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» Note: For X~binomial(n, p), where (i) n large; (i1) p small,

# of times || o distribution of X = Poisson(A=np) ~their hen k<< n.
e X g RSO o ofe

occuring o F(X) =np = mean of the Poisson = A

wing' @ | ur(X) = (=) = variance of the Poisson =\ "
. ar(X) = np(1-p) = variance of the Poisson =

peced of || 0 Var(X) =np(l-p) = variance AT

time > Poisson Process (stochastic process) AREAUBE | [n trials in o521

w528 \_ = Example: (Boinos-21)xan evert ( o period of time
(1)1# of earthquakes occurringlduring some fixed time span

(2)1# of people enterinéia bank during a time period

=

B=LO+0+0+0+~+0+40 - - - +O+1+0+-- - +0+ 0+ O =X =3 Xn,i
To -’,E—ﬁ
# of events|
occusrin
in [o.t]
T '

=2 (Yh)+o(th) t/ﬂ;)
‘ﬁ"{:f{’g_ﬂ' o Divide the time period, say [0, ?], into n small interval

o Make the intervals so small (then, n large) that az most

And, Plat leastone [ one event can occur in each interval assumption

event occurs)

becomes small = Let X, be the number of events occurs in ¢th
interval, then assume~—

Xn.i%&mmllf(pn) P(Xp:=0)=1-X-(/n)+o(1/n) {au}:a.sgwwﬂ

Qn ~o(J)
-~ Di i y Pa rdz S C—
)X bmosrsnal(n Pe) P(X,, = 1) = A’-\—(t/n)(f/o%lt/ﬁj@
 —

‘ A =P, — 1% %n=)a

. P(Xa.t=))
Z ~ Bernulli(p) We can treat the number of events in a single —2on>00
E2)=p

interval as a Bernoulli r.v. with a small p, (=At/n)

B
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p. 5-38

Assume that the number of events to occur in
non-overlapping intervals are independent

®- = Now, the humber of events in the whole period of
time [0, ¢] is binomial(n, p7), where n is a quite te A1)
Prn—>0, as n->to ]_‘ large number and Pn is a small probability and
60

nPn,-> At, ooNn-> F m
EX)= np,~n\tin) =M (Gercw ivbas

see textbook
P % The distribution for the number of events occurring in

decivakion 0, t] can be approximated by Poisson(n At
ey [0, ¢] pp y (n-p,~ )

Definition. A Poisson process with rate A is a

\z z
ns) family of r.v.’s IV,, 0<t<oco , for which \-’ ?‘bﬁ%ﬂwﬂﬁﬁ
in (0. t)

N =0 and N,— N, ~ Poisson(}:(t—s)), arfé(tﬁ’f’i ”

n for 0<s<t<oo, and t[$=0$)\/e Risson(At) lcf. F
@ —"’R Ne, = Nopy 1t =1,2,.m e 7m0 535
telo.%) are independent whenever
Iabe ’
uncow e VIV.'S
ForweN 8 telo. o) 0<s5 <t <s<t,<--<s,<t,.
Ne(w): o function of £ [@-(cF.,the graph in LNp.5-28) B
& . p. 5-39

o Here, N denotes the # of events that occurs by tim

Ne~Risson(3)| o A: the average # of events occurrmg per unit time —VZ

Nt ~Ns~Bisson{atti-s)) Nt Ns, Ne Ve ()] ?4
For o<t/ <ta<oo
Nt'/ Nta.

Count process | [<f.

