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Racall:pmb.spoce( 3-3) Random Variables — pE % @% o 51

A Motlvatlng Example 0

a special
ase off » Experiment: Sample k& (<n) students without

S‘m’% replacement from the population of all n students { [:l -, O S-
(labeled as 1, 2, ..., n, respectively) in our class. Is& )"‘:
TT-—F Q = {all combinations} = {17y, ...,wiki: 1<4,<-<g, <n}

F=2YeT
> A probability measure P can be defined on Q, e.g., when there

|_is an equally likely chance of being chosen for each students,
. . 1 n
7 (W) P({zl,...,zk})zl/( % ) #ﬂ(o‘i‘l‘t‘l‘om;

I —
» For an outcome weQ), the experimenter may be more

interested in some quantitative attributes of W, rather than the
w itself, e.g.,
» The average weight of the k£ sampled students

» The maximum of their midterm scores furn problem
(tNp.4-5)

» The number of male students in the sample

» (): What mathematical structure would be useful to ‘> the
characterize the randonfquantitative attributes of c’s?LL.S random

di?‘!{:ize the world BI%%‘E [%@d&%' %

Tq some cases, || O F, P .

this might be 2 ) [onsascincer > i aill & newl
difficutt to @*" space
observe or

characterize

Yy
(norm) distance

deftnition btw w-{cbm":‘} ’ —~
|2 outcomes wi&wa) [cando jons on ifs outcomes| |(R, Fx , R)

* Definition: A random variable X is a (measurable) function which
maps the sample space Q to the real numbers R, 1.e.,

Wo <{after the random V= Y -
R 5 X(wg) =\ 0ome  apoeurs Xw)= X : ) = R, —new sample space
» The P defined on Q would be transformed into a

probability measure defined on R through the mapping X

= the outcome of X is random\,m:n_ﬂk

= but the map X is deterministic 2
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@ » Example (Coin Tossing): Toss a fair coin 3 times, and let "
= X, = the total number of heads 2 maln aspecks of X:
o * the (random) value o X
orerbions X, = the number of heads on the first toss | «distribction of X
:,'.ﬁ:ms X; = the number of heads minus the number of tails [valic-random
£ - 9., ¥inal outcome distribubion :

cs. . = Q={hhh, hht, hth,|th htt tht, tth tt Fixed

can do numerical l)é lJé l}é i}’s i/s fé i f/;éP(fw})

cakulations , eg.
L L 1. 0. —s Rllet)=Vz
L —_ =) LU

X1-X3=X\w)-X3w)

X, 3, .2, 2.

u+u. -_n.axl:n_‘_n 1 2 _ 3
me X, 1. L L o] 1. o0 0 o0 |BN=%
% _Z ] ] ] o ] ] ) R‘({z})=a/

<~o>~,w X;: 03, 1, 1, (1) -1, -1,-1, -3. ' 8

A{33) =8
LP@Q Why particularly interested in functions that map to “R”?

> Q: How to define the probability measure of X (i.e., PX) from P?

P defined
u:f::ay Ans: For a (measurable) set (i.e., an event) ACR,

e Px (X € 4) = Plfw: X(o ) < 4)).

The Py is often called the distribution of X. “, Probabitty
i — fpace | Space o

@ Ais p. 5-4
measwable A occurs < (&, 7. P) A R

IEAej-'. E , occurs @, Py

Px(A) = P(E4) X Px(A) =77

S discrete sample
[combinuous riliEfi FL —Discrete Random Variables” (3pa< pacef(Lip3-6)

* Definition: For a random variable (r.v.) X, let continuous
new sample space () zdiscrete or conbinuous |
sample R:X {X( ) w < Q} sample sf;:z 3 : disoete.

space
be the range of X. Then, X 1s called discrete if X’ 1s a finite or

countably infinite set, i.e., Xz ¥= ?a' .2,3}cR
Al pogsibl _ . Xa: %(={0.13cR
wberos] X ={%1,.. T} or X ={x1, T2, .. .} 5 x=f34,03R

» Example. The X, X,, X in the Coin Tossing example.

» Example. The number of coin tosses (X) until 1% head appears.

*x={1,2.3,---3=Z+<R
* The sample space of a r.v. is the real line R. Q: For R, are there

some particular ways to define a probability measure (p.m.) on it?
[cf., for general sample space Q, a p.m. is defined on all (or any
measurable) subsets of Q] prob.space: (N, T, P)
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