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~2>X-2 ~5

Var(X) = BE(X?) — [E(X)]?
= [B(X})-EX)]+EX)-[EX)P=X2+1-X=)
» Note: For X~binomial(n, p), where (i) n large; (i1) p small,

# of times | o distribution of X ; Poisson(A:np)J—theJr pmfs when k<< n.,

Some event o —_—

occuring o F(X) =np = mean of the Poisson = A

during” @ .

EE';:‘? of | o Var(X) =np(l-p) = variance of the Poisson = A
. A% 1

Eme 15 Poisson Process (stochastic procesE)/' REAUEER | (n triak in WNp5-21

wps8 \_ = Example: (Acinpsaifz{ar event] |2 period of time
(1)]# of earthquakes occurringlduring some fixed time span

(2)|# of people enterinéia bank during a time period

=
n-1)Hi= # o?e\{
* £<<n' occurin
Pl¥ni21) ‘ #(lge]  {aloy]
ni2 )
= 1(:%)”%) To model them, we can W of egual length t/ﬂg
A thi - : . . )
E‘z’: : nt:ml o Divide the time period, say [0, ?], into n small interval
length o Make the intervals so small (then, n large) that az most

And, Plat kastone [ one event can occur in each interval ASSUMDETOT
event occurs)

becomes small = Let X, ; be the number of events occurs in ith
interval, then assume<

. indep. X : - |
Xn'l”:\/B‘emM”I(Pn) P(Xn,i — 0) =1\ (t/n)j_ 0(1/n) {Z’gf:(ef/:e;we
X ~ binomial(n, Pu) #—roke (°R/$me55]) " lim 22 __ _

§ PEng=1) =2 (/) +oll/n) | e Vo =0

Igfssolt(”ﬂt’"zt) P(Xni>2)=o0(1/n) el / = P(Xn.;z)

< P(xni=1) *©

Z ~ Bernoulli(p) We can treat the number of events in a single —2or=>c0
2)=p interval as a Bernoulli r.v. with a small p, (=At/n) N
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Assume that the number of events to occur in
non-overlapping intervals are independent

G = Now, the humber of events in the whole period of
time [0, ¢] is binomial(n, p’), where n is a quite X Frsolz)

Pn-0.as n->to large number and Pn is a small probability and
NPn->2At, 00N->060 Fioront From
E(X) =n pn ~ n()\t/n) )\t lthe X in LNp.5-

:‘lfm‘: % The distribution for the number of events occurring in
T deton

derivakion [0, ] can be approximated by Poisson(n- n-p,~ )\t)
(sections 4129.)
Definition. A Poisson process with rate A is a

\z S
mlly of r.v.’s N,, 0<t<oo , for which \-‘ ﬁneifslor’iméii
in (O, t) 7.

Ny=0 and N,- N, ~ Poisson(}-(t=s)), T o
n M for 0<s<t<oo, and ?-[5—°$Nt~3csson(%) lc'f. I:

"
—,R Ntz _N8i7 Z:1727...,m fﬁ)ex l-nLNPS'Bg
te[o o) .
Tommare | 1€ independent whenever
vtable rv.’

Rr(ﬁ.:‘:;;m&teerl.::,io) 0S31<t1 S82<tZS SSm<tm'

Ne(w): o Junction of € J@-(cF.,the graph in (Np.5-28) B
& . p. 5-39

o Here, N denotes the # of events that occurs by time ¢

Me~Rissn(3)| o A: the average # of events occurrmg per unit time | >R
Ne,~Ns;~Bisson(Atti-5.) Ne Ns, N, i ? eie5(q
P

ounk process [cx. r 0<t;<tx<oo
4+ e | Nt Nitaona
- NoS- *)J 34 nal:mdependen(:
( theXn i LNp 528 31 : o e
¥ /- 3 L am overlapped . |
Nercombipuous ize | o bt e xox d o e (E)
Xa: drswete time Y 5 t S ? B (T s ek
Count process — 2 occurs here
Ne.~Ns, Ntx-Ns, NQ-NSa
= Example. N, (00 -Ns )

o, Traffic accident occurs (% 18 B2 &% # §& v ) according
to a Poisson process at a rate of A=5.5 per month

a basic event]

o Q: What is the probability of 3 or more accidents occur
EPgﬁod of in a 2 month periods?  Nz=# of acideats in 2 months
EE o Here, At =5.5%2 = 11. (Q: What should At be for one
and half months? for a year?)
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a So, N, ~ Poisson(11), AN, = k) = 11*-e”'/k! and p. 540
2 months —& =ty ”

