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» Q: Given an event A CQO what 1s the probability that A P
? &
TR occurs k times in the n trials’ i‘]

= (=,
) ¥ {o 130 w; e{o,l}
t=l.-.n|w Problem Formulation: Let A,CQ be L. .LL_, R } ?

X:1->R /-t

;= {Aq occurs on the ith trlal} and e )= | b>|®
Ai=A xﬂg---xﬂ, i r -Q-'.Qo : : o:z -n
A_"‘;“A?“"'ﬂo (*) -X'=14 14>

: : LNp.5-13 0 @(— B, _I_]_) R 1A|+ +Ian
Ans0orfles-1ho | Q What is P(X‘k) The % thatt Aq occwrs in the n trials

distibaion | (Note. A, ..., A, are assumed to be independent events.)

X is ?
LdakiXd » Example (Roulette n= 4 k=2, LNp.3-4). .(L-» O=0<p
Wi, Wa,Wa, Wg indep
o Let = {Win on zth Game} €N ={0,00,1,---,36}

& - (A)¢Ac={1,3.,5,,35
@ % L= I/Vc = {Lose on 7" Game}-m,&,‘m,‘h,‘nf, xﬂoCﬂ}
- ith
Then W)=9/19 and P(L;)=10/19=1-
Al U1 U] I P( ) _T:-—pﬁ(Ao)P( ) _:&(Aofg) d m
!!\“c.\:wa“\/ tn Let X = ]-W1 + 1W2 —+ ]-W + 1W4,then
_rhm'“ {XZQ}:(W10W2ﬂL30L4)U(W1ﬂLQﬂW3ﬂL4)
LNp.4-24 UWiNLoNL3sNWy)U (Lt NWoNW3N Ly)
U

U(leWZmL?)mWAL) (Ll NLoNW3N Wy

€ O SO, I‘-r[-).f)‘! on ﬂ=ﬂ:’ p. 5-22
p.m.ofX PX(XZQ) = P(WlﬂW2ﬂL3QL4)+

L P(Ly O Ly N\ W5 N Wa)
P(W1)P(Wa)P(L3)P(Ly) + - - - + P(Ly)P(Ls) P(W3) P(W))
= ppqq + pqpq + pqqp + qppq + qpgp + qqpp :Ep2q2

> Probability Mass Function - gmmetric events (&)

« Let A, ..., A, be independent events and F(A,)=p, i=1,

A
. LetX:].Al_'_'_'_].A _P(ﬂ_é) Q_A nlOandP@
 Then, for k=0, 1. ..., [peeitle valie Hn _______
n . 1415678910
prf —>P(X = 1) = ()t 1L—p)" i@
/ |
— aQ
proof. We may choose k trials in () ways. : HHH
1:Hsh , 0: m Say, {1,2,3,...,k} is chosen ""Sey;"emn%ﬁ;‘c °TTU‘:|4 5 ﬂDTF
Ot+1+1+-:40=X P(A1 N---N Ak N A,{;le N---NAS) * P=097?
;i oo i P(Al) X P(Ak) x P(AS, ) x -+ x P(A%)
= p'(l-p""

=
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" (ei(?cise) Show that the following function is a pmf.
Bxam (1) (M) n n— _
i'ﬂLNP.g"é. f(k): (k>pk(1_p) k? k_0717°"7n7
For ii7), use. 0, otherwise.
» The distribution of the r.v. X is called the binomial
distribution with parameters n and p. In particular, when

Bermoulli n=1, it .1s called the.: Ber'noullz distribution with parameter p.

distribution Notice that a binomial r.v. can be regarded as the sum
(66 i LNp5-21 3 of n independent Bernoulli r. m
Z) © The binomial distribution is called after the Binomial
%Qéﬂzﬂ" Theorem: ( ’>7L Zn ( ) kbn k __—f-
Ao=1no Aces} P F=0 1-p
@ Example (Bridge). Q: What is the probablhty that South

