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*mars| Ans: 3 commonly used tools to define the p.m.’s of discrete r.v.’s:

+ hozord
function
“onceensec IProbablhty mass function (pmf) - When any oneg of them

fum‘.élofl.
'S hmwn. the
2.\Cumulative distribution function (cdf) remaumng > canbe

L3=.JMoment generating function (mgf, Chapter 7) derived from it |

* Definition: If X is a discrete r.v., then the probability mass ﬁ%(ig)
function of X is defined by L’[samprespaa_, X o} Finibe or counkably | ,? te set

feR-01] fx () = Px({X =2}) = P{w € 2 : X(w) = x}) %ﬁﬂh&;ﬂ,
x . Recall. For discrete sam
for zeR. @, the p: Q—[0, 1] in LNp.3-7) space, it's enough to '

r

[P:2°% [o. 1lpcetd‘scr¢e sample space define. small p5.
K=o Example. For the X in the Coin Tossing example,« Wy 5-3
iotr-s"j:fgm To—T T pmf
] = mQ n . o
fo exdute * {0, L2 3} P:ﬂp—v[o,ﬂ
fx(%)‘fv\' . le (O) = 1/8, le (].) = 3/8, ﬁ(,:%"[o.].]. % ¥
xeX | |fx,(2) =3/8, fx,(3)=1/8. , s 3
%
vand fx,(x) =0, forzxé¢ X. 3 (:_‘ - \?.

= Graphical display
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n » Example (Committees). A committee of size n=4 is selected
from 5 men and 5 women. Then, WelisSuke B s |

{DD ? Ye Q={combination of 4}, #0 = (*0) = 210, PAE#AHQ

defined
;ﬁ;:‘,‘c » Let X be the number of women on the commlttee then | on nzeﬂ

e =2 {0, )/ (oyEa

= iz 4 wrn b‘em
} i 100 ‘

41‘905:3015 lp&ﬂo‘\s fX = 210 %:{O,l,"',#} R fx(x)=o l'f x&%

for men
» (): What should a pmf look like?(discrete) [@ countably many set)
7
» Theorem. If fy is the pmf of V. X with range X, then

"',"':_'; ewsbonly |(i) fx(z) > 0, for all z€R,

ntobly infinite] - - -
:“elk ys':j".‘njg) IX(QL‘) =0, for x ¢_ X,
jim»o l(iii) erX fX(m) — =
_ extension from small
!j.def:m. P, (iv) moreover, for ACR, $pt ’“"BeffLNp.;‘?ﬁ

L

its ¢noush to - cowwably

define ¥, - R->R Px (X € A’ ) — Z:I:EAOXV‘EX (x)/ ?‘;n"g

can be an uncourtnble set
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Eroof__ (V)& (i) holds by the definibion of pm¥.
Actually, (') Fx= Pliwe Nl x(w)= X}) )
B({xfw=d)|iv) For AcR , let AnX ={%,%,%3, -}
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=0, for LiA) 5 Pllwenlx@eAnz)+L({wen|xweAnx})
discrebe 1.v's R(ANX) g ’ ©0 , -
= +Px(An%°) ='§|P({weﬂl X(w) = x"}) = E;j:x(x") =xanx£‘(x).
At tne ™| ) follows (i) by lething the Am (V) be X, then
= e = B(x)=P(N)=1.

'u‘ rm . . . .o cee
Spimn e;lwmpk' Theorem. Any function f that satisfies (i), (i1), and (iii) for

inlNp3-18 | some finite or countably infinite set X i1s the pmf of some
discrete random variable X.: N>R 7;1 C’Rl

proof. For given X & F, let N=%XcR .
For any %c X, let P(A)= X, F(x), —(%)
Then, (0N,{A}=2",P) is a probability space (exercis)
Let X:Q)=>R st XwW=w,VweN,.
Then , X is a discrete vandom variable with distribution

and For any xelR | r—lbz (*)if
Fx()= P, (1>3) = P({(xN =FCO .
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» Henceforth, we can define “pmf” as any function that

iqnore ‘thels satisfies (1), (i1), and (ii1).

;:; ;";"’:,Ly @) We can specify a distribution by giving X" and f,
space the three conditions (1), (i1), (iii).

(.3,P) Q: Suppose that X and Y are two r.v.’s

| defined on Q with the same pmf. Is it
always true that X(w) = Y(w) for weQ?

—_— . ) (*) X X"a ? R
- i-e. 5aMe 1.V, ¢— ] -€F=T—
* Definition: A function F'y:R—R is called the <

cumulative distribution function of a random | ® Fx defire P on (40,4, yxeR
i i = @ extend Px to (a.b],-00<a<bcco

variable X if Fy(x) = Py(X < ),z € R. _:(a‘blz?_mlb]\m;]“f

(Note. The definition of cdf can be applied B(@b1)=Px(en.b))-Be(c.a]) )

) > ly applied on discrete ry! extend B to any (measurable) sets
to arbitrary r.v.’s "g!?: °,';,¥,§',’,’;§m§ :ﬂ\s\ﬁgw__}Lﬁ (check ex:myle irg LNp.3-18).
» Example. For the X in the Coin Tossing .. pmf ~ cdf
example, (0, =<0, 3
1/8, 0<z <1, %%
Why is it called|® Fy () ={ 4/8, 1<z <2, 1%

"cumulative” ? 7/8, 2<z <3, LA

| 1L, 3=z = |
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