P(N223):1—P(N2§2):1—26T

» Summary for X ~ Poisson(A) ~————— Q W/mf's {:heorgmal
= Range: ¥ — {0,1,2,...} L‘ sampkspaceﬂ for

» Pmf: fx(z) = N\e/z!, forz € X the X ?
» Parameter: 0<A< 0o — - d"/f'. For ‘::-Q » Ne(w) -
othe £ inomial X || @ nondecregsi
= Mean: E(X)=A G 5200m> || Funrton ,,;%ﬁ |
= Variance: Var(X)=\ (.the N for negative =
— binomial X
» Hypergeometric Distribution [(£Np.5-26~27) J

» Experiment: Draw a sample of n (<.N) balls without replacement
from a box containing R red balls and N—R white balls (&e balls

Ity
» Let X be the number of red balls in the sample /:kely to
Recal. . be drawn)
Wp45 = Q: What is P(X=k)? <{ distribution o X is ?
~¢-
= Example. The Committee Example (LNp.5-6). IZZ'LZ",?%:;_;',))P
s (cf.) If drawn with replacement, what 1s the distribution of X?

—B
imph, » Probability Mass Function O¢le: - +0O2] =X "
inps-2)] = Theorem. For k=0, 1 2, . ‘6 “ )'E all s
cf - possible values 05 X —F
originoX sam R with replacement < indep. Bernoull:
s:mnn@ P(X:k:)_?( )((A?)k) L’g;;”'""m’:fﬁ
- w1 . n ithout ace! <« g Bernoull (a)
{mdmhm"f“} infuition ’ L X~ hypergeometrice—cf.
#01= ( (Notice that (%) = 0 when either ¢<0 or r<t. graphs in

———psymmetric outcomes "

max(0,n+R- N)<8<mm(Q n) LNp.5-20~21

proof. Label the N balls as 1y 3 TRy WL, -, WN_R-

Hermative: all (N)g permutations

of ?:ombma?:lons of size n from N different balls. = # = (N )
fO<k<Rand 0<n—k<N—R,

D 1wt >t MQ

'k red balls may be chosen in (g) ways.

n — k white balls may be chosen in (JX :kR) ways.

L= #{X =k} = () (%)
» (exercise) Show that the following function is a pmf.

Rr(l'fl‘)mLNp.S-éqj R\ /N—R\ //N E—0.1 .
“PP‘Y&TDLNP.S%-Z f(/f) = { ék)(n—k)/(n)7 Otheréviée. ) 1Y,
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N = The distribution of the r.v. X is called the hypergeometric e

distribution with parameters n, /N, and R.

o The hypergeometric distribution is called after the i+g=r
hypergeometric identity: O+xfex)° = [’e_ (%)x‘:][f- (5) x’]

1}
é _(atb _i: a b e = a (a-rb
P B E)\r—Fk) r=0 1
=0 (why2 " (&Y in Ny s'-z/.l)_,,v

» Theorem. The mean and variance of hypergeometrlc(n N, R)1-
II

arc
[intuibive mwpnta@ﬂ ﬁ and o2 = nR(ﬁz(ﬁ)(é\g n), 'I(R)("5 ""')

proof. {swne 20 with re‘glacemem':(mp 5-24)pWith "%"/“‘e"‘e":t o= n( =-)1 "‘)
binomiol(n , p=R/N) N-,e—, Rl

n R\ /(N—R n R~-|€ .
E(X):ZxL]\Tfl—x):ZJ R! n-l‘*nNm)—’x.
=) = ( s.x- Lo e
n R— N-1 R—1 R 1 R—1
nR < (o) (G 1>)) SO ( (n)l)( ) nr

