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AosNoafleipo | Q1 What 1s AAX=F)? (== tha;b Ac occurs inthe n trials)

diskibetion (Note. A, ..., A, are assumed to be independent events.)
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FXi? » Example (Roulette n= 4 k=2, LNp.3-4). - N=0}eP
W.,Wa,%,W« indep pd o0,

o Let --,36}
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o So, I_’:‘—P.m. on N=04" . 5-22
P.m. of X Px(X—Q) = P(WlﬂWQHLgﬂLzl)-i-“'
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= ppqq + pqpq + pqqp + qppq + qpqp + qqpp :EPQQQ
> Probability Mass Function . gymmetic events (2)
» LetA, .. A be independent events and P(A )=p, i=1,
1 0o
Lt X =144 +1,. B BC o
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@ » (exercise) Show that the following function is a pmf. o
Bam (1) (1)) _
mLNP.é-Zt F(k) = (Z)pk(l —p)" % k=0,1,...,n,
For (ii7), use 0, otherwise.

= The distribution of the r.v. X is called the binomial
distribution with parameters n and p. In particular, when
n=1, it is called the Bernoulli distribution with parameter p.

J

Notice that a binomial r.v. can be regarded as the sum
(G Nps-21 Y of n independent Bernoulli r.v.’s. [Fr

| Check Chapter 6 (future
Z) o The binomial dlstrlbutlon 18 called after the Binomial
No->02=()s Theorem:
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® Example (Bridge). Q: What is the probablhty that South

A+, Aqcf oets no Aces on at least k=5 of n=9 hands?
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Let A;={no Aces on the i hand}, =1, 2, ..., 9, and
ha = ] - - - g Mo s <~ s 7
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Brronal 7. p)) X =14, +---+1a,, (Bemauli(p)
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R(AIN = Then, P(A;) = (13)/(}3) ~ 0.3038 = p.
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» Theorem. The mean and variance of the "/4‘_

B1nom1al(n p) distribution are (inbuibion)
‘°“ pLnp and o = np( o
proof. X=14,+1p,+-+1 »mea.np_ Why 63=07? @ " s "~ @
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& ! :@ 0=l ./ k.
n n-(n—l)' » xX=l n-1 x-I
= X G gty e
= : Sum-'lB-One]
D (Z ] 1)pm—1(1 _p)(D—=1) — (STO) methed
Cg=,x_‘ z=1
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E[X(X - 1)] — E(X2 _ X) % E(X2) . E(X) [E[%(é)“'""l'af@] 15-25

)(Z) L0l J=£ [sm+~--+;’rafﬂf @)
Py X

n/'v = T == n—x =xex§'a)ﬁ‘(x)+
(p —a) (L=p)") + 2, G050
% Sx2 DI = Ets OO+ EL34X]

2)! 2 r—2
W —a)| PP (1-p)"" E‘lnmmmp.s-ne

>pa:—2<1 = p)(n—2)—(m—2)

—— Let g:x-z
— n(n — 1)p P l(flé'z) Pg“_P)(n.Z)-iH_pmfof Bmomm‘(n_z P)
Var(X) = BE(X?) - [B(X)]" = [B(X?) - B(X)] + E(X) - [E(X)]”

= n(n—1)p* +np —n?p? = np(1 — p) XYmMomvm‘ables
distributed O.S-’C:
(Chcck a.in LNp.5-8)

» Range: X ={0,1,2,...,n} <¥—
= Pmf: fx(z)= (})p"(1—p)" %, forz € X

@ Parameters: ne€{l, 2, 3, ...} and 0<p< 1 <

» Summary for X : Binomial(n, p)

» Mean: E(X)=np Zi-iq.ﬂz=ﬁ
» Variance: Var(X)=np(1-p) R Lf&"ﬁ’é:‘ﬁ“x .‘_@s ite

* Geometric and Negative Blnonnil_ Distributions “;, WP?:PS

% » Experiment: A basic experiment with sample l:a__ﬁ |
i space ), (and p.m. P) is repeated znéznzte times. (countable)
Binomial (LNp.$-20)

