NTHU MATH 2810, 2025 Lecture Notes

> Q: What should a cdf look like? p. 59
= Theorem. If F'y is the cdf of a r.v. X, then it must satisfy

the following properties: T ot spectired, the property holds 1
(1) 0 < Fy(x) < 1. Sor any r.v.'s (discrete, continuous, mixed
= 1 B(-00.2d)

— proof. < Fy(z) = ({weﬂ X (w) € (—00,2]}) < 1.
(2) Ez(a}) 1s nondecreasmg, 1 €. Eé(a)SFg(b) for a<b.

/j proof. For a<b, (—o0,a] C (—o0, ], #R
Fx(a) = Px((—00,a]) < Px((—00,0]) = Fx(b). | @)=
S by 2nd proporsition in LNp. 3-10—2 y's R(.%
——=%(3) For any z€R, FX(QS‘) is continuous from the right, i.e%=
RoNE>E)|  Fx(z) = Fx(2+4) = limy,, Fx (8), ﬂforanysuch%ncg
e J
1. < eXizXa=xi>2X

QI‘OOf. Let xz, be a sequence s.t. z,, | LT gt e, }

Let E,, = (—o0,x,]. Then, E, | (—oo,:c]:“

.

X x Fx(z) = Px((-o00,z]) = Px <n1LIr$oE”>
_____Reco.ll: EnTE or En*E *_— lim PX(E )_ lim PX(( oo,:z:n])
H’E):P ’I‘(LnNE,. =,.‘.';“.',P(En n—>oo n—

( I(Lavp.a-zf/) ) = lim Fx(z,) (xmc (~20, %n] 1 (-00,%)

(4) lim Fx(z)=1 and lim Fx(z) =0,

—»00 T—=—00
1 oo
7 proof. Let z,, | —co. Then, E, = (—o0, z,] | 9\@

S T ILm Fx(z,) = le Px ((—00, x,])
‘ Similarly, if x,, T oo, then E,, = (—o0,x,] T R, and
N— A
Bl G AcE, | o xlen) = g Px{(=o0,2m) JEn
P(e~A)=P(@®)-P(A) = Py (nlggo E ) — Px(R)=1. _
(LNp 3-10) Why usefunaeck(*) In Lip 5-8 —— !f bwoo

(5) Py(X>1)=1-Fy(z) and Py(a<X <b)2Fy(b)=Fx(a).

proof. Px(X >z) = 1-Px({X>z}9) |&(eED
= 1—PX(X§$):1—FX($)

For a < b, ( —00, b], and

(PXa<X<b (—00,b] \ (—o0,al)
Px((=00,d]) = Fx(b) — Fx(a).
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mp‘;?’gﬁ;" (6) Moreover 1f X 1s discrete with pmf f X then for z€R, " o
*"" Fx(z) = YJmzn)fx(@:), and  fx(x) = Fx(z) — Fx(z—).

:.;_-4——\ Lx+

; proof  p(a) =Py (Xe(—oal) | 3 fxlm).

J E&) b ('V)'n LNP 5"1_—3 ﬂcie(—oo,:c]ﬂ)(’

L oy For x,, T x, (—oo, z,||T (—o0 z@ and ? En,

Lecture Notes

(::S Fr(t— = n11_>n;>lo FX(SUn) = ,T)).
So, fx(x ) = Px({x}) = Px((—o0, w] \ (—oo,x))
= — Px((—00,2)) = Fx(x) —
v X rF
(7) Fx has at most countably many dlSCOIltlIlulty points.
[g;; ,?:3 ;Z,}E)J proof. Let D be the collection of discontinuity points.
JUMpS ?

x |

For . € D, let T, = (Fx(z—), Fx(z)). | X€D
y<a om.-to-one map,
Because Fx(x—) # FX(:U)%E((x-)<FX(x) Ye® \fxaex,,
3 a rational number, denoted by 7, in 1. H)en 0% 3%
Because the set of rational numbers is a countable set,
D is either finite or countably infinite. in LNLE"?-\—?O

® Theorem. If a function F'satisfies (2), (3), and (4), then Fisa

oof. Skip. Out of the s

r discrete, com‘:muoua
(e)in WNp.5-8 P .

or mixed

scope of the course:

e Transformation

— Y:Q->R
original
e | )
—??K Y—>R
e o
A3 . £ ce%y . Space
» Theorem. Let K be a discrete r.v. with range X and pmf f; let
= g(X (w)] .

then, the range of Yis =Y : weny
(@ countably many set 2Je—) = {g(z) : z € X}, ———> F,(9)=0, If Y& V.
l.e., Yis a discrete r.v., and the pmf of Y'is

) = SR fxlo)- [
proof. Since {w € Q:Y(w) =y} = {we: X(w) =z},
PAy) X (wurkbly manj—»{g = A mutually exclusive
n
friy)= > PlweQ:Xw)=z})= > fx()
gzcxe)):c‘y Q(xwe)):(y

= Example. If Y=X2, then fy ()

+ Reading: textbook, Sec 4.1, 4.2, 4.10

= Ix(VY) + fx (=)
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Expectation (Mean) and Variance "
* (Q: We often characterize a person by his/her height, weight, hair
color, .... How can we “roughly” characterize a distribution?

