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> iti f : | discvete ) _ p. 3-6
Example (Waiting or a supcess) (Sonita, or courbably e )|
» Play roulette until a win.

. : 2 .1
« Q=1{1,2,3, .. \a]iimte £:2 ~lo1]
- P=9? cou.r';bable, continuous 2
R Lsev (uncountnbly infonite)
» Example (Uniform S.plnne.r). ’Q P: o-field—[0,1]
» Random Angle (in radians). 2

= Q= (=TC T a—{infinite uncountable et ) (7522 (Aniom)

| | P: ‘7? jﬂszﬁ_ev;de"e,h,““
» The Modern Approach (#El %< A L) L 2.a S‘bd:emez mlly

» A probability measure on Q is a function P from subsets of Q) to
the real number (or [0, 1]) that satisfies the following axioms:

(Ax1) Non-negativity. For any event A, P(A)=0.

(Ax2) Total one. (Q)=1. {_ countbly infinite many
(Ax3) Additivity. If A;, A,, ..7, is a sequence of mutually
exclusive events, i.e., A;n A =0 when i#j, then

(-Am

n- -‘

(J
P(A1UAsU--) = P(A) + P(Ay) +---. L2

p. 3-7

= Notes: check whether the classical approach
sabisfies the 3 axioms (exercise)

o These axioms restrict probabilities, but do not define them.

o Probability is a property of events. c5 Pay=2A
P 270011 oI w0
» Define Probability Measures in a Discrete Sample Space.
T Sinite or countably m§inite O
o " Qs it required to define probabilities directly on every
events? (e.g., n possible outcomes in Q, 2"—1 possible events)

@ = Suppose Q = {w,, W, ...}, finite or cov,tn;bly;'nﬁnitet",‘_,J?cQE

.’ A let p: € — [0,1] satisfy /_[,w need o be symmebric |

‘L/c_ﬁ op(w) >0 forallw e N and @Zweﬂ p(w) = 1.

— ’ o ~ s LS S
prouability | | T ot P:2*10,1]] |finite or countably infinite many 5qu]

MOASS
Sunchion | (55 aldBry) (A) 7 > eaP(w) >P(«3)= p(w)

for ACQ, then Pis a probability measure. (exercise conver

r———— see the arqument about subiective
(Q: how to define p?) olg‘cat"rﬂve m‘:er}:reﬁxﬁon (ijNP.B-I?«'ZD
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> Example: In the classical approach, p(w) = 1/#%. For example,
throw a fair dice, Q={1, ..., 6}, p(1)=...=p(6)=1/6 and A

Hodd)=P({1, 3, 5})=p(1)+p(3)+p(5)=3/6=1/2. =¥
» Example (non equally-likely events): Throwing an unfair dice

might have p(1)=3/8, p(2)=p(3)=...=p(6)=1/8, and

Hodd)=P({1, 3, 5})=p(1)+p(3)+tp(5)= 5/8. (c.f., Examples in

LNp.3-5) —bet on*red”

» Example (Waiting for Success — Play Roulette Until a Win):
» Let r=9/19 and ¢=1-r=10/19 <« (Np3-4
» Q={1,2 3, ...} < infinite, countable

« Intuitively, p(1)=r, p(2)=qr, p(3)=¢*r, ..., p(n)=¢* 'r, ... >0,
S =gt = =1
n=1 n=1

» For an event ACQ, let

—[ct] — P(A) =
(27 s an uncoutable set) ( ) ZnEAp(n).
For example, Odd={1, 3,5, 7, ...}

P(0Odd) = Zp(gk +1) = qu(mﬁ—l)—l _ TZq2k
k=0 k=0 k=0
r/(1—¢q*) =19/29.