= The sample space is a }
=3 W=(Wi,-.Wi,---) s W€
Pade0) = Qy x Oy x Qx5 LIm LWt ) e
= Assume that events depending on different trials | 0% 5, ..y
are independent [uthtal _lathtriod ;“3”‘ fiu oAl
eg = (20x--2Lor AaNo - *Qo*Abz*f)-oK
. A revent depends on [,--, Lu trials T T3 j

S : s --,F i B, Buw,---
: i,y triaks ana different

S : : Ry --e, ﬁw trials

= For a given event A CQO, we continue performing |
the trials until A, occurs exactly r times |9 basic event

= Q: What 1s the probablhty that we need to perform £ trials?

B
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¢ . Bxample o (amezh
L@Uw pany must hire 3 engineers. ;‘:/en . o"&
&=I-p o Each interview results in a hlre Wlth

O = probability 1/3 B,(Aa) (2] oo ¢ (@] [10ee0
@y*=0 o Q: What is the probability that 10 Cai “

interviews are required? _Q* {w?‘.(w. ) :Weeo.i
LS =0 -P” - h x: Zs fcountobly
TS ,D We need: (i) Success on the 10" | [o, 1]<—>.Q <—>2

wizo |, Interview (ii) 2 hires on the first X fo. 133‘1' *i§tnwunbable
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r=e a So, the probability is \Pf
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Soe brromia and Al=Qon-- “‘M 10_11 eg. R(A»ﬁ%#wfn:m

distribution on
Binomialln, P) ~X, = 1A1 -+ P -+ ]:,Anv for n = ]_, 2, 3, ...j-Bernoulh(p)
& v Xa, ==+, Xn,-- -not inde; ) p. 5-28
% o LetY = smallest n with X > 1, % )'(;X;Xg chéxz
Yo, . ¥r, oo Y = smallest n with X > 2, 0 i 35
are rv.’s éﬁ'ﬂd _— | o o | O oo
om%[_l_(orff) ey B oo o
¥ of trials to Y, = smallest n with X, >, { 6 ;
produce Ao | &7 5 x.um
exactly v times| Q What 1s P(Y k)? 3% Y, Ya Ys ---

f » Probability Mass Function ’O,, [{Xn< r}={Yr> n‘ﬂ(*)
distribukion =1

ofYr is2?| w Let A}, A,,... be independent and P(A )—p, =1, 2, 3,
f _y,
-Then fOI']C_T"I“—|—1 7‘_|—2 n_ PO(A ﬂ

— e muava\uﬂ TM*T
pof—» PV, = k) = C"_T)P“l P Tt
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UV amen N
proof. Ifr=1, P(Y; =k) = ({Xk L =0} N A)

Binomial (k-1, P) Tl LT P({Xk—1 =0}) - P(Ax)

(1—p)'p

In general PlY.=k) = ({Xk 1 =71 —1} N Ag) ﬁpmfm;rf
G N
P"“‘:°5‘“23¢“'eb‘“°“““‘ | = (7, _ 1)19 '(1-p)"

=
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p. 5-29

Ao w _(exercise) Show that the following function is a pmf.
1 uv; 5-b, Apply 2T

memoryless
(exercise)

sy = LGP =p) T k=l
0, 7k otherwise.
K-T

distribution with parameters r and p. In particular, when r=1
it 1s called the geometric distribution with parameter p.

A negative binomial r.v. can be regarded as the sum of
r mdependent geometric r.v.’s.

i B=Firhar+h, @
écu- 0O 0 --- o@) o0 0 --- 01
""QE”'” .....@@l
As qeomebric(p) geom?bnc@ Zy ~geomebric(p)
c;:‘:b' 'Eb?f;tn-u nega:hve lamomml(r,p)a.){,_ yA |+ Zz+ - *Zr
ibs p mf <o The negative binomial distribution is called after the
' K’
me Negatlve Binomial Zhe(’)ggn}"sk . Ora) = ): m o
T+ /
(rATEL3|, )tk, for |t| < 1.
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