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@ » Example. Draw one card from a standard deck.
= Let A={Spades or Clubs},
B={Hearts or Clubs},
C={Diamonds or Clubs}.
= P(A) = 26/52 = 1/2, similarly, P(B)=P(C)=1/2.

- P(AN B) = P({Clubs}) = g — i _ P(A)P(B), similarly,

P(AnC)=1/4=P(A)P(C), P(BNC)=1/4= P(B)P(C).
= A, B, and C are pairwise independent

P(al8nc)
pacubsy) [s However, 1 1
_fﬁ‘,‘;}’;})) P(ANBNC) = P({Clubs}) =  # 5 = P(AP(B)P(C),

. P(Bti-+NBer B0~
98 = A, B, and C are nof mutually mdependent = P(Bun- ,,B,__r)'

» Theorem (Independence and Complements, n- _events case). ﬁf&

A, ..., A are mutuall 1ndependent if and only 1f
App .. Ay y g !
P(BiN---NBy)=P(By)--

where B 1s either A or A , for 1= 1 —[imlwx“y_ndgg N

@ O(lé'lmeAva ij p. 4-25
(= only if). Apply Theorem in LNp. 4-20 & by induction

indep. QY
Aq“m"i Ain-- A N An —f'> Ain-. nA_g_‘n An.. DAL+ N--- N An ud:ual\
P40 B) 4eh [Erue or any k odf of n sets) = S4TSR 7 indep.
=p(A'z,‘) P(B) '9/):/) nA;- mAuﬂ AitiN---NAL- Abz AnN--NAn,—> -
S \f) trivial, P(Ain--NAn)=PA)-- p(npem)s  ser

'/——_"—1
P(Alﬂ ~NAn-) = P(AIN--0 Anm ﬂﬂg)‘l’P(Alﬂ ‘NAn- ﬂAn)
=P(A)- ‘P (An-) P(An)"'P(ﬂl) P(AR-I)P(ADC )
= P(A)--P(An-) L P(An)+P(AT)]
Stmilarky , P(AiN--N An-2NAnS ) = P PlAn2) PAS),
= Example (Series and Parallel Connections of Relays).

Series Connection § __, s R R . E

£ Efte N

Parallel Connection §

“TEFEper U =z
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@ o The Story. For n electrical relays Ry, ..., R,, let "

P(Ak)HA = {Rk works prope_rly} [meﬁy;em!

k=1,..., n, and suppose that 4, ..., A, are independent.

@——»@ Series Connection. The probability that curren! can flow
occur from S to E (corresponding to the event AN [D]thﬁ) cA |
Aﬂ---ﬂA P ... P n$A~)
@Q : 2 ~ (A <Pt
M"—" P(Ain--NAn) = P(A1) P(AalAv) P(A3] AinA) .- P(An]Ain--nAny)

at. least onePO Parallel Connection. The probability that current can
everboccur|  flow from S to E (corresponding to the event

(i) A,uIDA,) is
P(AjU---UA,) =1—P(ASN---NA° —
(Q‘AE)ZEE).ALCJ ( ‘15 )E_'—“E@( 1 n ) =P
Y1 pas)-P(AL) =1 J[ 11— P(A)
‘LNP'B_'Zi.P(AIU"‘UAI\)=6|-62+63—64+... k=1
#* "l"‘l’f"ﬂ‘{e”“ often s:mplcﬁ‘es e calculotion of

robabilit f
P 4 N
. o Combination of Series and Parallel Connections P
B/={Ti works§ =
P(B)=1-[(1-PanXi-pAs) — 2 =
B.Z— {-E’- Wo’*‘} / 1 _/R3 fk-rz,
P(B2)= P(B:)-Ph3) j
el =l
P@B3)= - 7 8
g PP g R R | WL E
L p@Ea)=1-[(1-pE))(I-p(8s)) — T %
(1-p(Ae)) |\
B.S‘ -57-5 Works}
> P(Bs)= P(84)-P(An)-P(Ag) ( ((An;A:)nAa)u(A«,c;As,)uAe)nA-ynAg
Q : Why B:. A3 indep.? B2 1 3 J }
Ba,B3.Ae indap.? . B4
B4 ,Ag mdep Bs

» Theorem. If A, ..., A A are mutually independent and B, ...,
B,,, m<n, are formed by taking unions or intersections of
mutually exclusive subgroups of 4;, ..., 4,, then By, ..., B,,

are mutually independent. (Nofe Lin T 8- 23)
e [Au.Aia) [Ais Aw.Ais) (AP Lot

‘ B4, N NBey |Bg, -

o] (/" yu/n YU ;-P'(P(Beunffrn'&r)n )

