NTHU MATH 2810, 2026 Lecture Notes
6_,\)\;,;69(.-1 X p—A)z—1 X =M\ p. 5-36

- - 2
DN P Dheeh
ED_ {'»x-z)-
Var(X) = BE(X?) — [E(X)]?
= [B(X})-EX)]+EX)-[EX)P=X2+1-X=)
= Note: For X~binomial(n, p), where (1) n large; (i1) p small,

# of times || o distribution of X y Poisson(A:@)jmr‘ ) Wm
some event (check 5 in LNp. 5'-33»343%

" E(X) = np = mean of the Poisson = A
Goumg, || ° H2) = np = mean 105

period of (| © Var(X) =np(l-p) = variance of the Poisson = A
=== > Poisson Process (stochastic process) AAREHAUBLE | [n trias in o521

w528 \_ = Example: (Boinos-21)xan evert ( o period of time
(1)1# of earthquakes occurringlduring some fixed time span

(2)1# of people enterinéia bank during a time period

o lot of *0" , rlaiely o 1" (B sma) "

+O+O+-+O0+40 - - -|—O+|+O+ ---+0+0+0" —x=£|Xn.j

B T

R<<n n-1)i = i’fﬁi’?
D ~Pli=D .
= A (%h)+o(h)

of egual length t/ﬂ;)

Assume this |5 Divide the time period, say [0, ¢], into n small interval

prob.o< interval
length o Make the intervals so small (then, n large) that at most
And, Pat last one [~ one event can occur in each interval ASumpEiore
event occurs)
becomes small = Let X, ; be the number of events occurs in ith
interval, then assume~—

Xn.i%&mmllf(pn) P(Xp:=0)=1-X-(/n)+o(1/n) {au}:a.sgwwﬂ

~o(Jh)
X ~ binomial(r. pr) s Tt (SR ™
| P‘"°{g"“ ’; oL r = —_j_/n) olt/n)”_] & ooy

P(xni=) ~©°
Z ~ Bernoulli(p) We can treat the number of events in a single — 2on->x
E2)=p

interval as a Bernoulli r.v. with a small p, (=At/n) N
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p. 5-38

Assume that the number of events to occur in
non-overlapping intervals are independent

®- = Now, the humber of events in the whole period of
time [0, ¢] is binomial(n, p7), where n is a quite te A1)
Prn—>0, as n->to ]_‘ large number and Pn is a small probability and
60

nPn,-> At, ooNn-> F m
EX)= np,~n\tin) =M (Gercw ivbas

see textbook
P % The distribution for the number of events occurring in

decivakion 0, t] can be approximated by Poisson(n At
ey [0, ¢] pp y (n-p,~ )

Definition. A Poisson process with rate A is a

mlly of r.v.’s V,, 0<t<oo , for which
in (0, t]

Ny=0 and N,— N, ~ Poisson(}-(i-s)),

n for 0<s<t<oo, and t[$=0$)\/e Risson(At) lcf. cf.
@ —"’R Ne, = Nopy 1t =1,2,.m e 7m0 535
telo.%) are independent whenever
Iabe ’
uncow e VIV.'S
ForweN 8 telo. o) 0<s5 <t <s<t,<--<s,<t,.
Ne(w): o function of £ |@-(cF.,the graph in LNp.5-28) B
& . p. 5-39

o Here, N denotes the # of events that occurs by tim

Ne~Rissn()| o A: the average # of events occurrmg per unit tzme.
Ne=Nsi~Risson(act-sn)] (Nt Ns, N, Mo@wen) GZER
Count process | [<f. For 9<t <Ea<oo
4T —— Nt'/ Nt are
L = T S i not Cndependent . ]
@Xn n Too28 2T " (0.8, (0. tal

