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@ » Theorem (relationship between exponential, gamma, and
Poisson distributions, Sec. 9.1, textbook). Let

. Il’ Tz, Té, ..., be independent and ~ exponential(\),
2] §T=Il+---+TT, r=1,2,3, ...,

| Roblem
Formulation
in LNp 5-27~28

Z; be the number of S,’s that falls in the time interval

7

(t,_, t.],5=1, ..., m, where 0=t,<t, <<t < o0.

) Z Za L
Then, ’ F —~— —t

t ta € --- tm
(1) S, ~ gamma(r, A). <-povein INp7-33 (1.7, ... Zn ... i

o

R ces :‘

. : 8 Zi~Poisson (Alti-t-)
()Z,, ..., Z, are independent, define Sy > define T+

(iif) Z, ~ Poisson(A(t;— t,_))). 3. Then, Ty 224 agamertl )

(iv) The reverse statement is also true: T_

o The rate parameter A is the same for the Poisson {jf;o,zs;';f;:)]

exponential, and gamma random variables.|/-F.®=P(Ti>t)=P(z=0)

e Moy
o The exponential distribution can be thought of as th{ of |
continuous analogue of the geometric distribution. =e 3
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“ »Theorem. The exponential distribution |*f**®X2 T
zzzf'se (like the geometric distribution) is );1 2 ! €
true. memoryless, 1.e., for s,t > 0, I- (&) | 0' s' T b
X-s>t — _:l
eg. PEX > s+tX >s)=P(X > 1)) P(X;>s+1X; > s)
’?'(le;%m‘ﬁ where X ~ exponential(A). = P(X1>1) 3 P(X3 > 1)
Proof. Compare the difference : (D Xi=X2 @ X dist.=Xa dst. (X, vaz)
CP{X >s+tn{X>s}) PHUX>s+t})
P(X>s+tX >s)= PUX > 51 = hX > )
— —A(f+t)
1 . f);(s;r)t) e _iﬁ _ M= p(X > 1
o ibf the cdf given in LNp.6-I8
Iﬂfrﬂ%ﬁ | oThis means that the distribution of the
:E_lck th e’ waiting time to the next event remains thd amma,
graph in same regardless of how long we have Q: Wiy ;ig‘té"’e' binomiaf
p.6-19. already been waiting. possess the memoryless
KB@This only happens when events occur (or gP"’P“""Y ?

not) totally at random, 1.e., independent of 7;
past history. < comection between exponml;.‘d & geometric

p. 6-22

o Notice that it does not mean the two events
{X > s+t} and {X > s} are independent:

»Summary for X ~ Exponential(A) E‘-{x>s+t}&{><>5} are-
= Pdf: [ xer) ifx >0, ' ..
—  f(z) = { 0 fre0 P(x srt|><>s)—P(X>;<>+t),
« Cdf: | — e, ifg >0, |afemabie euponertiolX=x)
= F(z)= Lo — o | e pdf: =L o X ;
0, if £ < 0. fo=xe X.iFxz0
= Parameters: A > 0. X m vedf: Fiy= l—e'%, F x =0
» Mean: E(X)= 1/A. N eimea@ | ¢ EX)= X oL
= Variance: Var(X)= 1/A2.[> R s VarlX)=x* T X
« Gamma Distribution=e— Recall. LNe-6-19 |

fbé »Gamma Function
t4 » L.
= Definition. For o > 0, the gamma function 1s defined as
o a Yecursive formula | -1 —
Fknaw r) forac1ll () = fooo e ™ dx.
> know T'(+) on an

" «[(1)=1and (1/2)= /7 (exercise)
—®@[ (a+])=al (a)

check textbook, CHS.
\ Theoretical exercise, 5.2

B
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Proof. By integration by parts,
a+1) :: 1 Z5e !dx.
= —z% " + [y az® le™” dz = al(a).
o [(0)=(a-1)! if a is an integer <—
Proof. I'(a) = (a — )T (e — 1) = (o — 1)(a — 2)['(x — 2)

= (a—1)(a=2)---T(1) =(a—1)!