Definition: If X is a discrete r.v. with pmf f and range A, then the
exgectation (or called expected value) of X is X= {%., -- ’)gn}

ofwd) LX) = Locaafx(x), [Bbon) | £t
provided that the sum converges absolutely. !F-c-izge ,J"'ﬁ"“""}

e Example. If all value in X' are equally likely, then E(X)g ___ 92'.+---+an

EX): is simply the average of the possible values of X. L

Y
o ior 3%: o finite set

ofX:fired > Example (Committees, LNp.5-6). In the committees

example, 5 50 100 50 5
FX)=0-—+1-—+2. —+3. — +4. — = 2.
( ) 210 + 210 + 210 + 210 + 210 o

Example (Indicator Functio ‘?’:;‘\’:m;b%u?“‘e“
= For an event ALIQ, the indicator function of A is the
+—+ Rr.v.: 14 (w) = { 1, ifwe A, {2a=1} ={ A occurs}
0, ifwé¢ A 1Za=0}={Anct occw‘}

A .

n
A

2
€ « Itsrange X is {0, 1} and its pmfis e5x)=0,f x&X% "
f0=P(A9=1-P(A) and f(D=P(A),
for a p.m. P defined on Q. %ﬁmngﬁﬁfﬁ) magungt'
= So, F(14)=0-[1-P(A)]+1-P(A)=P(A).
- » Intuitive Interpretation of Expectation @Dﬁg%{_ﬁ & ,E;jx(x)"l)]

i = Expectation of a r.v. parallels the notion of a weighted __|
(outcomes)

pm§ less likely values.

0=T xf,-EX)T JE)C,pc)
n It is helpful to think of the expectation T ,x_e__\\_:
as the “center” of mass of the pmf. xe)é(x-—))fx(x)
¥ o center of gravity: If we have a rod with weights f(x;)
ES at each possible points z;’s then the point at which the

Faf2RsE | rodis balanced is called the center of gravity.
Rz + ¢

p(-1)=.10, p(0)=25, p(l)=230, p(2)=.35
=gedEx |——2 e

l ' ) ~ = center of gravity
"‘Emﬂ € (")XO'*O)(OZS‘]-lxoa "‘27‘0-3§=

B
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« = Expectation can be interpreted |eg r‘ZP‘W-*" 10000 times, "
.. z, z,-l O‘ | e > l
as a long-run average (. Law : st KA et
of Large Number, Chapter 8) Then, aboub ggt'[“es L. LI,
: . mondom + 3000 * =0,
* Expectation of Transformation 735727 asw dem‘—'

» Theorem. If X 1S a dlscrete r.v. with range X and pm f ;

= g(X), fdiscrete tv. [ To caleulake E(Y),
_k—"/ not necessary to
o be and ) be the range of Y, foe the pmf of Y, then
derived

first obtain fY(e)
or to know th
distribution of Y

fomdx | E(Y) = zyeyyﬂﬂ D wex 9() fx (x),

th ¥ t-=E(9(x))
b-,y;m;l provided that the sum converges absolutely. -
LNp 5-2 l

proof. > g(z)fx lZ{Zg ) fx(z

@— »‘ ye g(mwe)iy by Thm in LNPS‘lB
Dy > fx@) =D ufy(y)
YyeY =zex yey
g(z)=y

= Example. Y= X2, E(YLZZSCG T fx(z) = g()@).

—

=] p. 5-16
> Theorem. For g, } € R, B(TX+D) = 0-E(X)+b.
proof. (Fixed consbants] o Gansformabion of X.: YY=aX+b)

EY)=E(aX +b) = > (az+b)fx(z) = a[Y_ xfx ()] + b E fx ()]
o

reX TeEX

TeX
3X 3 3X+3
he— —=4
T | | |
4’L >
3

e Mean and Variance. &&

¥ﬂ§i> Definition. The expectation of X is also called the mean of X
o fixed

and/or f . The variance of X (and/or Jx) 1s defined by  [Ey)
constont = —— = X E
2 =Var(X)
— erx(x — pux) fx(x).

B I |
Var(X) = B[(X — ux,)?] ok
provided that the sum converges

atrnsformation of X, Y= (X MY
anit ———— £ixed constont:
|Why{—2)= The E(i ) is often denoted by [y and Var(X) by 0% . Also
havi
un:& as X

Ox =/ o3 1s called the standard devzatzon of X E;‘EZ,
T e a £ixed constont:
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