1 am, overlapped . |

/ -
[ Ne: canﬁnums time e ()

roeesS ° W <3 x{ =
Xn: dxsmngbtlme ) Si T S‘f ?3 L-&B a basic evert

drsca o — . ELN‘B - occurs here
‘ ,~INS, 2" N52 -NS
= Example. N, (0 -Ns,(w) ’

o, Traffic accident occurs (618 B &2E 7 §2 v ) according
to a Poisson process at a rate of A=5.5 per month

a basic event]

o Q: What is the probability of 3 or more accidents occur
[;};eﬁod of in 3 2 month periods? ~ Nz=4# of acidents in 2 months
= o Here, At =5.5%2 = 11. (Q: What should At be for one
and half months? for a year?)
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a So, N, ~ Poisson(11), AN, = k) = 11*.¢ “/k' and p. 540
2 months —&

2 e 11’f
P(Ny>3)=1-P(Na<2)=1-Y» ————
k=0 |
» Summary for X ~ Poisson(\) ~—— Q- What= -Hnorgmaj
=« Range: ¥ = {0,1,2,...} L\ mmﬂespace_ﬂ. for
» Pmf: fx(z) = N\e/z!, forz € X the X ?
» Parameter: 0<A< oo E | Prweld, Ne(w):
. _ e the £ For binomial X || a nondecressing
" M E(X)_)\ (LNp.5'-:zo~2|)~ ﬁgwffon, 05 t .
= Variance: Var(X)=\ (. the L for nepative =
e YA  nomiad X
» Hypergeometric Distribution [{£Np.5-26~27) J

» Experiment: Draw a sample of n (<.NN) balls without replacement
from a box containing R red balls and /V; —R white balls (¢he éalis

=< # of balls In the box ‘”‘“8‘“"”‘/
» Let X be the number of red balls in the ogmpi = likely to
Recall. be drawn)

WNp45| = Q: What is P(X=k)? < distribution of X is ?

= Example. The Committee Example (LNp.5-6). 1(";’,;""}:"‘2;‘;,2,)
» (cf.) If drawn with replacement, what is the distribution of X?

—
¢I9raphs » Probability Mass Function SARAS .'.*' orl =X "7
inlNp52l] = Theorem. For k = O 1,2, . ‘i “u
cf. - pessible values a§ X B
originoX sam R with rep lacementé- in moulli
= n ithout replacement < dep. Pemoulli (a)
{m:lfa} intuition ? s> X ~ hypergeometrice—ct.
#0=(1) | (Notice that (7) = 0 when either ¢<0 or r<t. graphs n

max (o, n-(N—R))<ﬁ<mm(R n) LNp.5-20~2|
proof. Label the N balls as 13 TRy WL, .-, WN_R-
attemative: all (N)n_ permutations

O combinations of size n from N different balls. = #Q) = (N )

—t——y-Symmetrtc outcomes n

..IfOS/<JSR@meﬁn—ng_R7

'k red balls may be chosen in (g) ways.

N—-R

n — k white balls may be chosen in (n_ L

(EHER)— #x=n=OED
£ ved n-R white

= (exercise) Show that the following function is a pmf.

For (ii1) in LNp. b‘-é.]} (R) (N_R)/(N) k=0,1,....n
_ k n—k n/? J 7 )
app‘y&m LNp.S-42. f(k) - { 0, otherwise.

) ways.
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N = The distribution of the r.v. X is called the hypergeometric e
distribution with parameters n, N, and R.

o The hypergeometric distribution is called after the ll"’?f r
hypergeometric identity: (|+x)“(:+x) f(“)x [3;(:)13]

a+b "\ /a b (1+x)“ = }: atb) r
A-(7) -2 =007
k=0 (why2* (A)mm,s-z/-/)_,v
» Theorem. The mean and variance of hypergeometrlc(n N, R) |-—

arc
[inhﬁﬁwr'wwhh_om and o2 = MRS “>-n(—)('-3)( *‘)

