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+ The probabilities are proportional to # of red balls left

/il + A(A|B) = P(B|A) = Symmetry.
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» Example (Diagnostic Tests)

i+ P(D) very small.
» The Story. A diagnostic test for a rare disease (e.g., an N

Xray for lung cancer) 1s part of a routine physi1c>al exam. | ,D°
» Let Q = {the whole population of Taiwan} DnES|n
a_—assume symmetric outcomes
usually C D = {disease 1s present} flage=1 [P0 E [Fa
< |
Pk B = {test indicates disease present} 0.97=P(E" ,D ) E

P(D)* = Suppose that “P(D)=0.001, AE|D)- 098 P(E|DC) 0.01

=0.999 «——— base r:

Q: Do you thmk the test is effective? ("‘"ge- imoall

» Let us examine it from an alternative viewpoint. Suppose
E occurs |, that you are tested as positive. What is the probability that

5 you actually have the disease? PoIE)— cakionl
P(E) = P(D)P(E|D)+ P(D°)P(E|D") '“*‘°<1(i LOR
2/ b )
Wrahow = 0.001 X 0.98 + 0.999 x 0.01 = 0.01097. e ngo)
in )= e [ P(D BE(E D) /P(E'D)/p(g) 0.00098
PODETE - _ — 0.0893.
P(DIE) T |P(D)P(E|D) + P(D)P(E|D¢)| ~ 0.01097 P(D)e*.
PR) | (&x@) By RE(ZB4 o< P(E|D) «Es ADIE)
=90 | P(D|E)=1- P(D|E)=0.9107

Q: P(EID) large 3% P(DIE)large? )
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. rareevent  (): Now, do you still think the test 1s effective? "

= The probability of D increased by a factor of roughly 90

(0.001 — 0.0893) when E occurs, but 0. 0893 is still small
new tnformatt‘on \P(DIE)

« The P(E|D¢) (=0.01) and P(E¢|D) (=1-E|D)=0.02) are

called the false positive and false negative rates, respectively.
TR QEZ%W _
. Why the 2 interpretations so different? What causes it?
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» Extensions of the 3 Useful Formulas (for m-eyents case) (7ot P
1. (Multiplication Law) If A4,, ..., A,, are events for which C(LNP-"': -4
P(AiN---NA,_1)> 0,then [to garantee the cwnditional

— P(A1N---NAp) ~{meaning] probabity well defined

L P(A))P(As]A)P(A5|A1 N As) - P(Ap| AL NN Appq).

Pmposiﬁou in

WNp3i2for (PP . PUAOAZ) PUAMASATY | P(Ain--0Ani0 A
P(AW-UAR) LAy PlARE PlArAr~TTEa=)

=P(Ain—-0Am). Note order not matter
Sym

oufmmes » Example (Birthday Problem, LNp.3-4). Let A, be the event
that the k™ birthday differs from the first k- 1. Then

P(AlL w’ﬁm“ eas\evboca\cu\a\-c rQ What benefie doe
) o P(Ag|Ain---NA { 365 — k41 conditiona| probab:h(:y
k1411 k— 1
K-Hl

365 bring

di@e\'eml’ E‘P(AlﬂﬂA—')—P(Al) (A2|A1) (An|A1ﬂﬂAn_1)
bivthday | by® 365 —k+1 365! (365),,
365 T 365" - (365 —n)! 3657

k=1

' s—K=0 - p. 4-12
» Example (Matching Problem, LNp.3-14). Q: Probability that

event A [—>cxactly k£ of n members (k<n) have matches = ??

#Q=n! Let Q be all permutations W= (¢, ..., %,) of 1,2, ..., n
\Symmen‘:ric outcomes

o Letéi = {w: g’l:_j} and Jith Fith- Juth
v 2
A= g (ASN-NAS _ NA; NAS N ‘fr-wJAC)
ISji<<gesn mutually exclusive
o By symmetgyl For different (3i,--.3x)
P(A) = (") X P(ALN 0 AN Afy NN A7)
o Let E=A,N---NA, and G=AS, N---NAS
’ ) o Then, P(ENG) % PP(GlE) where
Qualuate
@/@1 P(Aq)P (A2|Anl)zl P(AplA1N-- N A1) <
or 1 1 =Py g
. = — X X oo X =
“N\—n n-—1 n—k+1  nl (n)g
none of the remain z
N=K geoges get G\gPG\E ‘62 _ l: \Gbcck UVPB-l@
h1s/hec own gifts j— - il - N

