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Ans: 3 commonly used tools to define the p.m.’s of discrete r.v.’s:

1. Probability mass function (pmf)

2. Cumulative distribution function (cdf)

3. Moment generating function (mgf, Chapter 7)

• Definition: If X is a discrete r.v., then the probability mass 

function of X is defined by 

for x∈ℝ. (c.f., the p: Ω→[0, 1] in LNp.3-7)

Example. For the X1 in the Coin Tossing example,





and 

 Graphical display

X = {0, 1, 2, 3}

fX1
(0) = 1/8, fX1

(1) = 3/8,
fX1

(2) = 3/8, fX1
(3) = 1/8.

fX1
(x) = 0, for x /∈ X .
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fX(x) ≡ PX({X = x}) = P ({ω ∈ Ω : X(ω) = x})
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Example (Committees). A committee of size n=4 is selected 

from 5 men and 5 women. Then,

 Ω={combination of 4},                                , P(A)=#A/#Ω#Ω = 10

4
= 210

 Let X be the number of women on the committee, then





fX (x) = PX(X = x) = 5

x

5

4−x
/ 10

4

Q: What should a pmf look like?

 Theorem. If fX is the pmf of r.v. X with range , then

(i) fX(x) ≥ 0, for all x∈ℝ,

(ii) fX(x) = 0, for 

(iii) 

(iv) moreover, for A⊂ℝ, 

X

x /∈ X ,

0 1 2 3

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

PX(X ∈ A) =
x∈A∩X

fX (x).

x∈X
fX(x) = 1.

NTHU MATH 2810, 2024  Lecture Notes

made by S.-W. Cheng (NTHU, Taiwan)



p. 5-7

 Theorem. Any function f that satisfies (i), (ii), and (iii) for 

some finite or countably infinite set is the pmf of some 
discrete random variable X. 

X
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 Henceforth, we can define “pmf” as any function that 

satisfies (i), (ii), and (iii).

 We can specify a distribution by giving and f, subject to 

the three conditions (i), (ii), (iii).

X

• Definition: A function FX:ℝ→ℝ is called the 

cumulative distribution function of a random 

variable X if FX(x) = PX(X 
 x), x ∈ ℝ.
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FX1
(x) =






0, x < 0,
1/8, 0 
 x < 1,
4/8, 1 
 x < 2,
7/8, 2 
 x < 3,
1, 3 
 x.

 Q: Suppose that X and Y are two r.v.’s 

defined on Ω with the same pmf. Is it 

always true that X(ω) = Y(ω) for ω∈Ω?

X

Example. For the X1 in the Coin Tossing

example,

(Note. The definition of cdf can be applied

to arbitrary r.v.’s)
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