A, AqCQl oets no Aces on at least k=5 of n=9 hands?
mukual(
L‘;d Y""‘t& o Let A={no Aces on the " hand}, i=1, 2, ..., 9, and

ve dewlical o 5 —
probobiicty (Binomial (2.P)) X =14, +---+ 14,, (Bernaulli(p)

48\ /(52 "

B, (As)h_o TheE;P(Ai) = (13) (13) ~ 0.3038 = p.

a-So, Pex =1~ ()o@ -pr

nAnd
by (iv)in
LNp. 56 P(X > 51 Z ( ) —p)"F &~ 0.1035. -L;—T wlllr

<> > <>

» Theorem. The mean and variance of the "/4‘{

h Binomial(n, p) distribution are
ve L r———/-

u<np and o2 = np(

o- T T T T T
proof. X=1p,+Iagt-+1as ”"""“B Why 62=07) ¥~ 05" °
n _:DVN' i Ezn '/-»n-l K,x.|
E(X) = ‘”@p (1=p)" ™ =D s (L)
Fho=1) xl@} { / 1'|

n X~ n-1 x-=

Z«xn (77"(: 1) )_) D- px 1(1_p)n 3

n 1 Sum-‘; One
an(n_ )p L(1 — p)(n=D—(z— 1>_np (STO) method

= np::. ("’ ') P"(I—Psn") 4 Bmom.a.Q(n- j
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EX(X -1)]=E(X?-X)= E(X? - E(X) ,E[%(&“""; gx)]
— zn::c(x— 1)<n> A-—p)"* ! -
= P p =X [gonr--+gua] 500
i = R e+
mpx(l -p)"" + 2 50
&) n'% Sxl2 -2)- (-3 "E[ﬁ.(X)]*- ~+E[3X]

y r—2
(x —2)!(n —x)! ppt (=) E’Z‘n‘minLNp.b’-lb

=T 22(’“—2) v=2(] _ p)(n-2)~(z-2)

lx 2~ Leti:i?:
— n(n—1)p> 5: - () Plo-p ™ i:‘_p%of Binomial ("2, P)

Var(X) = E(X?) - [E(X)] [E(X?) — E(X)]+ E(X) - [E(X)]2

: , distributed a.5—>E:.
» Summary for X Al Binomial(n, p) = ’(‘ d;: Buin Lp5-8)

ned

= Range: X ={0,1,2,...,n} ¥
?ﬂétants n me' Ix (CB) (n)pm(l _ )n—ﬂc7 for x € X
arstrinction | @ Parameters: ne{l, 2, 3, ...} and 0<p< | <

= Mean: E(X)=np /12 _z_.h-{g‘ ﬂz;p&:zs
= Variance: Var(X)=np(1-p) T |[R | dinenson =
(c§.,the graph

* Geometric and Negative Binomiil_ Distributions " inp5-21)

e > Experiment: A basic experiment with sample |(B=3h
(il space 32 Q (and p.m. PO) is repeated mézmte times. (countoble)
= The Sample space 1S Binomial (LNp. ;—20)(.)-
= = ':"’:w 3" ) e
L>0=0,x0Q)xQx - RS {w=(@.wi-): wie o§

;—PC.Q
= Assume that events depending on different trials (g A= )‘
st 2nd )

are independent irthtriad lathtrial lsth Cuth
ag g gt ¢

= 2px--xox A2 Nox- *QO*Auzxﬂox i
A A event de«PeY\dS on L' ‘s bu 'brlals Gy z-u.}u“',}m,

> N s < N - L 7 ab'";s“);"'
' B S .o dotriaks ang different

c oz 2 T By, - ,ﬁwtrfab

» For a given event A CQO, we continue performing |
the trials until AO occurs exactly r times | #asic event

= Q: What is the probability that we need to perform £ trials?