! = 0 o--- O |
8, 82 Bm | F 2
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(D For m=22, WLOG , suppose that 3”
lE"* Bi=Ain-nA;, B2=AcN- NAn, I<3<k‘n ((T/(A'UAz)ﬂtA? U(MGAS)UAQHAVHAG

3 PB)=PA)-PA & P(B=PA)-PlAn) & |
P (B:NB2)=P(AN--NA;NAkDN---NAn) PBin A3 B3z A Ay

=P(A)---P(Ay)-P(Ax)- - P(An)=RBIP(E:) T l' l’

C')Nﬂdb, lf' Bi=AN-- ‘NAZ , Igj<K<n.
B2=AkU--UAn —>B2 U BBUA A7 Ag
> B2 = AN AT v vl' J/

Then, B1 3 Bx" ang indep. (*: Au,~A;, 0% A0 || —> B4 Ay Ag

3B X Bz ang indep. M‘v mndep. g
Gii) The other cases ana similar. . |PY (1 ) -L-mldually independent

* Definition (conditional independence): Events B, ..., B, are
(pairwise or mutually) independent under the probability measure
P(|A). «{Recall. P(I8 P(-1A) 10 LNp #-3 | (income & gender indep. | Job

»e.g., B and B, are conditionally independent given A iff

P(By N By|A) = P(B1|A)P(B;|A), |income & gender indep |

a

<D
D> <—

P(BiNBalA P8 nggg/L_@q
1A, or, eguwalentlz,————f-,@;%at—)z- (Pé!:; ad)/, =P(BnlB:.nA)_

|PC1Banay P(Bl\BzﬂA) (&\A) or P(B2| B mé_):P(&]é)

Example (Gold Coins): w—(A =R
B@mﬁe = The Story. —

K
in Lpf-5 o Box ¢ contains ¢ gold coins and WI Hon 5']‘

nm-h )

k-1 silver coins, :=0,1,...

o Experiment: (i) Select a box at random, (i1)

Draw coins with replacement from the box
— pusually comected with T\.‘j

= Q: Given that first n draws are all gold, what
is the probability that (n+1)s draw is gold?
o Let A;= {Box i is selected}, B = {first n draws are gold},
C = {(n+1)* draw is gold}
By@under |, By applying law of total probability on P(|B), Claused
° B — N
HELTTRCB S, PAB)PClAn B) —|RCA
o Because B and C' are condztzonally independent given A
[B®uder]  P(C|A.N B) ZP(C|A;) = ifk {BEC ipendert
. ‘ der P(:|AD)
L) | o By Bayes rule, ~ CheckBample i Lp420 1

- P(A) =S P 4, PCA; JPBIA,) iz/k)_'”

D&.\ms\gw—_f—w Y P(A)P(BIAy) Z oA (/)

k+|
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HrzEP% (W -1

(Bayesian «— Frequentist

o Hence, P(C|B) =
increases to 1, ao n 1 00
CY. .

Summar,

Lecture Notes
& qbz-
Z (i/ k)" Z (j/k)" £ P(C)

‘!‘—CGXQTCLSE)

Q: Are the events B and C mdependent under P(1)?3 E’m
B &C indep. forevery PC|ADq o portitin. < Aus. No —F

conditional odds

r A prsetity

conditional || conditional independent

Indeyen&ent‘—ﬂ

g 3, Bayes' rule

, [Def (for calculabion)] | D Gor inberprebution
concept : Definition . 2 avente
SEe . A =
upa':; prokobility p(la): -PEAE2 | | .+ hevents P(BIA)=P(8)
infbemation PR -patrwise
(some events iew view\\_~ mutually cs. ) k
| have occurred)| oot point
3 +5A | [POZEpciA) | [omiei i"nf:*;ffw. monb
3 useful formula |« B>BnA| | poth defined

et * indegendence & mutually
1.muttiplication (aw on subsets
2. botal probabiliby (fT’ of 2

excdusive
independence & U/N
3\ d\‘ﬁe\;xvl: gets i

wmﬁassa‘mpler&---&

% Reading: textbook, Sec

Under indegendence , |l p(A0-+-UAN)

. | thecalenlabion of (&3] p(Ayp-1 An)
w PAVANA; )
34,35 '

.+ simpltfy multiplicabion \aw
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