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@ mef. Frove by induction. (ANA3)U(A2NA3)

n=22 , rt holds 4—/_‘_6@_’%_3:1 (
rn =3, P(AWA2VA3) = P(AiUA3)+P(A3) 'i)((AlUA:)ﬂABIL

qf P(Ax+P(A3) - p(Ain AS\

.—'\.by@
[g P(an A3+ P(A2NA3) - P(AiNA20A3) |

= P(AN+P(A>>+PlAs) - P(ainA-P(AiNAz) - P(AaN Ad)

For n>3, mathematica - PlAnA A
» Notes: by induction (emw:-t‘se)_La l P(ainAxnAs3)

n :
= There are ( k:) summands in 0,

| : | ].-[Zg. K =2, P(AinA) = P(AiNAs)
L n symmetrgxamp €s, 1= = P(An 1 An)
symmetric c I n

outcomes (@<= o= { P(A;N-- N Ag)

(Np3-4) —
= It can be shown that ;[3"& proposition in LNp.3-11 |
<

..;D‘.MU---UAH) oL K%

S seetexwkoP## P(Al U Tt U A’I’L) 2 0-1 - .0_2_{—3&199
G1-Ca+03 P(AIU"UA") P(A]. U-.--uU An) S o1 — 09 +‘0_3 f-ﬁa't%

A0 VAn- U AN

61'6:
item~ > Example (The Matching Problem). ¢clssical prob = “%ﬂ .
= Applications: (a) Taste Testing. (b) Gift Exchange. | outcomes
« Let Q be all permutations W= (¢, ..., %4, ) of 1,2, ..., n.

LB) Thus, #Q =n!. es'(lsaf.Z:d'g:;. )_‘—J ) none of them se:}
" Let item A= ket own gFE
tem 5 Covent of interest: can |-€-|_ N at least one

be dffucat bo idesify A ; = {0:74;=j} and A = U} | A; .| parson get

. -9 : N|his/her
( > fon’ ) Q: P(A)=? (What would you expect when n is large?) own g5t
psition o By symmetry, . < PAYr 7?2 4017
%:()P(Alm...m/lk)’ PAYY? to 07
> k or otherg ?
1)
PlA)) — 1><(n' 1).21,
L. -2 1
n — 2)!
P(Al ﬂAz) S o] = (n)2a
EyAY
P n.nay) = R X
2, --.0) n! (n)g
t2ed' nen’ fork=1, ..., n. &
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<:I = So on = " 1 :l _ Rt x_(,n,-k)'[
N =y k) (BT RImeT T a
— 1K . 1
{e —IEO k!% P(A):al—02+...+(_1) —HO-”:Z(_l)IH—lya
f n->00 kl 1 —
cF| P(A)=1-) (-1 51— =0632 = P(A9) ~ e = 0368
g SR 7y vy

= Note: approximation accurate to 3 decimal places if n > 6.

— countably infinite many or (finite |+{Le€ Am=Ana= =9

Proposition: If A, A,, ..., is a partition of Q, i.e.,
[ 0o . __ N
additivity Louzidi =4,

axiom ) 2. A, A,, ..., are mutually exclusive, a.nA ——i

then, for any event ACQ, ANA —

P(A) = iP(AmAi). __—

— 0o
Progf. A=AnS ..—_1An (F_J: Ai) = tL_j(An Al) |exclusive

oo 00
| P(A)=P(CL4(A0ALB)?-E;P(AAA&)

% Reading: textbook, Sec 2.4 & 2.5

p. 3-16

Probability Measure for Continuous Sample Space

Q: How to define probability in a continuous sample space?
i How to defne P. M. for dsurate N L L uncountably infinite (1)
« Monotone Sequences of sets [{Np3=#)[(, check Examples in LNp.3-1

» Definition: A sequence of events A,, A4,, ..., is called 3-6
increasing if € countably infunste many €2 Ay,
Ay CAyC---CA, CAps1 C---CQ
and decreasing if lim An—
A1 DA D DA, DA 1 DD
The limit of an increasing sequence is defined as 0 A A,
AV---UAq lim An — UfilAi é ’
n—oo
and the limit of an decreasing sequence is wunkaloly )
inGnive
lim A, =nN2,A; !
AN-NAa[ 1M A, =02 A limAn

»Example: If Q=R and A, = (—o0,1/k), then A,’s are decreasing
d . = a-
an kli)m Ap ={w:w < 1/k for all k €Z+}:(—oo,()_]_.]

!“  (exeise) Ac=(oo,-£] 1, lim Ax=(-o0,0)
ALY T 3
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Proposition: If 4;, A,, ..., is increasing or decreasing, then m
. ¢ s n ‘ nc
LQW 3 n—GOO f e————i;_ﬁoo 2 (“’.An) “g| Af = lffﬂ A.\c
".—-.—’ v T
* Proposition: If 4, Az, ey 18 1ncreasmg or decreasmg, then
limit of aumbers ~limit of

Tim ]_3(

What An:
A,) = P hm A ) -® ShW’JAg:
S AN . @ \defined 5t
mAnz A |2 PM. lim & P exchangable | measurable
proof. @) An increasing

Lt Bi=A, Ba= AanAf, -, Bu=AnNAf, - piost

axclusive

OOBQ = UA,-,’ U Bn= ‘5An-AK B¢083=¢ 'FDI" L#é
P(tim An) = p(,0 A,,) P( 673,.) = - P(Bn)=lim = (&)