«T(a/2) = 2{_?1(?;;13’), if o is an odd integer
=y

a-1 °( 3 ...
Proof. T'(%) = (252)I'(¢ — 1) — (V/ O‘ 4 - 10(3)
» Gamma function is a generalization of the factorlal T’unctlons—-J
»For o, A>0, the function

, $rom Gamma function W
A< xa—le—)\wJ if ¢ > 0 C{POSSCA/Q Valwes 05_ X (Wp.b‘IQ)
fz) = { I'(a)t = Y
0, if r <0, - ‘
is a pdf since (1) f(z) > 0 for all zeR, and (2) | ¥ > *¥=x4

a dx
J‘SOOO f(CE) dr = fooo F?a) e—Ax dr 25:.)':. =>Ax=_)l~_dg

oy Jo ¥ eV dy=1. >
& .

= The distribution of a random variable X with this pdfis P- 24

(ot L
called the gamma distribution with parameters O‘(Land A. | necessary

" | integers
»The cdf of gamma distribution can be expressed in terms of the

incomplete gamma function, 1.e., F{x)=0 for <0, and for x > 0

“1

. T ¥
F(z) = [7 ’\a y*le=Mdy , . :
IVESIELZARN Jo % — If ot is an infeger
| Y sa—l,—z 71
Feirdeta = f gl r( OMIGITL) gf_J Ax) fffmisﬁ)
>Th Th d fagamma | <1- &
corem. The mean an Varlance of a ko~ KI
Wlon with parameter 0 and A are Eo« -T-:(x) =
(epanation T a/A and 0% = a/)\° = v ¢
4||— — T ma.
Proof. (%) EX’)—[E(X)]z ng}w;:; (ot, ) Risson(1%)
e \ — b &= < || dscrete time version (p.6-19)
E(X)= [y xr dx ( P(X< n)= P(Y>T)
C(a+1 OO e o T a ative rnomi
= X{ ML) fo ,_Aa+1 zleth=le=A dx e %’?‘E"’m")"f I b(;,:mpgg
E(XQ) _ fooo wg/r)\(-a\‘a 1 —)\:17 dr Mfo_fﬁm(«ﬂ l ‘P(x>n)- p(Y<Y‘)
o(+\)o\\"&&) —;_‘i"'w )
X* T(at2) o0 pot? plat2)=1,=-xz g, _ alatl)
) A2 Jo \Tlat1g)? ;1

N f (-'pmm(o(-f-z N
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= (exercise) E(X*) = %ap_w for 0 < k. and

E(%)z%, for 0 < k < a.

»Some properties

maph @The gamma distribution can be used to model the waiting

in [Np.649 | time until a number of random events occurs
— — %

prove in | = When 0=1, it is exponential(A) ~—— the muber = X (integer)
LNpT-33 or % 1), ..., T,;: n independent exponential(A) r.v.’s
z:?pf?ﬂ) =T+ + T; Gamma(Jn,_)q\r)
o Gamma distribution can be thought of as a continuous
analogue of the negative binomial distribution

= A summary

(check [Np.6-19) Discretq Time Continuops Time
Version Version
meu\otyless number of events binomial Poisson
» Waiting time until 1st event occurs geometric exponential
waiting time until rth events occur | negative binomial gamma
a is called shape parameter and A scale parameter <t{Why <z
__C?“(Q : how to interpret 0 and A in terms of waiting time?)
;(; Wd’l i [mﬂj) | | k’ ol: X s wwémg W
Ganmalo, 2) 0 @ner ”'ZZ witi
for a>0. , -x- ‘%2 occurance
proocin (el Caid L [
in LNp.6-10) ) Q,Q P 3-3 X|->l| Jg/i

FYI) @A special case of the gamma distribution occurs [Xa*Az : *B/j,e5
when 0=n/2 and A=1/2 for some positive intege]*@*A>: R/5gk

n. This is known as the Chl—squared distribution A'-Z;@_z_’#;gl
with n degrees of freedom (Chapter 6) ] _2¢ o |
»Summary for X ~ Gamma(a, A) | definition:
= Pdf: A" _pa~le=Ar if 2 >, X+ +Xa
f(z) = NG - where Xy, ---,Xn
0, if x < 0. )
ans. independent
« Cdf: F(z) = vy(a, Az) /T (). and ~ Normal(0.1)
= Parameters: a, A > 0.

= Mean: E(X) = a/A.
= Variance: Var(X) = a/A°.
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