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» Example (Diagnostic Tests) /— -4, P(D) very small

» The Story. A diagnostic test for a rare disease (e.g., an
Xray for lung cancer) is part of a routine physigal exam. 0N

» Let Q = {the whole population of Taiwan} DnES|cn
&___assume symmetric outcomes >
C D = {disease is present} DnE In
!
B = {test indicates disease present} E

=0.999 «——— bose rate —*

“" e Suppose that "AD)=0.001, PUE|D)- 098 P(E|D9)=0.01

Q: Do you think the test 1s effective? ‘“’gt’- f,m:“

» Let us examine it from an alternative viewpoint. Suppose

E occurs |, that you are tested as positive. What is the probability that
[:_:_]D eomrL you actually have the disease? P(DIE)—;; o .\m‘l'-o>1
P(E) = P( ) (E‘D) e P(DC) (Ech) 0< * p(E)
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ratio= | = P£t001 X 0 98 +_0 999 x 0.01 = 0.01097. 23, PjE'D)
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P(D|E)=1- P(D|E)=0.9107 Q: p(eio) large 3& ADIE)arge? E)
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@« Q: Now, do you still think the test 1s effective? "
jf—m& = The probability of D increased by a factor of roughly 90
i) (0.001 — 0.0893) when E occurs, but 0.0893 is still small
(o 1-8) —mnformahon \P(DIE

« The P(E|D¢) (=0.01) and P(E¢|D) (=1-E|D)=0.02) are

called the false positive and false negative rates, respectively.
L iezrgwa tigi%w
Why the 2 1nterpretat10ns so different? What causes it?
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» Extensions of the 3 Useful Formulas (for m-eyents case) (7o P
1. (Multiplication Law) If A,, ..., A, are events for which C(LNP-““”
P(A1N---NAp-_1)>0,then !‘L‘o garantee the cwnditional

— P(A1N---NAy,) Ameaning] probabiliby well defined

ey PADPUs[ADP(46] A 1 42) -+ P(An |41 0+ Anos),
Wp3i2for (PE by PUAATY DAMASRASY | P(Ain--0Aei0 An)
P(A1u--UAn) PAT BlAAD PAAA~TYPa=)

=P(Ain--nAm), $[Mgl:_@ order not matter

Isy,ﬂmmes » Example (Birthday Problem, LNp.3-4). Let A, be the event
that the k™ birthday differs from the first k—1. Then,
|

., P(Alﬂ, ;"a‘;ge"ima easies to calculate r@v’W/)at! TT doe
) o P(AgA1N---NAgq) L 4365 —k+1 | conditinal probability
k 1 k—1

st KH e 365 bring 7
Feres | OP(ALN 0 Ay 5 PADP(A}A) - P44 00 )
bivthday | @ 365 —k+1 365! ~(365),,
365 T 365" - (365 —n)! 3657

k=1

s—K=0 p. 412
» Example (Matching Problem, LNp.3- 14) Q: Probability that

event A —>exactly k£ of n members (k<n) have matches = ??
#Q=n! Let Q be all permutations W= (¢, ..., %,)of 1,2, ..., n

X, symmetric outcomes

a o Let A;= {0 i,= j} and dith St Jeth

— D vy

(AfN---NAS 1 NA;NAS 1 N-NAY)
( E,~ .H) 1<%in mutually exclusive __T

o By symmetry $or different (31, 3)

P(A) = (n) X P(AiN---NAyNA;,_ ,N---NA;)
k CE oy
oLet E=A;n---n4;, and G=A5,, N NAC

(m, ...,m) O Then,mf PEEEP(G|E), where
Qvaluate

&
&@) P(E) ¥ P(A)P(As[Ay) - P(ARl Ay N 1 Ag_y) <

n-2
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P(A) = (Z) ﬁpn p= otk C ' ,when n is large

O =
] a k! k!
K (SA=n, AwnAe.
2.(Law of Total Probability) Let A}, ..., A,, bea partition of Q

and P(A)>0, i=1, ..., m,)then for any event BcQ,

mean,ing @—PQB) F Z 1 P(A; EP(B‘A) awemge
L(IP(A;)'