4--
N 3 ]d 34 not- Cndependent . ]
Lth}X» in LNp.5-28 i ‘o To.+1,[0. tal

v / L am. overlapped . |
M-‘ Con»ﬁnaws éime L rime (t)

count proess ° FZHI?-(;I ' . —
Xa: drsm@e time Y S t st ?3 L'&B a basic evert

drs o — . ELN‘B - occurs here
‘ ,~INS, 2" N52 -NS
= Example. N, (0 -Ns,(w) ’

o, Traffic accident occurs (618 B &2E 7 §2 v ) according
to a Poisson process at a rate of A=5.5 per month

a basic event]

o Q: What is the probability of 3 or more accidents occur
[;};eﬁod of in 3 2 month periods? ~ Nz=4# of acidents in 2 months
= o Here, At =5.5%2 = 11. (Q: What should At be for one
and half months? for a year?)
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a So, N, ~ Poisson(11), AN, = k) = 11*.¢ “/k' and p. 540
2 months —&

2 e 11’f
P(Ny>3)=1-P(Na<2)=1-Y» ————
k=0 |
» Summary for X ~ Poisson(\) ~—— Q- What= -Hnorgmaj
=« Range: ¥ = {0,1,2,...} L\ mmﬂespace_ﬂ. for
» Pmf: fx(z) = N\e/z!, forz € X the X ?
» Parameter: 0<A< oo E | Prweld, Ne(w):
. _ e the £ For binomial X || a nondecressing
" M E(X)_)\ (LNp.5'-:zo~2|)~ ﬁgwffon, 05 t .
= Variance: Var(X)=\ (. the L for nepative =
e YA  nomiad X
» Hypergeometric Distribution [{£Np.5-26~27) J

» Experiment: Draw a sample of n (<.NN) balls without replacement
from a box containing R red balls and /V; —R white balls (¢he éalis

=< # of balls In the box ‘”‘“8‘“"”‘/
» Let X be the number of red balls in the ogmpi = likely to
Recall. be drawn)

WNp45| = Q: What is P(X=k)? < distribution of X is ?

= Example. The Committee Example (LNp.5-6). 1(";’,;""}:"‘2;‘;,2,)
» (cf.) If drawn with replacement, what is the distribution of X?

—
¢I9raphs » Probability Mass Function SARAS .'.*' orl =X "7
inlNp52l] = Theorem. For k = O 1,2, . ‘i “u
cf. . possible values of x—3 B
originoX sam o with replacement < indep. Pemoulli
S;maaof P(X — 5 ( )((]\T;L) k) L)%;;lbmomﬂ;%l
= IR n ithout replacement < dep. Pemoulli (a)
{m:lfa} intuition ? s> X ~ hypergeometrice—ct.
#0=(1) | (Notice that (7) = 0 when either ¢<0 or r<t. graphs n

max(O.n+R-N)<8<mm(R n) LNp5-20~2|
proof. Label the N balls as 13 TRy WL, -, WN_R-
attemative: all (N)n_ permutations

O combinations of size n from N different balls. = #Q) = (N )

—t——y-Symmetrtc outcomes n

..IfOS/<JSR@meﬁn—ng_R7

'k red balls may be chosen in (g) ways.

N—-R

n — k white balls may be chosen in (n_ L

(EHER)— #x=n=OED
£ ved n-R white

= (exercise) Show that the following function is a pmf.

For (ii1) in LNp. b‘-é.]} (R) (N_R)/(N) k=0,1,....n
_ k n—k n/? J 7 )
app‘y&m LNp.S-42. f(k) - { 0, otherwise.

) ways.
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N = The distribution of the r.v. X is called the hypergeometric e

distribution with parameters n, /N, and R.

o The hypergeometric distribution is called after the l':"’j=r
hypergeometric identity: (|+X)Q('+%)b=[,~f; (%)x‘:][g(g)x‘]

. I
é _(a+b 5= (3 b (,+x)a*b=“*"(a+b)x,.
r B E)\r—k) reo\ T 1
k=0 (why? s (A mLN,.s-I/-/)_,,V
» Theorem. The mean and variance of hypergeometrle(n N, R) |-—

arc
[inhﬁﬁwr'wwhh_om and o2 = 2R R “>-n(—)(u-3)( *‘)