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2026 Lecture Notes

@ -1 ) p. 413
P(A) = <n> L =Pk € —, when n is large

A i R
sm&'%?n/ﬁ&éi’“_L)_J (ﬁ..r-\..—n AL0A =0, %]
2. (Law of Total Probability) Let A}, ..., A,, bea partition of

and P(A)>0, i=1, ..., m,)then for any event BcCQ,

meaning| 3 Zz 1MP BlA; ?Ve;?:‘) Q
I Prbof‘ B=B nﬂ _ = iy
example _ B o (L AL) P(B) 5 P(BnAL) [p3-15]_TF

mimally | =0 (BnAY 5__}, P -P(BIAL)
exclusive =1 I@j eg., N={w,,,wm}, let A,_-{w,_ﬂ
3.(Bayes’ Rule) Let 4}, ..., A, be a partition of Q and H(A4,)>0,, tj]

=1, ...,m.If Bis an event such that P(B)>0, then for 1< ]<m
P( )——»p( 18) earing | (<2 (oiginalsample space)

i @_ P(Aj|B) === A (Bl 334 @E‘( AN B, ||
Iarger P(BIlAY) =1 P( Z)JP(B‘ i)- Vf—oy//'//ﬂy
L T B
> lager ratio |  Proef. By defon, Piidas Gotau spoce)
P(AilB) P(A;1B)= P(AINB)—*HF
P(AL) | P( ) ——> 3 x,,\& rati /f@!';m >|

b P(A;lB
3% But, larger P(AL|B)? 'tiyl P._I P@Aa)s R

T@@ From Bayesians’ viewpoint, é”*‘ in shtistics - P. 414
A) P(A )—probablhty of é%before Bloccurs — prior prob.

"l"‘*;(#";““ b2 v | B)=probability of A; after |Bloccurs — posterior prob.

ypdete yCacurs —, The Bayes’ rule tells how to update the proba%?&tles of A,

A |3“C) exam
in light of the new information (1.e., B occurs) La,namp @ i;fs'

B Ans B) = An Application of Bayes’ Rule. Suppose that 4D
picjpy. @ random experiment consists of two random 8- :‘c

=p(A|B0oc) st DL\ prd
P(l —agﬁ‘ ——| 1st_t>2)—| 2nd B ~~
BRI

asymnetri]  P(Az) -
e posioie, |
(B.3) s () —@|As|-- |am) = A, -, Am: a. partition of £2
Ist 3"4 o The probablhtles of the 2"d-stage results depend on what
P(BIAZ) happened in the 1% stage
zvazi:;t? o We never see the result of the 1% stage, only the final
result —=B occurs i.e.,%'s a vandom outcome o you) P(a;16)

o We may be interested in finding the probability for Jf
outcomes in the 1% stage given the final result
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p. 4-15

— st _>®_> 2nd @

» Example (Gold Coins): [#0Q=6

= The Story. o) A % ey
: Box 1[contains 2 silver coins Sl s —
@ % . ' a. partition of £L ( [ 1, O )
< o |Box 2|contains 1 gold and 1 silver coin. e‘:‘fm f,m“
( . ) o |Box 3|contains 2 gold coins.
» - ,—;gw o > never see the result; F~andstnge.

Lf o Experiment: (1) Select a box at random and, (i1)
symmebric E . . : }
oukcomes xamine the 2 coins in order (assuming all choices are

equally likely at each stage)

= Q: Given that 1% coin 1s gold, what is the probability that
Box k 1s selected, k=1, 2, 3? T—p(q,ds)

o Let ék = {Box k is selected}, B = {1 coin is gold}, ?‘:f}"t

0, ifk=1, ggubsd-so}ﬂ '
={ 1/2, ifk=2,

1, if £ = 3. eosier o evauate

P(B)zl-0+§-%+§-1=%. base rabe
§ 4 L3 I r B
¢ u% <1/1 3/)2 0 _ je—a\<F vcm)=\>ém=pma)=y3““
Similarly, P(A;|B) =1/3, P(A3|B) =2/3.
» Q: Given that 1* coin is gold, what is the probability that
2nd coig is gold? B 0. ifk—1.
o Let C'= {2 coin is gold}. P(BNC|Ax) =< 0, ifk=2,
@‘) B=\=A:.UA3{ 1, if k=3.

AnB”P(BﬂC)=l-0+1-0+1-1=1.
THCIES i) s e L D
P(BNC 1/3 2 ¢

fz P(AsIB)=P(C|B) = oo 18 24 P(As|AavAs) = L2 <

(
2/3

P(B)  1/2 3
» Example (TV Game Show: Let’s Make A Deal)
= The story.

1. The contestant is given an opportunity
to select one of three doors.

2.Behind one of the doors is a great prize (say, a car) and
there is nothing behind the other two doors.

3.The host knows which door contains the car, but the
contestant does not.
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