- preof B= Bnn.
P(B):,L“S' P(BNAL) 575

p. 4-13

-Bn(
m
I =£L_,' (8n A,,) T PO -PBIAD .
exclusive = O eg. N={w, -, wm}, let A¢=iw‘ﬂ lwllsee

3. (Bayes’ Rule) Let A,, ..., A,, be a partition of Q and P(4,)>0, mj

=1, ..., m.If Bis an event such that P(B)>0, then for 1< ]<m
P) Tomme—oP(+18) —

o : (Q(M_WP‘QW)
B d—ru, 'BUE@P ) e )
m i B,
L__—’ i=1 P(A ) (B‘A ) k aW}/////,// N
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églarger proof By defmitron, n::’;PM wrt Al's C n_usa e)
o> p(A318= BLER = IR i 7 By
i ———
3% But, larger P(ALIB)? ] —o-o—o-—}-o-
) p(glA.)s

Somm—

@@From Bayesians’ viewpoint, é“'” in shistics St
R P(A )—probablhty of é%before r_-Ioccurs — prior prob.

M‘;(&]BB;M P(A |B)=probability OfA after \loccurs — posterior prob.
updte | C oecurs —, The Bayes’ rule tells how to update the proba%ﬂtles of A

P(-1BnC check
) ) in light of the new information (i.e., B occurs) L" ok exany |e.s

= An Application of Bayes’ Rule. Suppose that AP TN
a random experiment consists of two random B- TC

—— Sstage DAy jP"/
- Ist_ (@) 2nd ==
mmetri anll Xn
syt cl P(A;) 7 BHREA
( ) 4——-——_(-2 Az--- Am > A,, -, Am: a partition of £ .
o The probabilities of the 2"-stage results depend on what
P(BlA7)*" happened in the 1° stage
‘gvazi:;tzo o We never see the result of the 1% stage, only the final
result —= B occurs v.e.,it's a random outcome to you) oy )

o We may be interested in ﬁndlng the probability for
outcomes in the 1% stage given the final result
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p. 4-15

» Example (Gold Coins): [#Q=6h | 1t @ o L@

= The Story. - =l - =t
: - .Q Box || Box 2| B3

o o |Box Ifcontains 2 silver coins.

% apactitionof Q |( 1,00
bo o |Box 2|contains 1 gold and 1 silver coin. st 2

(';'-'-)) o |Box 3|contains 2 gold coins.
(: ':n’)"“ — ,—;g@sb,%e-. never see the result. 4 stuge.

a bo

LC o Experiment: (1) Select x at random and, (11)
symme{:ric E : . : .
oukcomes xamine the 2 coins in order (assuming all choices are

equally likely at each stage)

= Q: Given that 1% coin 1s gold, what is the probability that
Box k 1s selected, k=1, 2, 3? t—p(q,ds)

o Let 4,{; = {Box k is selected}, B = {1 coin is gold}, ‘

P(B|A) =< 1/2, ifk=2,
1, if £ =3. easier to evaluate

3 '3 23 " 2 D
EI(‘?) ; 1 . _ — _ . 4-16
@ AP AUCRIRRE; s =7

Similarly, P(As|B) =1/3, P(A3|B) =2/3.
= (Q: Given that 1% coin is gold, what is the probability that

¢ P(A31B)]* 2" coin is gold? AB 0. k=1

< - , k=1,

AsNB o Let C'= {2 coin is gold}. P(BNC|Ax) =< 0, ifk=2,

=C0nB (6y8)) 1, ifk=3.
Bx AuA;

8 PBNC) 2= 04~ 04=-1=~

———7 3 3 3 _3’(ch¢¢kﬂ)b_@_“%d@
q P(BNC) 1/3 2 ¢
T popy=PE0C) 13 2 e lpung) = L2 oL

2/3 2

P(B)  1/2 3
» Example (TV Game Show: Let’s Make A Deal)
= The story.

1. The contestant is given an opportunity
to select one of three doors.

2.Behind one of the doors is a great prize (say, a car) and
there is nothing behind the other two doors.

3.The host knows which door contains the car, but the
contestant does not.
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