=
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€ n Example );\E;iiog;al (?,¥3) P 5-27
- ‘ @ - Y /)
a trial o A company must hire 3 engineers:. ‘S;’/‘; n%o”&
&=1-p o Each interview results in a hlre w1th

probability 1/3 ,R,(Aa)

2| ee e (F| [10eee
o Q: What 1s the probability that 10 %% “
interviews are required? _()_* {w* Wk, wE )2 LUZ%{OI
jpn We need: (i) Success on the 10% | [o, l]<—>ﬂ**—>2—*
_P: interview (ii) 2 hires on the first X 0. 133"! §ancambte,
9 interviews C)E@L:,CUL*(ELB

o So, the probability is \p7f
e

Wit Wi u&*w’& wz*

IR (/o\ /1 N o\ (1D 2O 01 1 0

wasg] ()6 Glg0)-Q OGN 2 apme ez
e%‘ @ t’ 10 S 14 ZA -ZA 14 eoo
8 |0o...n Problem Formulation: < (5)«binomial ' 2 3 5
(0.010111--~ A A

Let A,A,,...C QDbe . I
s L4205 independevl -
c§. rob. measu.reEon,Q_ bz

mm“;“ 7 14, é‘?:'cnurs on the ™ trial }; a’i @0 o prb.measire o

$oc binomian\ and Ai=Qox-- Q*M .[0_11 e’ Po(Ao)-*h#amfm:m

distribution on [0.1].
Binomtal(n,p) —\,&_ La, + 7 + ]-}An’ forn=1,2,3, ...;rBerflOqu(P)
&

LV_oﬁg. ot indep)) p.528
ce= x""-

,Xa,
Xa X3 X X o X -+
Ya =V, e

_ 0132 2 2|15 5
R Y2 smallest n with X > 2, __‘__Ts_ll_g_._:
on same Q) @rst) eoe
# of trials to _

oroduce P Y smallest n w1th X >, { %ﬂg "5

o Let Y, = smallest n with X > 1, §("

o Q What 1S P(Y k)? s Y, Ya Yz ---

. >Pr0bab111ty Mass Function Siiyerid [{Xn< r}={Y-> Wﬂ(*)
wstri
of Y, is °| = Let A},4,,... be independent and HA)=p, =1, 2, 3,

T B.(A)
» Then, for k =r,r + 1, r+2,...,4 P°(All .().* |
E-1 - gﬂ\\;\?va s] 2. 1pa
prf—=P(V, =k) = (" TP (1 —P)"" (gt
binomial = (5)aEm\E T < S
proof. If r=1, P(Y; =k) = P({Xx_1 =0} N Ay)
Binonial (k-1, P) Tindep ] T P{Xi_1=0})-P(A) = (1—p)f1p
In general, P(Y, =k) = ({Xk 1 =r—1}NAg) tpmfm;rf-
eo
*otndey. P]E:{X’f 1=1—1}) - P(Ag) ‘?;(rsenbut:orv
mT ve biromialq  — B r=1(1 — p)k-r
P of negat mmc\"__\(r_1>p (1-p)""p N
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<;'0r o= (exercise) Show that the following function is a pmf. o
o E-Dpr(1=p)*, k 1

voe soo|Stt]oee — p —p ? :T7T 9 o o oy
-*‘Q f(k) = r—1 .

: 0, otherwise.
i o)
ml.N

5’2~ mtﬁc = The distribution of the r.v. Y, is called the negative binomial
P(‘!_>S+t|ﬁ>5) distribution with parameters r and p. In particular, when r=1
=p(Yi>t)

memory Jess it is called the geometric distribution with parameter p.

(exercise)

Bemoul ¢
& binomia |

@ A negative binomial r.v. can be regarded as the sum of
r independent geometric r.v.’s.

_é_ Bi+Bat--+8,
g:a: & @
/] 2]

R |---@J@=| oo |"' & |

ebric mebr‘C(p) geamcbndp) Zy~jeometnc<f>)
;}:‘:Ft:'ubw:lo:fq| nejafwe bmomml(r P~Ye=Z+Za+---+Zr
4 J:f o ./@ The negative binomial distribution is called after the
geot‘:\e{:r'('cs Negatlve Binomial Theorem: (0+a) = ): r+k 0 b
seguence. é r+ k, =K #:’:k -r
(RATELF, — ~ = ) )t . for |¢| < 1. @]
| Feedy3) (1 _Q‘ z; S

1-p N
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