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0

E(X) =
∞

0
x · fX (x) dx

=
∞

0

x

0
1 dt fX(x) dx

=
∞

0

x

0
fX(x) dt dx

=
∞

0

∞

t
fX(x)dx dt =

∞

0
1− FX(t)dt.

 Variance of Linear Function. For a, b∈ℝ,

Var(aX+b)=a2·Var(X)

 Theorem. For a nonnegative continuous random variable X, 

Proof.

E(X) =
∞

0
1− FX(x)dx =

∞

0
P (X > x)dx.

Recall. CH4, Theoretical Exercise #5 (textbook), Let 

N be a nonnegative integer-valued r.v.,
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 Reading: textbook, Sec 5.1, 5.2, 5.3, 5.7

Example (Uniform Distributions)

 Proof for the expectation of transformation (LNp.6-13). 

Let Y=g(X). It holds because

and
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• Uniform Distribution

Some Commonly Used Continuous Distributions

Summary for X ~  Uniform(α, β)

 Pdf:

 Cdf:

 Parameters: −∞<α<β<∞
 Mean: E(X)=(α+β)/2

 Variance: Var(X)= (β−α)2/12

F (x) =






0, if x � α,
(x− α)/(β − α), if α < x � β,
1, if x > β.

f(x) =

�
1/(β − α), if α < x � β,
0, otherwise,

• Exponential Distribution

For λ>0, the function

is a pdf since (1) f(x) ≥ 0 for all x ∈ R, and (2)

f(x) =
λe−λx, if x ≥ 0,
0, if x < 0,

∞

−∞
f(x) dx =

∞

0
λe−λx dx = −e−λx

∞

0
= 1.
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 The distribution of a random variable X with this pdf is 

called the exponential distribution with parameter λ.

The cdf of an exponential r.v. is F(x)=0 for x < 0, and for x≥0,

F (x) = P (X � x) =
x

0
λe−λy dy = −e−λy

x

0
= 1− e−λx.

Theorem. The mean and variance of an exponential distribution 

with parameter λ are 

µ = 1/λ and σ2 = 1/λ2.

E(X) =
∞

0
xλe−λxdx =

∞

0

y

λ
(λe−y) 1

λ
dy

= 1

λ

∞

0
ye−ydy = 1

λ
Γ(2) = 1

λ
.

E(X2) =
∞

0
x2λe−λxdx =

∞

0

y

λ

2

(λe−y) 1
λ
dy

= 1

λ2
∞

0
y2e−ydy = 1

λ2
Γ(3) = 2

λ2
.

Proof.

 The exponential distribution is often used to model the length 

of waiting time until an event occurs or the lifetime

Some properties
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