NTHU MATH 2810, 2024 Lecture Notes
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» Probability Mass Function
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» (exercise) Show that the following function is a pmf.

Exam (i) (i)(iit) . - )
In LNp.5-6. f(k) = { (()k)pk(l —p)" 7k, k=0,1,...,m

Er(méuse
= The distribution of the r.v. X is called the binomial

distribution with parameters n and p. In particular, when
n=1, it is called the Bernoulli distribution with parameter p.

J

otherwise.

@ Notice that a binomial r.v. can be regarded as the sum

X ' s
(6 Np5-21Y of n independent Bernoulli r.v.’s. fm

Z) O The binomial dlstrlbutlon is called after the Binomial
No»12=C1y

Let A;={no Aces on the i hand}, =1, 2, ..., 9, and
ha ‘dem o 2 2 b 2 2 2
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[_.Emomc‘o.l(q,. P) X = 1A1 + -+ 1A97 [Bernoul/:(P)
KX »
B (Ak o Then, P(4;) = (13)/(53) ~ 0.3038 = p.

Lecture Notes
&

p. 5-23
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@ Example (Bridge). Q: What is the probablhty that South
A, Aqcfll oets no Aces on at least k=5 of n=9 hands?
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=1 L=
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E[X(X — 1)] = E(X2 _ X) — E(X2) _ E(X) ,E[%IQQ"'"'*-S_:(&)] 15-25
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Var(X) = E(X?) - [E(X)] [E(X?) - B(X)] + E(X) - [E(X)]?
= n(n—l)p2—l-np—np =np(l —p)
distributed as

» Summary for X E Binomial(n, p)

t;:ﬂﬂ-“d?-d = Range: X = {0, 1,2, 7n} 3
fixed
= Pmf: fx(z) = (7)p"(1 —p)" 77, forz €

constants
Parameters: n€{1, 2,3, ...} and 0<p< 1 <

inthe
distribution

» Mean: E(X)=np R _/,R.Z_t p. 526
: — R £ dimension s
» Variance: Var(X)=np(1-p) F countably infeite

: SO S5
» Geometric and Negative Binomial Distributions in wpf-fip,)
R __

%‘ > Experiment: A basic experiment with sample |(Bl=%

12 space ), (and p.m. PO) is repeated zn%‘znzte times.(countable)
Binomial (LNp.S-20)

Q: { w =(w.,---,wc,-‘-) . wcéﬂo}

Qo

- The sample space is
P—=0=0,xQ,x ch ey

= Assume that events depending on different trials | 5 5, ..y
are independent ghthtral  lathtrial 6"3% f‘:“ L’
€d A'= Nox- 3 Nox AprNon—1 gt Al Dox---

A’ event depends on [, -, Lu trials bh"'iu,i.,---,iﬂ

S s s : : . B,-,Bun,---
> 8 : &, G trials mdiﬁ:rent

CI: : : : ﬁl, ﬁwtnals

= For a given event A CQO, we continue performing |
the trials until A, occurs exactly I times | & basic event

= Q: What is the probability that we need to perform £ trials?

B
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» Probability Mass Function °’

Lecture Notes
& X ~binom;al (2, V3) P 5-27
. Example. 2O [Pix=2) g
a trial o A company must hire 3 engineers: [ sevoen o
g=1-p o Each interview results in a h1re Wlth
O | probability 1/3 ,(Ao) oo [ 1000
wy*= o Q: What is the probability that 10 "
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. . o9 ~
g o=t 9 interviews y— L@Ca_):_,wg* -é)ﬂ (W)= 0
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[k 0‘25 - 0‘75 | / 3 6 oo e
o I (o e 7 91@2@0110010
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5—0@ c 419, s devl
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P‘:‘“‘::‘*";'““;"’:b‘o“ = {A occurs on the 1™ trial}y | con be eqarded, a0 a.
S binomiol and LA fee- A loehoe Qon - Jibh Eial] | prob. measure. on Lo, 1]
Bmom.a‘(ﬂ. P) ‘\"Xn — 1_?141 -+ * -+ ];,An7 f()r n —= ]_7 2, 3, \-Bernoulh'(p)::)
= _ - (X%, --ngt indep) p. 528
E_?_tam o Let Y, =smallest n with X, > 1, X % Xa X4 % Xe ,37
VARV Y = smallest n with X, > 2, 6 i3 2 zJ
a.rcr.v.’sdeﬁ.‘md =2 \ | O O | o...
OESQ__'_"EQ@"m ces o oo
# 05 triak to Y, = smallest n with X, >, { %iic"}i
produce Ao |27 xu.g(ml_
ety ¥ twest o Q: What is A(Y,=k)? s - @ Y Ya Ys -

distri

ion

s Y, is?| m Let A,A,,..

0133“661'

[{ Xn<T}={Yr> n}](*)

. be independent and P(A) =p, =1, 2, 3,

Pu\-ﬁ: of nejdt«‘ve biromial - (
L_ r—1

TR(AY
» Then, fork=r,r+1,74+2,..., P(A)Iu
k-1 r k—r Lo§- Y\'va j
pmf—s P(Y,. =k) = ;_Ip(l—p) S
binomial = ()aEm\= = e dpe=1
proof. Ifr=1, P(Y1 =k) = P{Xr_1 =0} NA)
Binomial (k-1, P) ik P({Xp1 =0})- P(As) = (1 —p)1p
In general, P(Y, =k) = ({Xk 1 =71 —1} N Ag) tpmf of
&
S P P e,
k—1

)p’"_l(l —p)*"p

=
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%;mm » (exercise) Show that the following function is a pmf.
LNp.5-6, Apply

Lecture Notes
p. 5-29

128 5 ] R R (i:})pr(l T p)k—’r” k= r,Tr + ]-7 c 0
°° % f(k) = 0, otherwise.
'lomp(*),@ %

2 eonetric[® 1 1¢ distribution of the r.v. Y. is called the negative binomial
P(yi>stt|vi>$)| distribution with parameters r and p. In particular, when r=1,

=P(Yi>t) it 1s called the geometrt c distribution with parameter p.

memoryless
(exercise)

A negative binomial r.v. can be regarded as the sum of
r mdependent geometric 1.v.’s. B=Bi+Bat+8,

@a—-= 4,.(:;?
O --- OO--- o 1 o0 --- 01
7] =

...QE”... .....@@.l
geometric ] Z|~3@md7( «pd Zz,-»geomd:r'c(P) Zr~3eometnc(F)
dw'b"hm neqative binomial (.~ Yo =24 Z2 +---+Zr

'mmf -cs o @ The negative binomial distribution is called after the
s l

Seguence Negative Binomial Thi(’)gem: () = Kf ('*:,"')(-x K
(5323, 1 S (r+ k-1 N
| Betil) ) A~ - Z( y )tk’, for 1] < 1.
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