- N — (n 1) Letj N ;l (n 1) _\_ N
4=x C pmf of hWt(n-l,N-l,R-D

R |

BEX(X -1)]=E(X*-X) = E(X?‘) — B(X) N2 "t

= E ZU(ZU - 1) ] M Z ( RL x)'n_‘zLZN;}:z_z
v X-24 ¥ ¥

2) (N=2- (-2 2 bna
_ o DRR-1) zn: (=) (((]Z—zg—gf—z))) ke ¥

(N—2
_ (R—z) ((N—2)—(R—2)>

y (n—2)—y

_n(n—-1)R(R-1)

! G2) 4 NV
ltpmf of hyperseom(:ﬁc (n-2,N-2,R-2)

Var(X) = E(X?) - [E(X)]’ = [E(X?) - E(X)] + E(X) - [E(X)]?

_ n(n—DR@E-1) nR (R > nR(N - R)(N —n)
fmﬁé — N(N —1) N \N) NN -I)
inomis
Bgsm . Theorem. Let [V, —>oocand R,— 00 in such a way that
: pi = R;/N; _;—pf,ﬂ'- Sixed Intuition: When # of red & white balls

are very large , n relatively small,

where 0 <p < 1, then 1 GG\ _wihladt rephceneit = with replernert
[ﬁ,%\c_, (k:)( n—k ) N (n) (1 o )n ki—me‘% binomial

(dep.case) (]:]1 z) k Cindep. case)
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@ proof.

R SR RTL
() E(R: — k)| (n=k)[(Ni = R:) — (n—k)]!

—_— =X X - - . . K
Hin— b | - S

n—KC j (N R _jl j\f 4:1-@_4%
NN ey, W s Wi Do i1-p

NE —HV; JN; TN D
N, =1 [V, =
ﬂ.é—‘q “i—(z 1@ n—i_—DJT

%

\/((@2

> Summal_y for X ~ Hypergeometric(n, N, R)
= Range: X = {0, 1, 2, ..., n}-+max(0.n+R-N) £ X s min(R , n)
e Pmf: @)= (0, for o€

» Parameters: n, N, Re {1, 2,3, ...} and n<N, R<N
» Mean: E(X)=nR/N
» Variance: Var(X)=nR(N-R)(N-n)/(N*(N-1))

* Reading: textbook, Sec 4.6, 4.7, 4.8.1~4.8.3

Svm mary

> - | ° defv'nll'ion p. 5-45
et » interpretation
« E(aX+b)=a E(W)tb

"K

{ ] l [“edefimtion  ~TarlaXsh)=2 (Ta/b(X
| | caleulation,  inkerprdlation o [ (x)=E(x%)- (ECO)
l ;‘I’é, ) ® mean, sgamee)vm Tan + (bias)*
commonly uagd dfsfn’bwfﬁ
indep Y=l goometric(p) o
How to characterize o= Beanoulli (p) —fsvm hesutive
NSl the distribution B ? =" \L binomia (1p) —— biromiaf(r. p) — \
'S ot
(6) 1 PMf(only for LNPS-l,,(i)‘-(iii) Bepeninest) PME = {¥r>n} pmf I alPP'W-
discrebe rv's) LNp.5-6.47) —~— Experiment) (meant) || o (arge |(mean
2. cdf (foranyrvs)ar> LNp.S41.0H4) LY A2 LTSI psmayl ||3Var
3 mg? LNp. S (1(5)(F) Foroudlotion K«n
. (eam‘ng ”-F?m@ l i_F-orssoru
r;ppmﬁnafe Process

-
Ml Q w\ﬁ"'\cz
v ui *fm e

R lamnge
meo.m "9 of- pamme\-ars

n<< N J
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