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@ » Theorem (relationship between exponential, gamma, and
Poisson distributions, Sec. 9.1, textbook). Let

1T\, T,, T;, ..., be independent and ~ exponential(A),
21 8,=T+ 4T, =1, 2,3,

Z; be the number of S,’s that falls in the time interval

| Roblem
Formulation
in LNp 5-27-28

1, 8], =1, ..., m, where 0= ty<t, < <t,<o0.
- Zu Za Zs -
s o a5
Then, o & ta €3 --- tm

(1) 5, ~ gamma(r, A). <-provein LNp7-33 (7, 2,2, -~ independent
8 Zi~PRoisson (Ati-t-)

2 dénc Sr -)defme 1-r
(ii)Z, ~ Pmsson()\(tz— t;-1)); 3. “Then, T 2242 aypmedial(\)

(iv) The reverse statement is also true.—f t

o The rate parameter A is the same for the Poisson A,{f;"zs:;g:)]

exponential, and gamma random variables.|/-F.#:P(T:>t)=P(z=q)
e e L eMpt)?
o The exponential distribution can be thought of as thd™ —or

continuous analogue of the geometric distribution.

(z,.... 2 Z are independent,
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~ ex] t1al(X) p. 6-21
“ »)Theorem. The exponential distribution ‘”‘PZ““”“‘“’X2 53
Zec’;zfrse (like the geometric distribution) is )g(l;l Zd ¥ i
true. memoryless, 1.e., for s,t > 0, I- Ft#) ‘ l sv—\g——-;‘,b i’
%55t == J
eg P([)-(*>s+t|X>s):P(X>t). P(Xy > s+t Xy > s)
z(;;;m"‘ﬁ where X ~ exponential(A). = P(X: > t)j P(X3 > 1)
Proof. Compore the difference : (@ Xi=X2 @ Xidist. = X2 dst. (XINXz)
C PUX>s+t}n{X>s}) PUX>s+t})
P(X>s+tX >s)= PUX > 1) = TPUX > 5]
_ o= ME+t)
! : f);(s;r)t) = = e M =P(X > 1)
S bfthe cd§ given in LNp 6-18
i";m*:éi o This means that the distribution of the
n: .. . . ~
check the waiting time to the next event remains thd ' gamma
graph in same regardless of how long we have R: Wiy L'zgaé"'e' binomiaf
LNs 6-19 Iready b " with Y> 1 dbes not
p.6719.1  already been waiting. possess the memoryless
KB@)This only happens when events occur (or | i property ?
not) totally at random, 1.e., independent of f

past history. < connection between exporential & geometric

p. 6-22

o Notice that it does not mean the two events
{X > s+t} and {X > s} are independent:

»Summary for X ~ Exponential(A) EDOS%} &{X>S} ar2
»Pdf = { 8‘6 M’ gi i gf P(x>s+tx>8)=P(X>S+t)
» Cdf: 1— e, ifgy >0, |aftematice e"P””e"é'a‘e()L_ x)
- F(x):{ 0, ifa:<0 « pdf': fw--—erfxw,
= Parameters: A > 0. A "°_—'_g4r.e§(§1 vedf: Fiy=(-e ¥, if x =20
= Mean: E(X)= l/\. y: Bea@ |« EX)=X .
= Variance: Var(X)= S A ¢ Var(X)= X2 A=

 Gamma Distribution-e— Kecall LMplé-'q]
{ho ‘/> Gamma Function

1%

= Definition. For o > 0, the gamma function 1s defined as

o a Yecursive formula o0 -1 —
e know T forac0ll  D(a) = [, 2% e " du.
=2 know T(¢t) on any &