% Reading: textbook, Sec 2.3 & 2.5 read more examples ‘fb Sal'\]’le- Spaces haw‘ng
symmetric outcomes (classical approach)

Some Consequznces of the 3 Axioms =5 &RGB

» Proposition: For any sample space Q, the probability
of the empty set is zero, i.e.,

P() =0.—@
preef . In (Ax3), let Ai=1,Az=Az=---=¢ > AinAj=dyij
By (Ax3), P(N) =P(N)+ T P(¢)
4 lllo\(sz) ,-.||| =15 é“‘o‘_(Aﬂ)
(® Proposition: For any finite sequence of mutually exclusive events

AL Ay, ., A,
e P(AUAyU---UA,) = P(A) + P(As) + - + P(4,).—R)

version

0§ Ax3 Proof In (Ax3), let ‘Ann=Ansa=---= ¢ thea® holds ‘.‘_P(d>)b=o
yQD
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* Proposition: If A is an event in a sample space Q and A€ is the
complement of A, then P(A°) =1 — P(A). @

peof. AfuAa=n, ANA=¢
I = P(r)=p(A°0A) s PLAD+P(A) 5

* Proposition: If A and B are events in a sample space Q and ACB,

— set minus -
then p(4) <P(B) and P(B—A)=P(BnA°) 5 P(B)- P(A).
TEFE| poof  B=A U (BAA) by (A el
éi%* PeZ p(A) + p(BnA 3‘2 P(A) @A
ey

Example (3§ F “R-2 M 7 , Kahneman).

ARERBZ - o ARG D GRAIRE R o 4o A
TE > ARAPFAETH oS ol € S XD 5T o »
BEE PPEE o TR 7R BT i 9

A e R EAEERTA

—Al . ~Az
ANA2: = I’H‘ﬁ{‘i’aﬁ f'?ﬁ b b {/éﬂ%mé 'H’_';L 3&3@@7"5 o

\\\?{r W

p. 3-11

&9 Proposition: If A is an event in a sample space Q, then

Wfiﬁ? ‘j 0<PA)<1L=P() & Acn
o b @D >
» Proposition: If A and B are two events in a sample space Q, then
PAUB)<PAPB) & P(AU B) = P(A) 4+ P(B) — P(ANB). —(@)
; preef. AUB=TULUTIL and 0
IL,IL, I mukually exclusive [ A =B

YemDVQ 4 N ‘
disjoint P(AUB) = P(T)+p(ir)+P(mr) ‘\»
miiom (A = P(:r,)-r () kj@
P P Ang*~ ang “-A0B
P(B) z P(D*P(M) Gy 5
ptans) = p(I) !

 Proposition: If A, A,, ..., A, , are events in a sample space Q, then
——= ,LNp3-9

P(A U---UA,) < P(A))+---+ P(A e—a@&@
Pr_oo_f P((A-uu---U Do-) UT})'s P(AIU"‘UAn-t)"'P(An)
@2 P(Aw--UAr-D)+P(An-)+P(An)

3 5 SP(A)+ - + P(An) B
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<:| * Proposition (inclusion-exclusion identity): If A, A,, ..., A are any

n events, let generalization of @ Q: For an outcome w contained in
m out of the n events, how many

n
a1 = zgp (Ai), times is its probability p(w)
| 1=

{3,903 repetitively counted in g, , ..., G, ?
X = > P(ANAy), o P
— : — An intuitive proo§ for disuute 3 =
3) dferent {i.4})  1Si<isn For we N,

o3 = Z P(A; N A; N Ag), \plw) wunted m times in S,

(3)diferent {i.4, Kk} | 1Si<i<ksn o Q) = 6

= SR . N

2o () o

Tk_ = > PAsn-nAY 6&
(R) different 1<i1 < <ix<n : : (M i &m
{l:|,--',5k} niEEe— $ : (o) N Cme|

e — ... : ¢ M M - ‘.-0.“

on, = P(AlﬁAzﬂ---ﬂAn). ﬁ?@.‘.(l‘:\)_(f;‘l)_*(gl)_"l 8

__ J— - *(_‘f'ﬂ(fél)‘_-__
then +(-0™(R)=0 (Wp.2-P

1-°+O-ME">
P(Alu---UAn) :01_02+J3_"'+(_1)k+10k‘|‘"'+(—1)n+10n.

- e
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