NTHU MATH 2810, 2025 Lecture Notes

1§IENE Conditional Probability & Bayes’ Rule p. 4
new information
* Q: Should the following probabilities be different?

sam:'i: » Event = a pitcher wins at least 16 games in a season
eve

P=7? in the beginning of the season
changed P=7? in the middle of the season

P=7? close to the end of the season
oven|> Event = rain tomorrow i @ how +o evaluate them ?

P=?? if no information about where you are staying

changed P=7? if you are staying in a desert

P="? if a typhoon will hit the place you stay tomorrow
* (Q: What causes the differences?

» For an event, new information (i.e., some other event has
occurred) could change its probability Eﬂ'_Lh
subj'ec ve
» We call the altered probability a conditional probability] | probabi

» Mathematical Definition: If A and B are two events in a sample T
—d~_
space Q and P(A)>0, then Tevent occurred "--euen’ls of taberest

reasonoble to J P(A N B) ity

defime for A P(B|A) = space
La’ch P(A=0" P4 ((a,%.P)
'—L i1s called the conditional probability of B given A.

» In _the classical probability,(symmetric outcomes in L)

<odoned on P o ) el
cotinuous P(A)=#A/#Q and P(A n B)=#(ANB)/#Q

random variables #(AN B)/#Q #(AN B) cf
(fdbrelatr) | = P(B|A) = _ &

A/ #EL #4

of whom is a girl. QQ: Probability that the other is a boy=2?
A = — 3

symmetric outzomes —T
o Q= {bb, bg, 90, 99 ___ 4t feast- one boy PBIA)
o A={bg, gb, gg} and B={bb, bg, gb} <= p(B)=3/4 f?"‘;"gﬁ
o P(B|A) = #(ANB)HA = 2/3 - |update |is agrd
= NO intuition?
= Note: #Q is reduced to #A.
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&

> In effect by conditioning, L (origina

= we are restricting the sample space
from Q to A, 1.e.,

Q— A,

» and, for an arbitrary event B (in Q) to
occur when A has occurred, we need X
that both A and B occur together, i.c.,

B —- BnNA.

» The division by P(A) in the definition above rescales all
probabilities from the entire sample space Q to being relative to
p@na) _ the new sample space A (. p(sample space) "‘\)

IO
> P(B|A) is a probability measure defined 01_1_5 but not A.T—6¢)

a subset of
Tteonbe II‘ satlsﬁes the 3 axioms of probablhty (exercise)

ovded A can substibube n (=4 3 ﬂ
WSM\*’ P -
meoéuredeﬁna{ d ( (/ P([Dél)
lon 2

A A

éa

= Any propositions developed in Chapter 2 for probability
m‘m&gzlfr) measures can be applied on PA([[A). p(a)A)-t- p(B|A°)* |
evuate | (For example, (B |A)=1-P(B|A)S¥ in 3eneml ((*)m LN,;l/-a
~— X

T
* 3 Useful Formulas for Calculating Probabilities A—
(for 2-events ¢ase) [ wufar LT PEIPAIR) F pe>>o. |

~ 1.If P(A>0, then P(AN B) & P(A) (B\A)
to garantee RIS, By the definition of- cond. rob meam"ﬂ ?
g ’ lalay= pansy/
2.1f 0<P(A)<I, then wecghed average m) *’M’
P(BB) ;’P( 2\ P(B P(B \A) ( B\AC
t'ogf 20N "\-/-.‘
m‘f\’r =B0(AVA) P(BNA) P(BnAS)
Z =(BnA)U(BNAY) e
3.If 0<P(A)<1 and P(B)>0, then LP( ) B P(/J A \ \ ,A
P(A)P(B|A)

@-M= P(A)P(B|A) + P(A°)P(B|A¢) -

2 pns) -G bz — <
TP@) By B Mel@E D, A kA aputonos 2] O
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» Example (Urn Problem)e- probotype of many applications P

= The Story. n balls sequentially and randomly chosen, ofkalis
I without replacement, from an urn containing R red and N-R

(k<R), probability that the 1% ball chosen is red = 27 e
_ A | [1s€ draw
N Let A={k of the n balls are red} o dow

| B={1% ball chosen is red} [I9mer< -
t-symmei:n¢:{o¢‘('l=r.¢:m'aes } ) .hoqs K-! PosiHons

\ ‘N b Method 1: P(B|A) = n—1 n f'fk\'/!dballs Sor red balls
(\st | % ) k—1 k " @ﬂ%mn’c#l\?
dray drq.w Method 2: #A”B [meaning 2 Vf

Bl - [0 (1] ()

ot
&) = (n),[(R)K*(N-R),\.K]/(N),,
Bt _ (@) (%B) % (N-R) okt
2 OF )
Sl DN GO o Kpostbions 0k psrtns,
@ R—1 N-R p. 4-6
R ) x (O
o P(ANB) £ P( )P(A|B) = xt’f 1)N_f )
by(D ! easier to evo.luad:e <n_Q""—'—

a P(B|A) = P(ANB)/ P(A) = k/n \]um enaing R-

» Example (Sampling Experiments): An urn contains R red balls
and N—R white balls. Sample 2 balls from the urn. A o)
S 2 L

$# Of balls | ball | o—) ﬂ
inthewnj o A = {red on the first draw} ball @ (r) il orw) ww
- - Ball R+ (W) SY;"tme ' ’
B = {red on the second draw} Qe n w (r, M [(w,n

» Sampling Without Replacement: ( 'gg&w #0 =N(N-1 &

PAND=P( 4) [ﬁ% i AmB @g—m}ﬂsw
P(AP(2|A) — ~

+P(BIA) P(ANB) _ (R(R
. P(A) R N _ N —1
2 Similarl A bli?em) (8lAC)
- Similarly, P(B|A°) = €XEercise BlA)+P(B\A
% PBIAT) = o (s TR
in geneval 2
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o Notes:

§-check @) in LNp 44 »- 47

wpdse -P(B) = P(A)P(B|A)+ P(A°)P(B|A°
RNEEL A EEA P
(7w N N-1 N N-1 f@

st " 3nd R? R+NR R? R(N—l
P(BIA) = P%)W P AmB (R(R— 1))/(N(N— 1)) _R-1
P(B) R/N N_1

also, same for the 3rd, 4th,--- draw
+ The probabilities are proportional to # of red balls left

P » M(A|B) = A(B|A) = Symmetry.
¥ P(ANBY/p(B> ¢ *P(ANBY/P(A) put the ball back Into
» Sampling With Replacement: the urn afker dvaw
c§.
(N :
P(A) = ff = %, P(B) _ [ ff _ER ot egcenent
. I3 ic omes
P(BIA) R] Q=T
=P(B) P(ANB) = __J : -E—“—‘%
=p(8IAY) | update, : ]2& N2 et n i ('
T p(pla) = EX (r_“_._% v onire)
R/N 0 in Np4-6
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