‘[ «[(1)=1and[(1/2) ?ﬁ (exercise) [ chock fextbook, CHS, I

r(a+1) = al(a) \ﬁeomt{mlexem‘se.s.a_l
B
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@ Proof. By integration by parts, P 623
a+1) :: fooo:xo‘,,e_””! dx.
= —960‘6_95\80 + fooo ax® le 7 dx = al'(a).
o [(0)=(a-1)! if a is an integer <—
Proof. I'(a) = (a— 1) (a—1)=(a—1)(a—-2)(aa—2)=---
= (a—1)(a=2)---T(1) =(a—1)!
«T(a/2) = 2{_?1(?;;13’), if o is an odd integer
= a3
Proof. T'(%) = (252)I'(¢ — 1) — (( O‘ 4 - 10(3)
» Gamma function is a generalization of the factorlal Tuncoz‘zl.ons—-i
> For >(), the function From Gamma function C}'lww%-ng fvm:
A% xa—le—)\wJ if >0 o{possiéle VAIM.QSQS- X (tNp.6-19)
o) ={ T fa20
0, if x <0, - ‘
is a pdf since (1) f(z) > 0 for all z€R, and (2) f""‘ > x=x4
00 00 2@ XK_1 =1
f—oo f(:l?) dx f ]_")Ea) “lem A% dy YA -,W:Ix- ng
¥ —-1 - —
- W fo *le ¥ dy = 1. N
. = The distribution of a random variable X with this pdf is e "™
called the gamma distribution with parameters O&nd A f’:ﬁ;se;‘fs"

»The cdf of gamma distribution can be expressed in terms of the
incomplete gamma function, i.e., F{x)=0 for £<0, and for = > 0,

i =
Flz) = [72=y* le  dy , . .
(‘z=xg=> g:ygq f1 F(O‘z\x , If ot is an integer
) Y a— —
Zg.=—=-dg=x'-dz = F(a) Tét = r( 7 (e )\x) ) :’_“em‘_i‘?A )k
>Th Th d fagamma | =1~ S%%T
corem. The mean an Varlance of a ,< 5
Wlon with parameter 0 and A are E(Xq‘) F—'(x) =
[expanation T a/A and 0% = a/\’ e C'(wn PivZo) §
—n— +—— R mo.
Proof., o) E<x=)—[ax>J‘ g }Mf; (2 Rissonla)
/‘\ - =i 707D || disurete. time version. (Up.6-19)
E(X) = [;" odg W | e PlXs MzP(Y=T)
Ma+1 OO o+l o T a |n abiv i i
- X& )\cli-l) f L)\a+1 zleth=le=A dx S ‘551”""‘)“? b(?zom;)g
B(X?) = fooo w@a e ek G2 [P&>ny= ply<)
o o —n_.E LNe 5-20)
L(a+2)%] foo Aa“ plet)-1,=2z g, — alatl)
) 22 Jo Tlary? ] 2
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= (exercise) E(X*) = %ap_w for 0 < k. and

E(%)z%, for 0 < k < a.

»Some properties

@The gamma distribution can be used to model the waiting

in [Np.6-19| time until a number of random events occurs .

orove o When a=1, it is exponential(A) ~—— the nunber = o (integer)
LN 7-33 o Kb T, ..., T,: n independent exponential(A) r.v.’s

l(lzll:?pfe"?’f) =T, +---+_T ~ Gamma(Jn,_)%)

o Gamma dlstrlbutlon can be thought of as a continuous
analogue of the negative binomial distribution

= A summary

(check [Ny 6-19) Discrete Time | Continuous Time
Version Version
lmmfyless number of events binomial Poisson
5 waiting time until 1st event occurs geometric exponential
waiting time until rth events occur | negative binomial gamma
a is called shape parameter and A scale parameter <{wWhy 2k
“CS)"(Q : how to interpret 0 and A in terms of waiting time?)
:; imnm(d p) ’ mﬂj) | | G & x 75 waibng 1
Ganna(ol, 32) o @ED=2 *";"he wti!
for a?o. . .x— _OTLI oocurance
A e (X Veena
in LNp.6-10) ) GU) P e-ﬂ Xu"’ll ' ,g/k

(EY1) @A special case of the gamma distribution occurs |Xa»Xz : *&/y,a5
when 0=n/2 and A=1/2 for some positive intege]”8*A>: X/5gk

n. This 1s known as the Chi-squared distribution = _2222 14;21
with n degrees of freedom (Chapter 6) ] ' 2¢ " T#40
»Summary for X ~ Gamma(a, A)  definition.
= Pdf: 2= _gole=Az if 2 >0, Xl +Xa
f(ZL’) — [(c) . where X|,"'.)-Zn
0, if x < 0. )
ans. independent
« Cdf: F(z) = y(a, Ax) /T(). and ~ Norma](o 1)
= Parameters: a, A > 0.

= Mean: E(X) = a/A.
= Variance: Var(X) = a/A°.
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