->00 N=4
= lim p(n_’ Bn) = i:;lza U A,.) = Iim p(A) ZA?‘?
@ An Aecceas\ng 3 An incceasing LD
| - P( lim An) = P( (;{'l'koAn)c) coutkable symS
=P(lim %) = Jim, P(AS)=Im 1-pan =/ - lm p(ay)
by
@Example (Uniform Spinner): Let Q = (-1t 1. Define P
[Actually, i¥s er\:ugﬁ-‘-o define P * b — a’je(') wontinuous sampe §PG~C—€7
on any (a.b] ,where a.b are =
g : qambers . rettonal ounbecs | kP((a,b]) o play &ﬁAMBT_m‘E (Jge\;

dese | for subintervals (a, b] C Q. Then, extend P to other subsets using

discrete sample sp
se6> the 3 axioms. For example, if =Tt< a< b< Tt (¢ # how to define Pﬁﬁpa-lj
Cumulative

di d:r‘\buhon

P(la,b) = P<< =a%,bl) ) <ﬂ(a—bﬂﬂ>>
{Na\-e, La,b) = (a.b] k=1 = _

> P not defined on 1 ‘ Ak 22 Em
[a,b] under (%) rl lggo ( E b] M Q) /?Y;l\e E. 3!: d\‘scm%i:
2 e ‘ L e it

li b— -) = . lim - (@,b]
(I g Ml s macn

= Somie notes L__ %gf,:u;? g(f:‘:‘b"g] P(height =170) =0 ?
@ OP(fa) = Plle 1] (o) = PlI )= Pl b]>—o—j

— - x)d‘z
f C={w, u»..}cofz, then b-a iz gooe “’iu-ﬁ)
Spe CP(C)Z ({wi})—0—|—0+ 9‘2@\_
In Ax3, U{w}_, i=1

ax x %0
caunbable vp3-ey@The probability of all rational outcomes is zero
% Reading: textbook, Sec. 2.6 T —a countable (but dense) Se'é‘

K -»00
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Objective vs. Subjective “Interpretation” of Probabili t;p}m

« Evaluate the following statements

obg —1.This is a fair coin

subgj ~»2.1t’s 90% probable that Shakespeare actually wrote Hamlet

* (Q: What do we mean if we say that the probability of rain
tomorrow 1s 40%? r—how to interpret Tt ? _to.n event A

Objective: Long run relative frequencies PMA)=0¢
o(A)= g—'% =2

W

Subjective: Chosen to reflect opinion
« The Objective (Frequency&ilterpretati%:j;a-,_-_zi_'.

» Through Experiment: Imagine the experiment repeated /N
times. For an event A, let

'ﬁ'ettuency

N 4= # occurrences of A.

Then, (random """‘be"p N By Law of Large
P(A) = lim 4 Number (futwre
f N—oo N lecture or course E>
<:| . . p. 3-20
» Example (Coin Tossing):
N 100 1000 10000 100000
random, ———» N, 55 493 5143 50329
Sreguency —= Ny/N 550589 493572 s514%79 50350 | o

e——

The result 1s consistent with P(H)=0.5.

o R odds of an event (RAALE Q%I

* The Subjective Interpretation  o(4y = 2B . P(A) X5 P(A) o(A)
P(A‘) +0(A)
» Strategy: Assess probabilities by imagining be‘}_lo (A Lo, N)

9 R P(A) 1> o(A)T <o)
> Example: 73 . 1 odds on A [ (Rter) true o) =BR 5 2
= Peter 1s willing to give two to one odds that it P ~
i‘@."iu_l’l,ram tomorrow. His subjective probablhty:)P(A;,gmzp(A)
for rain tomorrow 1s at least 2/3 SP(A)Y = V3

TR oddsonA

= Paul accepts the bet. H1s subJectlve| (Paul) true ofac)= BIAZ ((‘2? ZE

probability for rain tomorrow is at most 2/3 P(A) < %
... Bayesian approach LT
» Probabilities are simply personal measures of how likely we

think it is that a certain event will occur Cdegree of personal belief
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eg 2 :n LNp.-3-19. p. 3-21
éThis can be applied even when the idea of repeated
experiments is not feasible
Summary

le: ac
o sample space M rules of set

fon
e collection of events (2“) e

interpretation - objecti
Loprolml:il-‘l:y measvre _E:ZQ-)[OJ}J [ e

sub je ctive

[ probability space (F&ERpH) f- SUbsets-[sd: operations

classical oder conseguence proposition | : P(A%)=1\-P(A)
) n . . _
aypi:sao.cgh oapproach ‘[ P"°F°'$l'bon2. P(q?)- o
= : : .
P(A)=%%_ —o| 3 Axioms proposikion : P(AiU-+-UAR)=6i- Gy -
disvute (L1 1.define o small p: N ->(0,1]
defme.E‘ —s%r%cﬁ deftne [ on any wen
but not | 2. then extend : P(A)= I, pw)
?ﬂOAﬁ%uenC.\/ of deg“e E Wﬁmlous Q 1«&&“@ Wl{ty on ang
dessical agproach Axiom3 [ (a.bJc N, a.be®
Additivity 2. then extend <—monotone

sequence of sets &
P(lim An)=[im P(An)

+ Reading: textbook, Sec. 2.7
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