}&Of- miﬂt lacemerct (LNp 5-24)> With re,o/acemen‘f: GZ_n(——)(/-_)
binomio(n , p=R/N) = N—l‘—w »R-1
N G ] G I R' 4@n‘x)-,x.
E(X):Zx'T:ZZI' N=1
= L) 5 G

7N ) [ ) "TZR‘% (R YD)
- N r=1 (n 1) )_etj N g (n 1) \_ N
= GP”‘F of hypergeonetiic (n-1,N-1,R-)
E[X(Xn— 1)] = E(XQR— )15)3 E(X2) — B(X) R N-J%_;R_zp-s-“
5o B Z IR iy
N. -
(n) Y=24 <¢ _f)! (z‘)‘NZ
n(n—HR(R-1) (5_3)(%2_5;_55_2?) Re ¥R o
- NWV-y ; (V2
Letg=x—2} n(n—DRER-1) 2 () (V555 ) _n(n—1R(R-1)

Ea] N0 2 5 NV
;""’:"’ Zﬁ&u tpmf of hypergeometric (n-2.N-2,R-2)
Var(X) = B(X?) — [E(X)P? = [B(X?) ~ B(X)] + B(X) — [E(X)]

large. (so

isM) L  n(n—1)R(R-1) LR (m%)z _ nR(N = R)(N —n)
Recall: N(N —1) N N N2(N —1)
binomial

$ Theorem. Let N,—o00 and R,— o0 in such a way that(¢4 fom1,2,-toe)

Rreson I pi = Ri/ Ni—_;:p:&ﬁxd g:r:pq Tnbuition: WhenwO‘ired&whntl balls
cS. - . » N velatively small,
where 0 <p < 1, then f‘,‘;‘é‘* wwwmagewy. @hngrb
R; N —R;
hypergaomebc—p (,k: ( n—k ) . (n)p (1 . )n ké—pnfoj—bmomaa—/
N;
(depicase) (L) & (indep. case)
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s proof. p- 544
o L0 . SRl N o
( () Ef(R; — F)! '[< <n —B)l!
B I A S ‘Nﬁg”' LN Ve
n-z@v m (N R; _T ﬂ R)‘(n—k)—i—w

YN o, Nioie W Do 1-p

AL N TN

N IN, =1 WN; —n + Dig—

n
— ijk(l —p)" "
» Summary for X ~ Hypergeometric(n, N, R)

= Range: X = {0, 1, 2, ..., n}+max(0,n+R-N) < X< min(R , n)
e Pmf: f(o) = () (R /(Y for v €

» Parameters: n, N, Re {1,2,3, ...} and n<N, R<N
» Mean: E(X)=nR/N
» Variance: Var(X)=nR(N-R)(N-n)/(N*(N-1))

* Reading: textbook, Sec 4.6, 4.7, 4.8.1~4.8.3

A y n | © def\‘m'ﬁon p. 5-45
Svmmary _ Expect : o
X N E(aX-rb):aE(X)-rb
W [ defimkion  + Tar{aXtb)=@TaniX)
! Skion + G (00=E()- (E0OP
‘l : tean, Spuant OV = Van + (bias)*
— commaa/y uaed dls'l'nlawb“m
mdcp.
¥ indep Y=
How to chardlerize .- Beanoulti (p)svm
the distribution B ? = -b?nom‘uaﬂ(n.p)
WNpSA Xaer}
(6) 1 Pm«f(on(y for LNp §=b,(i)-(iit) Bepen M\t PNF =1¥%>n} pE
discrete riv's) % L Np.5-b.G7) — Brperinart) (feart
2. cdf (oranyreddrs Lp. s X L (poblem Lgmanf| i (BT
3. mgf [ 06D ﬁr o Formulation
— (o) | (g £ i) /
Kimate
Sl ) L‘-{’“’P“@”"“""‘m’“ " w
w or
N | g
R e m@{mf ok

n<< N

(meanioq of- posameters)
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