N2(N-1)
roof. mﬁth lacementts (LNp 5-24)> With rgo/acemen‘f: G3= n( --)(/-_)
bfno’n(‘aoc(n 2 P ) N",h ,’R-
n (R) (N —R) n R—-|€

B =S oy 4@»

& G o5 ¢

Z: N=1

_ar s EDGEEED) "TZR““Z (@05 g
N z=1 (n 1) )_etj N y=0 (n 1) \ N
4=%\ (f pmf of 6ypegeom¢fn‘c(n-l,N-l,R-!)
EX(X-1)]=EB(X?>-X)= E(X?‘) — E(X) N2 "
L OGN e A adh,
Zx(x —1) Z (R — )'njz o N.::Z
(”) x-24 ¥ i_U ' (ir
_ n(n—DRER—-1) FOG AR A
- T NN zz: (72
Letgzx'zl n(n - DR(R —1) ”2‘32 ()25 Y) - )RR 1)

N(N —1) N(N -1)

y=0 (]7\[—22) A
tpmf of hypergeometric (n-2.N-2,R-2)
Var(X) = B(X?) - [E(X)]* = [E(X?) - E(X)]+ E(X) - [E(X)]*

~ n(n-1)R(R-1) nR (nR\> nR(N—R)(N-n)
— N(N —1) +N_(N) - N2(N-1)

1: Theorem Let N,—o0 and R,—00 1n such a way that

B —t— 25 3
s pi = R;/N; —>£,&ﬁxd ﬁf,f”" Tobion: wmww::l:ﬁlﬂﬁu
where 0 <p<1, then f‘,"fﬁ" wwmphm~wmmphaemrb

pmf’ of (B (M7
h pergaomeb‘ k n—k ( ) 1 — n—k(-PI)’lf% bmomaa./
(Z-,lepca.se; :ﬁ,__fi) k)P (1-p) Cindep, case)
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& m‘ p. 5-44
(W) (Ze) - SRl J( i — Ry) R
) BB R = B e (n—k)ﬂ
n! ; —@—_ﬂr (E —k+1
T Bm-k) Nler M fe LN, Rp)eNS )
@) (-R)-1) (V- R)_(n_k)ﬂ}
Ni \“QCNJ:J— NS Wi Do 1—p
NV TN N D
Nl IN; — 1 N; —n + Dig—

n
— ijk(l —p)" "
» Summary for X ~ Hypergeometric(n, N, R)

= Range: X = {0, 1, 2, ..., n}+max(0,n+R-N) < X< min(R , n)
e Pmf: f(o) = () (R /(Y for v €

» Parameters: n, N, Re {1,2,3, ...} and n<N, R<N
» Mean: E(X)=nR/N
» Variance: Var(X)=nR(N-R)(N-n)/(N*(N-1))

* Reading: textbook, Sec 4.6, 4.7, 4.8.1~4.8.3

A y n | © def\‘m'ﬁon p. 5-45
Svmmary : Expect: : o
X N E(aX-rb):aE(X)-rb
W [ defimkion  + Tar{aXtb)=@TaniX)
! Aeion U ()=E()- (E00F
‘l tean, Spuant OV = Van + (biasy*
— commaa/y waed dls'l'nlawb“m
mdcp.
v indep Y=
How to chardlerize .- Beanoulti (p)svm
the distribution B ? = -b?nom‘uaﬂ(n,p)
WNpSA Xaer}
) pmf (only for LNp.5-b.(ix-iii) Bepeni nent pME =L¥r>nd] ome
discrete riv's) % L Np.5-b.G7) — Brperinart) (feart
2. cdf (oranyreddrs Lp. s X L (poblem Lgmanf| i (BT
3. mgf [ 06D ﬁr o Formulation
. (eamng of paa j /
r_;ppmama& R
iromiald(n, 2 HW@@M-c(n,N R) _ (mearu‘ngaf ponametec]
! i oi"
kg m@(‘m}‘ e

n<< N

(meanioq of- posameters)
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