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» Theorem. The mean and variance of negative binomial(r, p) is"

5-30

inhnﬁveinber?@hw and o2 =r(1 —p)/p2. °

proof.

x+D=-Il

5 P
twhyoo" 3 why 07

, m_r_roo a:-(a;—l)!
At D Dy g
((z+1) —1)

ol _ (x—i—l) (r+1)
(1

(r“") "' 'Q(x+|) '

7‘+1 1 .
Ct(ﬁ-l)

(r+1) =1 (%+1)

A\(r+1)-1)"

y—1

1 & Jra-p)
= E(X?+X)

r+1)—

)

pmf of nejnb‘ve.
y=+D — o /p | binomia (41, P)

= E(X?) + E(X)

=l T—7r

—p)

(a:—l—l)(

(TE[30+3200]) = E[qw)+ Etg—zoo]]
(LNp.5-25) '

)p’"(l
L= /’ (’X.+2)-|
Da - (z —1)!

(r+2)-\

)r- (r— Dz —r P
xr2) -1

:,)- ‘d’(
—1 —(r
B 1>p7“+2(1 )t —(r+2)

+1) o
7“7“2 )Z

p

r+2(1 _ p)

(

z=r L

(z2+2)—

(r+2)

>pr+2(1 _ p)y(r+21"(;;’."fo:f W\Ve }
binomial (r+2 , P)

=

Var(X) = B(X?) - [E(X2)+E(X)] E(X) -

p. 5-31

[E(X))*

r(r+1)
p2
> Summag for X ~ Negative Binomial(r, p)

EC: e )

r—1
Parameters re{l, 2, 3,
= Mean: E(X)=r/p
= Variance: Var(X)=r(1-p)/p>
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e Poisson Distribution

»Recall: Expression for e, e=2.7183---
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= Consider a sequence of binomial(n, p,,) distributions satisfying

(a) p, = 0 when n — oo
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« = Then, p,~ A/n when n is large enough.
« And, P(xrzk) = E(Xn)=npy= i
d‘ff-cultto n [ (n)g = o =n(n-1)--- (n-k+i)
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> Example Risson (A= np) n farge |

= A professor hits the wrong key with probability p=0.001
cach time he types a letter. Assume independence for the )
occurrence of errors between different letter typings. small p Jv

» Q: (5 or more errors in n=2500 letters)=??{ (each typing :

_ v n arae independent
Ans. (lrge) Bamoulli(P)

o Let X be the number of errors, then [(may be)

X~binomial(2500, 0.001) and diﬁ;‘icuh‘:to
P(X 25>=P(5 or more errors) = 1 — P(X < 4) calculate
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o The probability can be approximated by Afe™ /k! with

nxp:mean L_ A = 2500 x 0.001 = 2.5 times of errors,
of binomial(n.p) — -4

where 2.5 1s the expected number of the errors that
would occur in the 2500 typings.

(Q: What should the A’s be for 5000 typings, 7500

. . ‘? 4 — =
=r0) typings, and 10000 typings?) tm A=75
a So, P(X = k) ~ (2.5)ke™25/k!, for k=0,1,2,3.4, and
_ (2.5)Fe25
~P(X<4)~1-)_ - = 0.1088.

k=0
» Probability Mass Function ‘-»(#) in LNp,5-33
1 @: which one is essier to

= Theorem. Let ;'Lobhzm, or calculate
AEe=2 Lby hand ?
f(]{?): TR k:0,1,2,...,
— 0, otherwise. R Note not
then, f(k) is a pmf. Ix‘:fO."',i;ﬂ
2

p. 535

proof. LNp.5-6, (1) & (i1) are straightforward. For (i11),

oo e’e) /\k€_>\ ~ fe'e) )\k -
Zf(k): X :6)\<ZE>=€>\'€A:1.

k=0 k=0 LNp.5-31, 2nd expression

o The pmfis called the Poisson pmf with parameter A. The
distribution is named after Simeon Poisson, who derived
the approximation of Poisson pmf to binomial pmf.

o The A (=np,) can be interpreted as the average
occurrence frequency™ - 5E%: st $4 (check the X's in LNp.5-34)
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» Theorem. The mean and variance of Poisson(A) is
(inkuitive Toterpetution ¥\ and o2 = 0% =\
proof.
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» Note: For X~binomial(n, p), where (i) n large; (i1) p small,

?0 :,z 2:2%1.? o distribution of X Y Poisson(A:@)J—their pmfs when k<< n,
occuring o F(X) =np = mean of the Poisson = A

durfn,g, a . .

period of | = Var(X) =np(l1-p) = variance of the Poisson = A

time

» Poisson Process (stochastic procesE)/' REAUEER | (n triak in WNp5-21
WNp5-28 « Example: Bom LNps-ﬂ,_-g[ 2 event a. period of time
(1)]# of earthquakes occurringlduring some fixed time span

(2)1# of people enterinéia bank during a time period
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