X ife<v,
is a pdf since (1) f(z) > 0 for all z€R, and (2)
ffooo f(x) dx foo B ( ay)ﬂ—l e_(w;u)ﬁ .

(6

fo dy — —¢ ¥ ‘0 1.
o ) pd§ of e.xponmb\a\(l) )
= The distribution of a random Varlable K with this pdfis

called the Weibull distribution with parameters , 3, and v. N

iy |l
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@ » (exercise) The cdf of Weibull distribution is P. 640

E fE_U)B .
F(z) = { if x > v,

[6y @ 639 1—e (55
0, if z <.

» Theorem. The mean and variance of a Weibull distribution with
parameters O, (3, and v are

u:ar(1+%)+u and
Z63)-[EN] =02 = o2 {F (1 + %) — [F (1 + %)r} .
Proof. E(X)= [Tz -2 (u)ﬁ_le_(wgy)ﬁ dz

T [yt v)ey dy
+)-1

= afooog{l/ﬁeydy—i—l/fo ldyzaf(%—l—l)—i—u

D) = [ a2 2 ()~ (520) g P4 o cpretlC)

fo (O‘yl/ﬁ‘|‘ ) e ¥ dy

+1)-l
_ 2f §2/Be ydy+2ayf0 9(1/56 ydy—|—y2f0 e Y dy

= Oé2F(E+1)+QOéVF(E—|—1)—|—V

p. 6-41

»Some properties | D=0 _
= Weibull distribution is widely used to Qg
model lifetime (cf., exponential) : |
—p—c_,memoryless : !

= O: scale parameter; [3: shape parameter; \

V: location parameter T x G“mm RN
» Theorem. If X~exponential(A), then - | =>ax~6amv(na~(°‘» a0
(Np.-26)

_ a ' ? 1/8 +1/ U Note: Ax.,exponemha((l) E
= ¢Thm(Np56-0)

is dlstrlbuted as Weibull with parameters Q, [, and vV (exercise).

g e Cauchy Distribution

For HER and QLO» the function [ possible values oS ):]]

X
onsbots|  f (1) = Z - m, —00 < T < 00, V9~m.&m(-z.z)
=y | Lot X=tan(5), then
g-TH|isa pdf since (1) f(x) > 0 for all z€R, and (2) X~chﬂy(0,l)
S| s = [ g k<e*°—m<>*
_ 1y
=>dx cdgjﬁﬁﬁcmdv(oi)__\‘ f — T 1—}—y_| dy = E ‘— 1_ N
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Lecture Notes
p. 6-42

= The distribution of a random variable X with this pdfis
called the Cauchy distribution with parameters Y and O,

denoted b %—é
y ok standard deviation '72;::2"4»%,26-9
» The cdf of Cauchy distribution is o e
in LNp.b-4#1.

for —oo<z<oo. (exer@ by (%) in LNP. b-4|
» The mean and variance of Cauchy distribution do not g’:x’*jmdxm
exist because the integral does not converge absolutely ‘5

»>Some properties model braffrc,
my}”h* Cauchy is a heavy tail distribution weatth, FHRAL.
inUipo-I! %—X heavy tail ..

= l: location parameter; 0: scale parameteriL

x
-4 -3 -2 -l 0 1 2 3 4

‘®Theorem. If X~Cauchy(l, 0), then
aX+b~Cauchy(aptd, [a|0). | Nete: a pdf fx)IV 0. when x->00 or

x%~->~00,
Proof. (exercise £ E! E

% Reading: textbook, Sec 5.4, 5.5, 5.6

N Berete | continoas | p. 6-43
- take waadable’ W Cortinuous | | = =  Transformation. Y= g(X) X~k F
Random PIS PP cRy)=P(a)< ){
?(swe;“‘“: R[] Vartables S V)= 22(3 : \%d ST=FX)~uniform(o. 1)
* P(X=x)=0, an (TS X RN )
\ (@Fouodmderize Sl Iagﬂ?f% i) ° ﬁ(‘é')=E(9"tﬁ')
:d;?;t;; a cortinuous dist.? &53}-?3:: ; FJ@FI‘FX(?{'(%)%
=Sosie [P0 5 E(o=[xfode | [FEE e
* §2) = ot prob, * ?fpfﬁn% ucton B E(Y)=§7 goofeodx | |« E@x+b)=aE))+b
Spodesprob. | | o mp$ | commonly + mean & variance —4-« Tar(aX+b) =@ TarlX)
T uatd comtinunis. | + Tar(X)=EOC) -]
Uniform err AL ) Beta s EX)=areaT-aveall
( pdS & | [mean [bekaFunckion] (o <45 Fo) J
randor - i s W & V&—l connectron with bmomiad |
oisson
numbers J ﬁm}mm Tomection cdf rgz‘c_l‘xlum%os& WW
nemoryless exponeial || Gramma — « aX+b s still Normal
ST | Gamna &ﬂch(ﬂ] « standacdization = N(. 1)
. N@. 1> P table
inuous time vexsion
Ll '\"C‘E © e C‘mh%. c\z_'rg Normal| apﬁro)fim:tgon‘bi
Jeori bime version with :Ob‘(“"b Cc:ich binomiad ) & continuity correction
s ( \O qunex\aal T\ | )
heawy toiled
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